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Preface

The concept of associating ordinary functions with operators has arisen in many
areas of science and mathematics and it can be argued that the earliest instance
was Leibniz’s attempt to define a fractional derivative. Up to the beginning of
the twentieth century, many isolated results were obtained and culminated with
the remarkable contributions of Heaviside and the efforts to put his methods on a
sound mathematical footing. These developments were mostly based on associating
a function of one variable with one operator, the operator generally being the
differentiation operator.

With the discovery of quantum mechanics in the years 1925-1930, there arose,
in a natural way, the issue that one has to associate a function of two variables
with a function of two operators that do not commute. This has led to a wonder-
fully rich mathematical development that has found applications in many fields,
including pseudo-differential operators, time-frequency analysis, quantum optics,
wave propagation, differential equations, image processing, radar, sonar, chemical
physics, and acoustics, among others. The earliest proposal for associating an or-
dinary function of two variables with an operator was that of Born and Jordan
(1925), and subsequently Weyl (1929) and others proposed other rules. There are
an infinite number of ways to associate a function of two ordinary variables with
a function of two operators because ordinary variables commute while operators
generally do not. The rules became known as rules of association, correspondence
rules, or ordering rules.

Independently of these developments Wigner, in 1932, and Kirkwood, in 1933
devised a classical-like joint distribution where one can calculate operator aver-
ages in the standard probability manner, that is, by phase-space integration. No
connection was made between these distributions and correspondence rules until
Moyal in 1949 saw things clearly. He derived the Wigner distribution using the
Weyl correspondence. Subsequently it was realized that for every correspondence
rule there is a corresponding phase-space distribution. Now the field of correspon-
dence rules and phase-space distributions are intimately connected. Remarkably,
around the same time as Moyal, a similar development occurred in the field of
time-varying spectral analysis whose aim was to understand signals with changing
frequencies, human speech being the prime historical example. It was realized by
Gabor and Ville that one can define time and frequency operators and make a

xi



xii Preface

mathematical analogy with the quantum case.
I have aimed to present the basic ideas and results of correspondence rules

in a straightforward elementary manner and have included many examples to
illustrate the ideas developed. I have strived to make the mathematics accessible
to a wide audience and I have avoided delving into advanced formulations such as
group theoretical considerations. The level of rigor and terminology are those of
the original contributors and standard in mathematical physics and engineering.

I would like to thank Man Wah Wong for his friendship and for encouraging
me to write the book. I express my deep appreciation to Livia Cohen, Lorenzo Gal-
leani, Barnabas Kim, Patrick Loughlin, and Jeruz Tekel for reading the manuscript
and for their many valuable suggestions. I thank the Office of Naval Research for
support of my research.



Chapter 1

Introduction and Terminology

This book deals with correspondence rules or rules of association. The fundamental
idea is to associate a function of ordinary variables with an operator. While in later
chapters we deal with arbitrary operators, in the main portion of the book we deal
with the operators X and D where,

X =

{
x in the x representation

i d
dp in the Fourier representation,

(1.1)

D =

{
1
i

d
dx in the x representation

p in the Fourier representation.
(1.2)

The fundamental relation between X and D is the commutator

[X,D] = XD −DX = i. (1.3)

Depending on the field, these operators may be appropriately called position and
spatial frequency, or position and momentum, and in time-frequency analysis they
correspond to the time and frequency operators.

One of the basic reasons for considering these particular operators is that
we can use them to evaluate expectation values of functions in the Fourier or x
representation without leaving the representation. In particular, suppose we have
a function, f(x), and a “state” function ϕ(x); then∫

f(x) |ϕ(x)|2 dx =

∫
ϕ̂∗(p)f(X) ϕ̂(p) dp (1.4)

where ϕ̂(p) is the Fourier transform of ϕ(x),

ϕ̂(p) =
1√
2π

∫
ϕ(x) e−ixp dx. (1.5)

DOI 10.1007/978-3-0348-0 - _1, © Springer Basel 2013
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2 Chapter 1. Introduction and Terminology

Therefore, we say that f(x) in the x domain is associated with or represented by
the operator f(X) in the Fourier domain and we write

f(X)↔ f(x) (1.6)

where ↔ indicates the association. Furthermore, suppose we have a function of p,
g(p), in the Fourier domain, then∫

g(p) |ϕ̂(p)|2 dp =

∫
ϕ∗(x)g(D)ϕ(x) dx (1.7)

and we say that g(p) in the Fourier domain is associated with g(D) in the x
domain,

g(D)↔ g(p). (1.8)

The right hand side of Eq. (1.7) is sometimes called sandwiching because the
operator, g(D), is in between ϕ∗(x) and ϕ(x).

The basic advantage of Eq. (1.7) is that if we want to calculate the expecta-
tion of g(p) as defined by the left hand side we do not have to first calculate ϕ̂(p).
We can remain in the x representation and use the right hand side to calculate it.

1.1 The Fundamental Issue

In the above discussion we had no difficulty in associating a function of one variable
f(x) or g(p) with its corresponding operator. But what if we have a function of
two variables, for example xp2, then what will the association be? It could be,
for example, XD2, DXD, or D2X, among others; all of these associations are
proper in the sense that they reduce to xp2 if we just think of the operators as
ordinary variables. However, all these choices are different because X and D do
not commute. Formulating such associations for a general function a(x, p) is the
fundamental aim. There have been many rules proposed, among them the Weyl,
Standard, and Born-Jordan. In the next chapter we study the Weyl rule and
subsequently other rules. In Chap. 4 we present a general method that handles all
rules in a unified manner.

Furthermore, suppose we did have an association for the function a(x, p) with
an operator A(X,D). Then, what is the generalization of Eqs. (1.4) and (1.7)? We
will see that the proper generalization is that for a state function ϕ(x) we have
to introduce a joint function, C(x, p) called the generalized distribution function
which will allow us to write∫

ϕ∗(x)A(X,D)ϕ(x) dx =

∫∫
a(x, p)C(x, p) dx dp (1.9)

As we will see in Chap. 5 this is the generalization of Eqs. (1.4) and (1.7) and
reduces to them when the symbol is a function of x or p only.
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1.2 Notation and Terminology in Different Fields

Generally speaking there are five fields where these methods have been used.
They are quantum mechanics, pseudo-differential operators, time-frequency anal-
ysis, wave propagation, and image processing. We review here some mathematical
conventions and contrast the differences in terminology used in various fields.

“Symbol”, “classical function”, “c-function”, and “ordinary function” are terms
used in different fields to signify the same thing, namely an ordinary function,
a(x, ξ), of two variables x and ξ. This is the common notation used in mathematics,
while in quantum mechanics it is position and momentum signified by a(q, p),
and in time-frequency analysis one generally writes a(t, ω). In the case of wave
propagation and image processing one usually uses a(x, k) where x and k are
respectively position and wave-number (spatial-frequency). We will use (x, p).

“Association”, “correspondence rule,” “rule of association,” “quantization,” and
“ordering rule.” These words and phrases all mean the same thing, namely the
association of an operator A(X,D) with an ordinary function, a(x, p). The two
variables, x and p, are generally conjugate variables. Conjugate generally means
that their corresponding operators do not commute. For the Weyl case, the asso-
ciation is symbolized by

A(X,D)↔ a(x, p). (1.10)

We call A(X,D) the Weyl operator. When we study other correspondences we use

AW(X,D)↔ a(x, p) (1.11)

where the superscript denotes the particular correspondence, in this case the Weyl
rule. Similarly for other cases, as, for example

ABJ(X,D)↔ a(x, p) (1.12)

will denote the Born-Jordan correspondence.

The state function, signal, and image. Generally speaking the state function is an
ordinary function upon which the operator operates. In engineering it is called the
signal and in image processing it is called the image. In acoustics it is the pressure
wave and in electrodynamics it may be the electric or magnetic field. The term
state function comes from quantum mechanics where it represents the state of
the physical system at hand. This is in contrast to the operators which represent
physical observables. The state function may be square integrable or not and can
be a distribution in the delta function sense.

Phase-Space and quasi-distributions. By a phase-space function we mean a func-
tion of the two variables x and p. For example the symbol a(x, p) is a phase-
space function. The Wigner and other distributions are also phase-space functions
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and are called distributions. The terminology “distribution” comes from usage in
physics and chemistry and are densities in probability theory. The phase-space
distributions we consider in this book are generally not manifestly positive and
that is why they are sometimes called quasi-distributions, but we will simply use
the term distribution.

Fourier transform pairs. The Fourier transform of the symbol, a(x, p), will be
denoted by â(θ, τ) and the normalization is taken so that

â(θ, τ) =
1

4π2

∫∫
a(x, p) e−iθx−iτp dx dp, (1.13)

a(x, p) =

∫∫
â(θ, τ) eiθx+iτp dθ dτ. (1.14)

However, due to conventions in different fields we define Fourier transform pairs
for the state function by

ϕ̂(p) =
1√
2π

∫
ϕ(x) e−ixp dx, (1.15)

ϕ(x) =
1√
2π

∫
ϕ̂(p) eixp dp, (1.16)

and similarly for higher dimensions. The advantage of this convention is that it
keeps the symmetry between the two domains in the sense that∫

|ϕ(x)|2 dx =

∫
| ϕ̂(p)|2 dp (1.17)

and also keeps the symmetry in Eq. (1.4) and (1.7).

Commutator and anti-commutator. The commutator of two operators A and B is
standardly denoted by

[A,B] = AB −BA (1.18)

and the anti-commutator by

[A,B]+ = AB +BA. (1.19)

The D operator. We will occasionally use Dy = 1
i

d
dy , etc., otherwise D is under-

stood to be Dx.

Integrals. Integrals without limits imply integration over the reals,∫
=

∫
R

=

∫ ∞
−∞

. (1.20)



Chapter 2

Operator Algebra

An operator transforms one function into another. One writes and says that A
operates on f to produce g. We generally assume that operators are linear which
means that for any two functions, f1 and f2,

A(f1 + f2) = Af1 +Af2. (2.1)

When we say that two operators are equal

A = B (2.2)

one means that for an arbitrary function, f(x),

Af = Bf. (2.3)

For example, the two operators D2XD and XD3−2iD2 are equal, because indeed
when they operate on an arbitrary function they give the same answer. Specifically

D2xDf(x) = (xD3 − 2iD2)f(x). (2.4)

If we wanted to verify this we could write it explicitly in terms of derivatives,

1

i3
d2

dx2
x
d

dx
f(x) =

(
1

i3
x
d3

dx3
− 2i

1

i2
d2

dx2

)
f(x) (2.5)

and carry out the differentiation of both sides to verify the identity. One can also
do it in the Fourier domain and verify that indeed

p2Xp f̂(p) = (Xp3 − 2ip2) f̂(p) (2.6)

or explicitly

p2i
d

dp
p f̂(p) =

(
i
d

dp
p3 − 2ip2

)
f̂(p). (2.7)

DOI 10.1007/978-3-0348-0 - _ , © Springer Basel 2013294 9
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6 Chapter 2. Operator Algebra

However, a much better way is to manipulate the operators algebraically by using
the commutation relation, DX = XD − i. In particular

D2XD = DDXD = D(XD − i)D = DXD2 − iD2 (2.8)

= (XD − i)D2 − iD2 = XD3 − 2iD2. (2.9)

Of course, in manipulating operator equations, attention must be paid to the fact
that operators generally do not commute.

We now give some basic definitions and results regarding operators.

Inverse. The inverse of an operator, A−1, is an operator such that

A−1A = AA−1 = I (2.10)

where I is the identity operator. The inverse of the product of two operators is
given by

(AB)−1 = B−1A−1. (2.11)

Adjoint. The adjoint of an operator is another operator, denoted by A†, which
forces the equality ∫

g∗Afdx =

∫
f {A†g}∗ dx (2.12)

where g and f are any two functions. The adjoint of a product of operators is
given by

(AB)† = B†A†. (2.13)

The adjoint is sometimes called the Hermitian adjoint.

Hermitian operator . If the adjoint of an operator equals the operator

A = A†, (2.14)

one then says that the operator is a self adjoint or a Hermitian operator. For a
Hermitian operator Eq. (2.12) becomes∫

g∗Afdx =

∫
f {Ag}∗dx (2.15)

which may be taken as the definition of a Hermitian operator. The basic opera-
tors X and D are Hermitian operators. Hermitian operators play a particularly
important role for many reasons that will be discussed in subsequent sections, but
the most important is the eigenvalues of a Hermitian operator are real and the
eigenfunctions are orthogonal and complete.
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Expressing an arbitrary operator in terms of Hermitian operators. An arbitrary
operator, A, can be written as

A = 1
2 (A+A†) + 1

2 i(A−A†)/i. (2.16)

One can readily prove that both (A+A†) and (A−A†)/i are Hermitian. Eq. (2.16)
shows that we can express any operator as a sum of a Hermitian operator plus
i times a Hermitian operator. This is the operator analog of writing a complex
number in terms of its real and imaginary parts.

Product of two operators. The product of two Hermitian operators is generally not
Hermitian. However, writing AB as

AB = 1
2 [A,B ]+ + i

2 [A,B] /i (2.17)

expresses AB in terms of the commutator and anti-commutator. Moreover [A,B]+
and [A,B] /i are Hermitian.

Unitary Operator. An operator U is said to be unitary if its adjoint is equal to its
inverse,

U† = U−1. (2.18)

Unitary operators are discussed in Chap. 7 but we mention here that the impor-
tance of being unitary is that when it operates on a function, normalization is
preserved in the sense that∫

| f(x) |2dx =

∫
|Uf(x) |2dx. (2.19)

An operator of the form
U = eiA (2.20)

is unitary if A is Hermitian and conversely. This is sometimes known as Stone’s
theorem.

Functions of operators. There are many ways to define functions of operators and
we mention two of them. One way is via a power series. A function f(A) of the
operator A shall mean that we expand the ordinary function f(x) in a power series

f(x) =

∞∑
n=0

fnx
n (2.21)

and then substitute A for x,

f(A) =

∞∑
n=0

fnA
n. (2.22)

Chapter 2. Operator Algebra
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A second way is by way of the Fourier transform of f(x). Define

f̂(p) =
1√
2π

∫
f(x) e−ixp dx, (2.23)

we then define f(A) by

f(A) =
1√
2π

∫
f̂(p) eiApdp. (2.24)

2.1 Exponential Operator

The exponential operator, eA, where A is an operator, plays a fundamental role
in correspondence rules and in many other branches of science and mathematics
[95]. We discuss here some of its basic properties and further developments will
be discussed as needed.

Differentiation of eA(θ). If A(θ) is an operator that depends on a parameter θ,
then

d

dθ
eA(θ) =

∫ 1

0

e(1−s)A(θ) dA

dθ
esA(θ) ds =

∫ 1

0

esA(θ) dA

dθ
e(1−s)A(θ) ds. (2.25)

A special case that often arises is the differentiation of eA+θB with respect to θ
but where A and B are operators that do not depend on θ. In this case

d

dθ
eA+θB =

∫ 1

0

e(1−s)(A+θB) B es(A+θB) ds. (2.26)

Also of interest is the evaluation of Eq. (2.26) at zero,

d

dθ
eA+θB

∣∣∣∣
θ=0

=

∫ 1

0

e(1−s)A BesA ds. (2.27)

2.2 Manipulating DmXn and XmDn

In manipulating expressions involving X and D the following relations are useful,

DmXn =

min(m,n)∑
k=0

(−i)k k!
(
n

k

)(
m

k

)
Xn−k Dm−k (2.28)

and

XnDm =

min(m,n)∑
k=0

ik k!

(
n

k

)(
m

k

)
Dm−k Xn−k. (2.29)
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These expressions were first derived by McCoy [55]. A few other important rela-
tions are

[X,Dn] = inDn−1 (2.30)

[Xn, D] = inXn−1 (2.31)

[D, f(x)] =

(
1

i

d

dx
f(x)

)
= (Df(x)) . (2.32)

In Eq. (2.32) we have put parentheses around 1
i

d
dxf(x) to emphasize that the

differentiation is only on f(x) and not on the function that [D, f(x)] operates on.
That is, for an arbitrary function g(x),

[D, f(x)]g(x) =

(
1

i

d

dx
f(x)

)
g(x). (2.33)

2.3 Translation Operator

The operator eiτD is the translation operator in the x representation

eiτDf(x) = f(x+ τ). (2.34)

This is readily proven. Since

eiτDf(x) =
∞∑

n=0

(iτ)nDn

n!
f(x) =

∞∑
n=0

τn

n!

dn

dxn
f(x) (2.35)

which is precisely the Taylor expansion of f(x+τ) and therefore Eq. (2.34) follows.
Since D is Hermitian, τD is Hermitian for real τ , the translation operator is hence
unitary. For translation in the Fourier domain we have

e−iθX ϕ̂(p) = eθ
∂
∂p ϕ̂(p) = ϕ̂(p+ θ). (2.36)

Some other relations that are useful regarding the translation operators are

eiτDf(x)ϕ(x) = [eiτDf(x)][eiτDϕ(x)]. (2.37)

Also,
[eiτD, x] = τeiτD (2.38)

and more generally

[eiτD, g(x)] = [g(x+ τ)− g(x)]eiτD. (2.39)

The adjoint of the translation operator is given by

(eiτD)† = e−iτD. (2.40)
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This can be proved in the following way. We have∫
g∗eiτDfdx =

∫
g∗(x)f(x+ τ) dx =

∫
g∗(x− τ)f(x) dx

=

∫
f(x)

[
e−iτDg(x)

]∗
dx (2.41)

which shows Eq. (2.40).

2.4 The Operator eiθX+iτD

The simplification and disentanglement of the operator eA+B is very important
and also very difficult. We will be discussing this in detail in a later chapter;
however, fortunately, there are some special cases where simplification is possible.
When the two operators, A and B, both commute with their commutator

[A, [A,B]] = [B, [A,B]] = 0, (2.42)

then
eA+B = e−

1
2 [A,B]eAeB = e

1
2 [A,B]eBeA. (2.43)

This is a special case of the Baker-Cambell-Hausdorf formula. See Eq. (15.50).
Of particular interest is the operator eiθX+iτD with real θ and τ . The relevant

commutator is
[iθX, iτD] = −iθτ (2.44)

and using Eq. (2.43) we have

eiθX+iτD = eiθτ/2 eiθX eiτD = e−iθτ/2 eiτD eiθX . (2.45)

Therefore for an arbitrary function, f(x), we have

eiθX+iτDf(x) = eiθτ/2 eiθX eiτDf(x) = eiθτ/2 eiθx f(x+ τ). (2.46)

In addition,
eiθX eiτD = e−iθτ eiτD eiθX (2.47)

and
eiτD eiθX = eiθτ eiθX eiτD. (2.48)

Also,
eiθX+iτDf(x)g(x) = [eiθX+iτDf(x)][eiτDg(x)]. (2.49)

Characteristic function operator. It is convenient to define the characteristic func-
tion operator for the Weyl correspondence

M(θ, τ) = eiθX+iτD. (2.50)



2.4. The Operator eiθX+iτD 11

The reason why this is called the characteristic function operator will become
clear in Chap. 5. It often arises that one has to evaluate the product of two such
operators M(θ′, τ ′)M(θ, τ). Explicitly

M(θ′, τ ′)M(θ, τ) = eiθ
′X+iτ ′DeiθX+iτD (2.51)

= eiθ
′τ ′/2 eiθτ/2 eiθτ

′
ei(θ+θ′)Xei(τ

′+τ)D. (2.52)

But using Eq. (2.45) we have that

ei(θ+θ′)Xei(τ
′+τ)D = e−i(θ+θ′)(τ+τ ′)/2ei(θ+θ′)X+i(τ+τ ′)D (2.53)

and therefore we obtain

eiθ
′τ ′/2 eiθτ/2 eiθτ

′
ei(θ+θ′)Xei(τ

′+τ)D

= eiθ
′τ ′/2 eiθτ/2 eiθτ

′
e−i(θ+θ′)(τ+τ ′)/2ei(θ+θ′)X+i(τ+τ ′)D (2.54)

giving

eiθ
′X+iτ ′DeiθX+iτD = ei(θτ

′−θ′τ)/2ei(θ+θ′)X+i(τ+τ ′)D (2.55)

or

M(θ′, τ ′)M(θ, τ) = ei(θτ
′−θ′τ)/2M(θ + θ′, τ + τ ′). (2.56)

For future reference we also write

eiθX+iτDeiθ
′X+iτ ′D = ei(θ

′τ−θτ ′)/2ei(θ+θ′)X+i(τ+τ ′)D. (2.57)

One also has

M(θ − θ′, τ − τ ′)M(θ′, τ ′) = ei(θτ
′−θ′τ)/2M(θ, τ). (2.58)

Also of interest is the commutator

[θ′X + τ ′D, θX + τD] = θ′τ [X,D] + θτ ′[D,X] = i(θ′τ − θτ ′). (2.59)

The adjoint of eiθX+iτD. The adjoint of the characteristic function operator often
arises. We designate it by M†(θ, τ) and we now show that it is given by

M†(θ, τ) =M(−θ,−τ) = e−iθX−iτD. (2.60)

To prove this consider∫
g∗eiθX+iτDfdx =

∫
g∗(x)eiθτ/2eiθxeiτDf(x) dx =

∫
g∗(x)eiθτ/2eiθxf(x+ τ) dx.

(2.61)
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A straightforward change of variables results in∫
g∗eiθX+iτDfdx =

∫
f(x)

[
eiθτ/2e−iθxg(x− τ)

]∗
dx (2.62)

=

∫
f(x)

[
eiθτ/2e−iθxe−iτDg(x− τ)

]∗
dx (2.63)

=

∫
f(x)

[
e−iθX−iτDg(x)

]∗
dx (2.64)

which proves Eq. (2.60).

Generalized characteristic function operator. In later chapters, and particulalry in
Chap. 4, we will study the generalized characteristic function operator given by

MΦ(θ, τ) = Φ(θ, τ) eiθX+iτD (2.65)

where Φ(θ, τ) is a complex function called the kernel. The adjoint of this operator
is

MΦ†(θ, τ) = Φ∗(θ, τ) e−iθX−iτD. (2.66)

2.5 The Operator eξHAe−ξH

The operator eξHAe−ξH comes up often in many fields and is particularly impor-
tant in quantum mechanics. An expansion for this operator is

eξHAe−ξH = A+ ξ[H,A] +
1

2!
ξ2[H, [H,A]] +

1

3!
ξ3[H, [H, [H,A]]] + · · · . (2.67)

The reason the operator is fundamental in quantum mechanics is because it is the
formal solution to the Heisenberg equation of motion for an operator. Heisenberg’s
equation of motion for a time independent Hamiltonian operator, H, and for an
operator A that does not explicitly depend on time is,

dA

dt
= i[H,A]. (2.68)

The formal solution of this equation is

A(t) = eitHA(0)e−itH (2.69)

as can be readily verified.
An example of Eq. (2.67) is the simplification of eiβDXe−iβD. Since [D,X] =

−i the series truncates after the second term and we have that

eiβDXe−iβD = X − i(iβ) = X + β. (2.70)
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Repeated Commutator. Expressions such as [H, [H, [H,A]]] are called repeated
commutators and appear often. A convenient notation to denote them is [H,A]n
where n indicates the number of repetitions of the commutator. Eq. (2.67) may
now be written as

eξHAe−ξH = A+
∞∑

n=1

1

n!
ξn[H,A]n. (2.71)

An explicit expression for the repeated commutator is [86]

[H,A]n =
n∑

k=0

(
n

k

)
(−1)n−kHkAHn−k. (2.72)

Also, we note that
[H,A]n+1 = H[H,A]n − [H,A]nH. (2.73)

2.6 Phase-Space Operator Formulas

In dealing with operators in phase-space one comes across integrals that can be
written in an operational form that allows one to manipulate operators in very
advantageous ways. We list some of the important ones:

i) If f(θ, τ) and â(θ, τ) are arbitrary functions then∫∫
f(θ, τ) â(θ, τ) eiθx+iτp dθ dτ = f

(
1

i

∂

∂x
,
1

i

∂

∂p

)
a(x, p) (2.74)

where the normalization in the Fourier transform, â(θ, τ), is as in Eq. (1.13).
ii) For any two functions f(θ, τ) and F (x, p),

1

4π2

∫∫
f(θ, τ) eiθ(x

′−x)+iτ(p′−p)F (x′, p′) dθ dτ dx′dp′ = f

(
i
∂

∂x
, i

∂

∂p

)
F (x, p).

(2.75)
iii) For any two functions g(x) and h(x, p),

g

(
x+ i

2

∂

∂p

)
h(x, p) =

1

2π

∫∫
g(x′) eiθ(x−x′)h(x, p− 1

2θ) dθ dx
′ (2.76)

=
1

π

∫∫
g(x′) e2i(p−p′)(x−x′)h(x, p′) dp′ dx′. (2.77)

iv) If we have two phase-space functions a(x, p) and b(x, p) then

f

(
i
∂

∂x
, i

∂

∂p

)
a(x, p) b(x, p) = f

(
i
∂

∂xa
+ i

∂

∂xb
, i

∂

∂pa
+ i

∂

∂pb

)
a(x, p) b(x, p).

(2.78)
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In Eq. (2.78) the meaning of ∂
∂xa

is that it operates only on a(x, p) and similarly
for the other partial derivatives.

v) If f(x, p) is a real function then∫
a(x, p)f

(
i
∂

∂x
, i

∂

∂p

)
b(x, p) dx dp =

∫
b(x, p)f

(
1

i

∂

∂x
,
1

i

∂

∂p

)
a(x, p) dx dp.

(2.79)
vi) For any function of two variables, say a(x, p),

1

π

∫∫
a(x′ + x, p′ + p) ei2x

′p′
dx′ dp′ = exp

[
− 1

2i

∂

∂x

∂

∂p

]
a(x, p). (2.80)

vii) For any two functions a(x, p) and f(x, p)

a

(
x+

i

2

∂

∂p
, p− i

2

∂

∂x

)
f(x, p) =

∫∫
â(θ, τ) f(x+ τ/2, p− θ/2)eiθx+iτp dθ dτ.

(2.81)

2.7 Transforms and the Representation of Functions

The writing of a function in different domains is a fundamental idea that has been
developed over the last few hundred years but is particularly crucial in many phys-
ical theories and quantum mechanics in particular. Perhaps the first idea along
these lines is the Taylor series but certainly the most important historically, is
the expression of a function in the Fourier domain. However, there are an infinite
number of domains that one can express a function in and in fact any Hermitian
operator generates a domain, as we will now discuss. The remarkable historical
event that necessitated the development of the expansion of functions in a different
domain was the discovery of quantum mechanics. We will describe why this is so
later but we first discuss some of the standard reasons. First is that the function
may be more simply characterized in another representation and hence gives con-
siderably more insight into the nature of the function. Thus, for example, a messy
function in one domain may have a simple expression in the Fourier domain or the
Hermite function representation, etc. Secondly, if we want to construct functions
with certain characteristics which are described in a certain domain, then clearly
we should do the analysis in the representation of that domain and then transform
back to the working domain. For example if we want a function that has spatial
frequencies only in a band, then clearly the function should be constructed in the
frequency domain and then transformed back to the spatial domain.

Representation of functions in domains. Any Hermitian operator generates a do-
main or representation as we now discuss. One solves the eigenvalue problem for
the operator and that results in either continuous or discrete eigenvalues. We write
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these two cases as

Au(λ, x) = λu(λ, x) continuous spectrum, (2.82)

Aun(x) = λnun(x) discrete spectrum, (2.83)

where λ or λn are the continuous or discrete eigenvalues respectively and where
the u’s are the corresponding eigenfunctions. In writing Eqs. (2.82) and (2.83) we
have assumed that the operator is expressed in the x representation; however the
eigenvalue problem can be solved in any representation. The eigenfunctions thus
generated are complete and orthogonal and that allows one to express any function
in the representation defined by the operator. We deal with the continuous case
and discrete case separately.

Continuous case. By complete and orthogonal one means that the eigenfunctions
satisfy ∫

u∗(λ′, x)u(λ, x) dx = δ(λ− λ′), (2.84)∫
u∗(λ, x′)u(λ, x) dλ = δ(x− x′). (2.85)

Eq. (2.84) is called delta function normalization and Eq. (2.85) is called the closure
relation. Any function can be expanded as

ϕ(x) =

∫
F (λ)u(λ, x) dλ (2.86)

where the inverse transformation is given by

F (λ) =

∫
ϕ(x)u∗(λ, x) dx. (2.87)

The function F (λ) is called the transform of f(x) and may be considered as the
representation of the function in the A representation.

Discrete Case. If the spectrum is discrete the eigenfunctions are orthogonal and it
is standard to normalize them so that∫

u∗m(x)un(x) dx = δnm (2.88)

Also, one has that ∑
n

u∗n(x
′)un(x) = δ(x′ − x) (2.89)

where the summation runs over all the eigenfunctions. Any function can be ex-
panded as

ϕ(x) =
∑
n

cnun(x) (2.90)
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where the coefficients cn are given by

cn =

∫
u∗n(x)ϕ(x) dx. (2.91)

The set of coefficients {cn} can be thought of as the function in the un represen-
tation or as the discrete transform of the function.

Functions of operators operating on an eigenfunction. A particulary important
result is that if we have a function of an operator, f(A), then

f(A)u(λ, x) = f(λ)u(λ, x) (2.92)

where u(λ, x) are the eigenfunctions of A. This can be proven as follows. Using
Eq. (2.22) for the definition of a function of an operator

f(A) =

∞∑
n=0

fnA
n (2.93)

we have

f(A)u(λ, x) =
∞∑

n=0

fnA
nu(λ, x) =

∞∑
n=0

fnλ
nu(λ, x) = f(λ)u(λ, x). (2.94)

This allows one to evaluate the operation of f(A) on an arbitrary function, ϕ(x).
Using Eq. (2.86) we write

ϕ(x) =

∫
F (λ)u(λ, x) dλ (2.95)

where the transform, F (λ), is given by

F (λ) =

∫
ϕ(x)u∗(λ, x) dx. (2.96)

Therefore,

f(A)ϕ(x) =

∫
F (λ)f(A)u(λ, x) dλ =

∫
F (λ)f(λ)u(λ, x) dλ. (2.97)

If we further substitute for F (λ) then

f(A)ϕ(x) =

∫∫
ϕ(x′)u∗(λ, x′)f(λ)u(λ, x) dλdx′ (2.98)

which can be written as

f(A)ϕ(x) =

∫
ϕ(x′)r(x′, x)dx′ (2.99)
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where

r(x′, x) =

∫
u∗(λ, x′)f(λ)u(λ, x) dλ. (2.100)

If the eigenfunctions are discrete as in Eq. (2.83) then

f(A)un(x) = f(λn)un(x) (2.101)

and

f(A)ϕ(x) =

∫ ∞∑
n=0

u∗n(x
′)f(cn)un(x)ϕ(x

′)dx′ (2.102)

=

∫
ϕ(x′)r(x′, x)dx′ (2.103)

where now

r(x′, x) =
∞∑

n=0

u∗n(x
′)f(λn)un(x). (2.104)

Example. For the D operator the eigenfunctions are

u(λ, x) =
1√
2π

eiλx (2.105)

and hence for any function f(D) we have

f(D)eiλx = f(λ)eiλx. (2.106)

Furthermore, suppose we have a function, ϕ(x), then, using Eq. (2.99) and Eq.
(2.100)

f(D)ϕ(x) =
1

2π

∫∫
ϕ(x′)f(λ)e−iλ(x′−x) dλdx′ (2.107)

=
1√
2π

∫
ϕ(x′)f̂(x′ − x)dx′ (2.108)

where, as usual, the Fourier transform is given by

f̂(x) =
1√
2π

∫
f(λ)e−iλx dλ. (2.109)

2.8 Delta Function

We will be using the delta function freely and it is worthwhile to list some of its
basic properties. The fundamental representation of the delta function is

δ(x− ξ) =
1

2π

∫ ∞
−∞

e±iy(x−ξ)dy (2.110)
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and its basic property is that, for a function f(x),∫ ∞
−∞

f(x)δ(x− ξ) dx = f(ξ). (2.111)

If the integration is one sided in Eq. (2.110) then∫ ∞
0

eiy(x−ξ) dy = π δ(x− ξ) +
i

x− ξ
(2.112)

where the integration implies taking the principle part. The delta function has the
following symbolic relations:

δ(x) = δ(−x), (2.113)

xδ(x) = 0, (2.114)

f(x)δ(x− ξ) = f(ξ)δ(x− ξ), (2.115)

δ(ξx) = ξ−1δ(x), ξ > 0, (2.116)∫ ∞
−∞

f(x)
dn

dxn
δ(x− ξ) dx = (−1)n dn

dξn
f(ξ). (2.117)

A particularly important relation is that

δ(g(x)) =
∑
i

1

|g′(xi)|
δ(x− xi) (2.118)

where xi are the zeros of g(x) and g′(xi) is the derivative g(x) evaluated at the
zero’s. By a symbolic relation we mean that if both sides of the relation are mul-
tiplied by an arbitrary function and integrated from −∞ to ∞, an identity is
obtained. For example, when we say that δ(x) = δ(−x) what it means is that for
an arbitrary function f(x),∫ ∞

−∞
f(x)δ(x) dx =

∫ ∞
−∞

f(x)δ(−x) dx. (2.119)

Two other important representations of the delta function are

δ(x) =
1

2

d2

dx2
|x| (2.120)

and

δ(x) =
d

dx
η(x) (2.121)

where η(x) is the step function

η(x) =

{
1 x ≥ 0
0 x < 0.

(2.122)
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We point out that
xδ(x− ξ) = ξδ(x− ξ) (2.123)

and hence δ(x−ξ) are the eigenfunctions of x, with eigenvalues ξ, which range from
−∞ to ∞. In fact it was to solve the eigenvalue problem for x as exemplified by
Eq. (2.123) that Dirac invented the delta function. In quantum mechanics this is
paramount because x is the position operator and the eigenvalues are the measur-
able quantities. What Eq. (2.123) shows is that the measurable values for position,
the eigenvalues ξ, are continuous since ξ may be any real number. Therefore one
says that position is not quantized.

2.9 Intensity, Probability, and Averages

The transform F (λ) as given by Eq. (2.87) gives an indication of how important a
particular value of λ is for the function ϕ(x). In particular, one takes the density

or intensity of λ to be |F (λ) |2. In the discrete case one takes |cn|2 to be the
intensity for λn. In quantum mechanics |F (λ) |2 is the probability distribution for

λ and if the spectrum is discrete then |cn|2 is the probability for obtaining λn.
For this interpretation to be consistent one has to show that intensity is

preserved. In particular for the continuous case we have∫
|ϕ(x)|2dx =

∫
|F (λ)|2 dλ. (2.124)

This is easily proven. Now consider the average defined by

〈λ〉 =
∫

λ|F (λ)|2 dλ. (2.125)

It is a remarkable fact that 〈λ〉 can be calculated in the x domain directly by way
of

〈λ〉 =
∫

ϕ∗(x)Aϕ(x) dx (2.126)

and furthermore for a real function, g(λ), its average is∫
g(λ)|F (λ)|2dλ =

∫
ϕ∗(x)g(A)ϕ(x) dx. (2.127)

For the discrete case we have∫
|ϕ(x)|2dx =

∑
n

|cn|2 (2.128)

and

〈λ〉 =
∑
n

λn |cn|2 =

∫
ϕ∗(x)Aϕ(x) dx. (2.129)
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Furthermore 〈g(λ)〉 is given by

〈g(λ)〉 =
∑
n

g(λn) |cn|2 =

∫
ϕ∗(x)g(A)ϕ(x) dx. (2.130)

The proof of these important statements will be given in Chap. 12.

Probability interpretation. Suppose we assume that |ϕ(x)|2 is the probability for
x and that it is appropriately normalized so that∫

|ϕ(x)|2 dx = 1. (2.131)

Notice now that we also have ∫
|F (λ)|2 dλ = 1 (2.132)

and therefore |F (λ)|2 can be interpreted as the probability of measuring λ. This
is the probabilistic interpretation of quantum mechanics where ϕ(x) is called the
wave function or state function and the λ′s are the numerical values for the physical
quantity represented by the operator A. For the discrete case we have that∑

n

|cn|2 = 1 (2.133)

and then we say that |cn|2 is the probability of obtaining λn. Since λn are discrete
one says that the numerical values possible for the physical quantity represented
by the operator A are quantized.

Notice that the left hand side of Eq. (2.127) and Eq. (2.130) are the standard
definitions of averages in standard probability theory for the continuous and dis-
crete case respectively. That these quantities can be calculated by the right hand
side of the respective equations is something that is proved and we will do so in
Chap. 12. What is remarkable is that these methods of calculating averages arose
naturally in quantum mechanics.

2.10 Simplifying Functions of Operators

An important issue is the consideration of a function of operators, say H(X,D),
where one requires the simplification of G(H(X,D)) where G is another function.
For example, suppose we want to simplify (X + D)

n
. In our notation H(X,D)

= X +D and G(H) = Hn. There are many ways to do this and brute force, using
the commutation relation, often works. We give here one method [14, 95] that
depends on solving the eigenvalue problem

H(X,D) u(λ, x) = λu(λ, x). (2.134)
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The solution to this eigenvalue problem gives rise to a complete set of eigenfunc-
tions, as given by Eq. u(λ, x) and hence for any function f(x),

f(x) =

∫
u(λ, x)F (λ) dλ (2.135)

with

F (λ) =

∫
u∗(λ, x) f(x) dx. (2.136)

Now consider

G(H(X,D))f(x) = G(H(X,D))

∫
u(λ, x)F (λ) dλ (2.137)

=

∫
G(H(X,D))u(λ, x)F (λ) dλ (2.138)

=

∫
G(λ)u(λ, x)F (λ) dλ. (2.139)

Substituting for F (λ) we have

G(H(X,D))f(x) =

∫∫
G(λ)u∗(λ, x′)u(λ, x)f(x′) dx′ dλ (2.140)

which can be written as

G(H(X,D))f(x) =

∫
K(x′, x)f(x′) dx′ (2.141)

with

K(x′, x) =

∫
G(λ)u∗(λ, x′)u(λ, x) dλ. (2.142)

If the spectrum is discrete then the same steps lead to Eq. (2.141) where now

K(x′, x) =
∑
n

G(λn)u
∗
n(x

′)un(x). (2.143)

Example. Suppose we seek the simplification of eiθX+iτD as was discussed in Sec.
2.4. As per Eq. (2.134) we have to solve the eigenvalue problem

(θX + τD)u(λ, x) = λu(λ, x) (2.144)

or explicitly in the x representation,(
θx− iτ

d

dx

)
u(λ, x) = λu(λ, x). (2.145)
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The solution normalized to a delta function is

u(λ, x) =
1√
2πτ

ei(λx−θx2/2)/τ . (2.146)

For a function, ϕ(x), the transform, F (λ), is then

F (λ) =
1√
2πτ

∫
ϕ(x)e−i(λx−θx2/2)/τdx (2.147)

and the inverse transformation is

ϕ(x) =
1√
2πτ

∫
F (λ)ei(λx−θx2/2)/τdλ. (2.148)

According to Eq. (2.142) we have

eiθX+iτDϕ(x) =

∫
K(x′, x)ϕ(x′) dx′ dλ (2.149)

with

K(x′, x) =

∫
eiλ u∗(λ, x′)u(λ, x) dλ dx′ (2.150)

=
1

2πτ

∫
eiλ e−i(λx′−θx′2/2)/τ ei(λx−θx2/2)/τ dλ (2.151)

= δ(x′ − τ − x)eiθ(x
′2−x2)/2τ . (2.152)

Therefore

eiθX+iτDϕ(x) =

∫
δ(x′ − τ − x)eiθ(x

′2−x2)/2τϕ(x′) dx′ (2.153)

= eiθ(τ
2+2τx)/2τϕ(τ + x) (2.154)

= eiθτ/2eiθxϕ(τ + x) (2.155)

= eiθτ/2eiθxeiτDϕ(x). (2.156)

Hence, we can write

eiθX+iτD = eiθτ/2eiθXeiτD (2.157)

which is Eq. (2.48)

2.11 Rearrangement of Operators

If we have a function of operators G(X,D) we may want to rearrange it so that
all the D factors are to the right of the X factors or the other way around. A
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procedure that can be used is the following [14, 95]. Write Eq. (2.140) as

G(X,D)ϕ(x) =

∫∫
G(λ)u∗(λ, x′)u(λ, x)ϕ(x′) dx′ dλ (2.158)

=

∫∫
G(λ)u∗(λ, x′ + x)u(λ, x)ϕ(x′ + x) dx′ dλ (2.159)

=

∫∫
G(λ)u∗(λ, x′ + x)u(λ, x) eix

′Dϕ(x) dx′ dλ (2.160)

and therefore we have

G(X,D) =

∫∫
G(λ)u∗(λ, x′ +X)u(λ,X) eix

′D dx′ dλ. (2.161)

If the spectrum is discrete then

G(X,D) =
∑
n

G(λn)u
∗
n(x

′ +X)un(X) eix
′D dx′. (2.162)

Notice that in Eq. (2.161) all the X factors are to the left of the D factors.
Therefore one way to evaluate the integral in Eq. (2.161) is to replace X and D
by ordinary variables, say x and p,

G(x, p) =
∑
n

G(λn)u
∗
n(x

′ + x)un(x) e
ix′p dx′ (2.163)

do the integral and then arrange the expression so that all the x factors are to
the left of the p factors; then substitute X and D for x and p respectively. This
procedure will be illustrated in subsequent chapters. Here we give one example.
Suppose we want to expand

G(X,D) = (X +D)n (2.164)

and rearrange it so that all the X factors are to the left of the D factors. That
can be done by brute force using the commutator relations but one would soon
be entangled in laborious algebra. We now show how that can be done using the
above method. The eigenvalue problem is(

x− i
d

dx

)
u(λ, x) = λu(λ, x) (2.165)

and the solutions are

u(λ, x) =
1√
2π

ei(λx−x2/2). (2.166)

Therefore using Eq. (2.161) we have

G(x, p) =
1

2π

∫∫
λn e−i(λ(x′+x)−(x′+x)2)/2) ei(λx−x2/2) eix

′p dx′ dλ (2.167)

=
1

2π

∫∫
λn e−ix′(λ−x−p)+ix′2/2) dx′ dλ (2.168)
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which simplifies to

G(x, p) =
(
√
2i)n√
π

∫
(iy +

1√
2i
(x+ p))n e−y2

dy. (2.169)

Now, the Hermite polynomials, Hn(x), are

Hn(x) =

[n/2]∑
k=0

(−1)kn!
k!(n− 2k)!

xn−2k (2.170)

where [n/2] is the greatest integer function. Pertinent to our considerations is that

Hn(x) =
2n√
π

∫
(x+ iy)ne−y2

dy. (2.171)

Therefore we have

G(x, p) =

(
i

2

)n/2

Hn(
1√
2i
(x+ p)) (2.172)

and

G(x, p)=

(
i

2

)n/2 [n/2]∑
k=0

(−1)kn!
(
2x+p√

2i

)n−2k

k!(n− 2k)!
. (2.173)

Expanding (x+ p)n−2k in a binomial series one finally obtains that

G(x, p) =

[n/2]∑
k=0

n−2k∑
l=0

(
1

2i

)k
n!

l!k!(n− 2k − l)!
xn−2k−lpl. (2.174)

Now all the x factors are to the left of the p factors and we can write

G(X,D) =(X +D)n =

[n/2]∑
k=0

n−2k∑
l=0

(
1

2i

)k
n!

l!k!(n− 2k − l)!
Xn−2k−lDl. (2.175)



Chapter 3

The Weyl Operator

3.1 The Weyl Correspondence

There are a number of ways one can define the Weyl operator but we choose the
standard one and indeed it is the way Weyl did it [89]. The fundamental idea is
to associate an operator, A(X,D), with the ordinary function, a(x, p), called a
symbol or c-function. We express the Weyl association symbolically by

A(X,D)↔ a(x, p). (3.1)

As discussed in Chap. 1 the two variables, x and p are ordinary variables while X
and D are operators where

X =

{
x in the x representation

i d
dp in the Fourier representation

(3.2)

and

D =

{
1
i

d
dx in the x representation

p in the Fourier representation.
(3.3)

They satisfy the basic commutation relation

[X,D] = i. (3.4)

The Weyl rule is the following. For a symbol, a(x, p), define its Fourier transform
by

â(θ, τ) =
1

4π2

∫∫
a(x, p) e−iθx−iτp dx dp (3.5)

in which case

a(x, p) =

∫∫
â(θ, τ) eiθx+iτp dθ dτ. (3.6)
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The Weyl operator, A(X,D) , corresponding to, or associated with, a(x, p) is
defined by the substitution of the operators X and D for x and p in Eq. (3.6),

A(X,D) =

∫∫
â(θ, τ) eiθX+iτD dθ dτ. (3.7)

We call A(X,D) the Weyl operator. Simplification of A(X,D) is possible in a
number of ways. One is the disentanglement of eiθX+iτD as we discuss now and
the other is using the rearrangement procedure that will be discussed in Sec. 3.4.
Since

eiθX+iτD = eiθτ/2 eiθX eiτD = e−iθτ/2 eiτD eiθX (3.8)

we have that

A (X,D) =

∫∫
â(θ, τ) eiθτ/2 eiθX eiτDdθ dτ (3.9)

and

A (X,D) =

∫∫
â(θ, τ)e−iθτ/2 eiτD eiθXdθ dτ. (3.10)

Equivalently, substitute Eq. (3.5) into Eq. (3.9) or into (3.10) to obtain

A (X,D) =
1

4π2

∫∫∫∫
a(x, p) eiθ(X−x)+iτ(D−p) dθ dτ dx dp (3.11)

=
1

4π2

∫∫∫∫
a(x, p) eiθτ/2eiθ(X−x) eiτ(D−p) dθ dτ dx dp. (3.12)

It is important to appreciate that in the above equations both X and D are oper-
ators. Whether we use the pair (x,D) or (X, p) depends on whether we operate on
functions of x or functions in the Fourier domain. The examples below will illus-
trate these different situations. Furthermore, A (X,D) can operate on functions
expressed in any representation.

3.2 Operation on a Function

We now consider the operation of the Weyl operator on an arbitrary function,
ϕ(x), and use A[ϕ] to signify it,

A[ϕ] = A (X,D) ϕ(x). (3.13)

Of course A[ϕ] is a function of x and often it is written as A[ϕ](x) but we will
simply write A[ϕ] for the sake of notational clarity, as the dependence on the
variable will be clear from the context. We have

A (X,D) ϕ(x) =

∫∫
â(θ, τ) eiθτ/2 eiθx eiτDϕ(x) dθ dτ (3.14)

=

∫∫
â(θ, τ) eiθτ/2 eiθxϕ(x+ τ) dθ dτ (3.15)
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where in going from Eq. (3.14) to Eq. (3.15) we have used the fact that eiτD is
the translation operator as given by Eq. (2.34). Substituting Eq. (3.5) for â(θ, τ)
and doing some straightforward simplifications results in

A[ϕ] =
1

2π

∫∫
a
(
1
2 (x+ τ), p

)
ei(x−τ)p ϕ(τ) dτ dp. (3.16)

Also,

A[ϕ] =
1

2π

∫∫
a
(
x+ 1

2τ), p
)
e−iτp ϕ(τ + x) dτ dp. (3.17)

3.3 Operation in the Fourier Domain

We now operate on functions in the Fourier domain. Using Eq. (3.10) we have

A[ϕ̂] = A (X,D) ϕ̂(p) =

∫∫
â(θ, τ)e−iθτ/2 eiτp eiθX ϕ̂(p) dθ dτ (3.18)

=

∫∫
â(θ, τ)e−iθτ/2 eiτp ϕ̂(p− θ) dθ dτ. (3.19)

Straightforward substitutions give

A[ ϕ̂] =
1

2π

∫∫
a(x, 1

2 (p+ θ)) ei(θ−p)x ϕ̂(θ) dx dθ (3.20)

and

A[ ϕ̂] =
1

2π

∫∫
a(x, p+ 1

2θ) e
i(θ−p)x ϕ̂(θ + p) dx dθ. (3.21)

That Eq. (3.20) and (3.16) are consistent with each other can be readily proven.

3.4 Operational Form

We now discuss a powerful procedure for calculating the Weyl operator. First, we
describe a rearrangement procedure for operators that allows one to manipulate
operators as ordinary functions. For any operator A(X,D) define R(x, p) by

R(x, p) = rearrange A(X,D), so that all the D operators

are to the right of the X operators; then replace X,D by x, p. (3.22)

The rearrangement is achieved by using [X,D] = i. We point out that R(x, p) can
be the sum of rearranged factors. The concept of replacing a function of operators
by a function of ordinary variables is a powerful way to manipulate operators and
will often be used. After one manipulates R(x, p) it must be then converted back
to an operator and that is done by placing all the x factors to the left of the p
factors and then substituting X,D for x, p. The ideas and methods were devised

3.4. Operational Form
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by Feynman in 1948 although the first instance of these types of calculations
were introduced by McCoy in 1932. Feynman developed a general algebra for such
manipulations.

In Eq. (3.9), eiθX eiτD is already in the form where the D factors are to the
right of the X factors and therefore

R(x, p) =

∫∫
â(θ, τ) eiθτ/2 eiθx eiτpdθ dτ (3.23)

=

∫∫
â(θ, τ) e

1
2i

∂2

∂x∂p eiθx eiτp dθ dτ (3.24)

= e
1
2i

∂2

∂x∂p

∫∫
â(θ, τ) eiθx+iτp dθ dτ. (3.25)

Hence,

R(x, p) = exp

[
1

2i

∂2

∂x∂p

]
a(x, p). (3.26)

The way Eq. (3.26) is used is to evaluate the right hand side and after the evalu-
ation one puts all x factors to the left of the p factors and then substitutes X,D
for x, p. Often the best way to evaluate R(x, p) is to expand the exponential and
then operate term by term. In particular,

R(x, p) =
∞∑

n=0

1

n!

(
1

2i

)n
∂2n

∂xn∂pn
a(x, p). (3.27)

Examples of these types of manipulations are given in the next section. Eq. (3.26)
could have been obtained directly by way of Eq. (2.11), which we repeat here: for
any two functions f(θ, τ) and â(θ, τ),∫∫

f(θ, τ) â(θ, τ) eiθx+iτpdθ dτ = f

(
1

i

∂

∂x
,
1

i

∂

∂p

)
a(x, p). (3.28)

Taking f(θ, τ) = eiθτ/2 in Eq. (3.28) we immediately obtain Eq. (3.26).

3.5 Examples

We now give a number of examples chosen to illustrate the methods and to give
insight into the nature of the Weyl operator.

Example. a(x, p) = px. Calculating the Fourier transform of px as per Eq. (3.5)
we have

â(θ, τ) =
1

4π2

∫∫
xp e−iθx−iτp dx dp = − ∂2

∂θ∂τ
δ(θ)δ(τ). (3.29)
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The Weyl operator, Eq. (3.9), is then

A (X,D) = −
∫∫ {

∂2

∂θ∂τ
δ(θ)δ(τ)

}
eiθτ/2 eiθX eiτD dθ dτ (3.30)

= − ∂2

∂θ∂τ
eiθτ/2 eiθX eiτD

∣∣∣∣
θ,τ =0

(3.31)

giving
A (X,D) = XD − 1

2 i. (3.32)

Using the commutation relation XD −DX = i results in

A (X,D) = 1
2 (XD +DX). (3.33)

Therefore, for the symbol xp, the Weyl operator symmetrizes XD. However, this
is not generally true for other symbols.

Alternatively, consider using Eq. (3.26),

R(x, p) = exp

[
1

2i

∂2

∂x∂p

]
a(x, p) =

(
1 +

1

2i

∂2

∂x∂p
· · ·
)
xp = xp− 1

2 i. (3.34)

Now, we put the x factors before the p factors and then substitute X,D to obtain

A (X,D) = XD − 1
2 i (3.35)

which is the same as Eq. (3.32).

Example. a(x, p) = x2p. The Fourier transform is

â(θ, τ) =
1

4π2

∫∫
x2p e−iθx−iτp dx dp = −i ∂3

∂2θ∂τ
δ(θ)δ(τ) (3.36)

and therefore the Weyl operator is given by

A (X,D) =

∫∫ {
−i ∂3

∂2θ∂τ
δ(θ)δ(τ)

}
eiθτ/2 eiθX eiτD dθ dτ (3.37)

= i
∂3

∂2θ∂τ
eiθτ/2 eiθX eiτD

∣∣∣∣
θ,τ =0

(3.38)

giving
A (X,D) = X2D − iX. (3.39)

We can obtain the same result using Eq. (3.27). In particular,

R(x, p) =

(
1 +

1

2i

∂2

∂x∂p
− 1

4

∂4

∂x2∂p2
· · ·
)
x2p = x2p− ix (3.40)
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which gives the same operator as Eq. (3.39) when (X,D) is substituted for (x, p).
Clearly for this case using Eq. (3.40) is simpler.

Example. a(x, p) = xnpm. To obtain the Weyl operator for

a(x, p) = xnpm (3.41)

we use the method given by Eq. (3.27). We have

R(x, p) =
∞∑
k=0

1

k!

(
1

2i

)k
∂2k

∂xk∂pk
xnpm. (3.42)

Using

∂k

∂xk
xn =

{
k!
(
n
k

)
xn−k k ≤ n

0 k > n
(3.43)

we obtain

R(x, p) =

min(n,m)∑
k=0

(
1

2i

)k

k!

(
n

k

)(
m

k

)
xn−kpm−k (3.44)

and therefore

xnpm ↔
min(n,m)∑

k=0

(
1

2i

)k

k!

(
n

k

)(
m

k

)
Xn−kDm−k. (3.45)

Similarly one can also show that

xnpm ↔
min(n,m)∑

k=0

(
i

2

)k

k!

(
n

k

)(
m

k

)
Dm−kXn−k. (3.46)

Using Eq. (2.28) and (2.29) can be converted into

xnpm ↔ 1

2n

n∑
l=0

(
n

l

)
Xn−lDmX l (3.47)

and

xnpm ↔ 1

2m

m∑
l=0

(
m

l

)
Dm−lXnDl. (3.48)

These results were first derived by McCoy in 1932 [55].

Example. a(x, p) = δ(x− x′)δ(p− p′). The delta function association will play an
important role in generalizing the Weyl transform. We symbolize the association
by

Aδ(X,D) ↔ δ(x− x′)δ(p− p′). (3.49)
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The Fourier transform of δ(x− x′)δ(p− p′) is

â(θ, τ) =
1

4π2

∫∫
δ(x− x′)δ(p− p′) e−iθx−iτp dx dp =

1

4π2
e−iθx′−iτp′

(3.50)

and using Eq. (3.9), the Weyl operator is

Aδ(X,D) =

∫∫
â(θ, τ) eiθτ/2 eiθX eiτDdθ dτ (3.51)

=
1

4π2

∫∫
e−iθx′−iτp′

eiθτ/2 eiθX eiτDdθ dτ (3.52)

giving

Aδ(X,D) =
1

2π

∫
δ( 12τ +X − x′)e−iτp′

eiτD dτ. (3.53)

Since the X factors are to the left of D factors we can immediately evaluate Eq.
(3.53) to obtain Rδ(X,D):

Rδ(x, p) =
1

π
e−2i(x′−x)(p′−p). (3.54)

The operation on a function, ϕ(x), is

Aδ(X,D)ϕ(x) =
1

2π

∫
δ( 12τ + x− x′)e−iτp′

ϕ(x+ τ)dτ (3.55)

=
1

π
e−2i(x′−x)p′

ϕ(2x′ − x). (3.56)

We can use the delta function association to define the operator for an arbi-
trary symbol. We first write

a(x, p) =

∫∫
δ(x− x′)δ(p− p′)a(x′, p′) dx′dp′ (3.57)

and then in general

A(X,D)ϕ(x) =

∫∫
Aδ(X,D)ϕ(x) dx′dp′. (3.58)

To show the consistency with our previous result substitute Eq. (3.56) into Eq.
(2.37) to obtain

A (X,D) ϕ(x) =
1

π

∫∫
e−2i(x′−x)p′

ϕ(2x′ − x)a(x′, p′) dx′dp′. (3.59)

Making the transformation τ = 2x′ − x we obtain

A (X,D) ϕ(x) =
1

2π

∫∫
a
(
1
2 (x+ τ), p′

)
eip

′(x−τ) ϕ(τ) dτ dp′ (3.60)

which is the same as Eq. (3.16). Thus the delta function association fixes the
association for a general symbol.
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3.6 Inversion: From Weyl Operator to Symbol

We now address the question as to how to obtain the symbol from the Weyl
operator. Given an operator, A (X,D) , we rearrange it by the procedure described
in Sec. 3.4 to get R(x, p). In particular, using Eq. (3.23), we have

R(x, p) =

∫∫
â(θ, τ) eiθτ/2eiθx eiτp dθ dτ. (3.61)

Taking the inverse Fourier transform we obtain,

â(θ, τ)eiθτ/2 =
1

4π2

∫∫
R(x, p)e−iθx−iτp dx dp (3.62)

or

â(θ, τ) =
1

4π2
e−iθτ/2

∫∫
R(x, p)e−iθx−iτp dx dp. (3.63)

This shows how to get the Fourier transform of the symbol from R(x, p). To express
it in terms of the symbol directly we have

a(x, p) =
1

4π2

∫∫
R(x′, p′)e−iθx′−iτp′

e−iθτ/2 eiθx+iτp dθ dτ dx′ dp′ (3.64)

which evaluates to

a(x, p) =
1

π

∫∫
R(x′, p′) e2i(x

′−x)(p′−p) dx′ dp′ (3.65)

or

a(x, p) =
1

π

∫∫
R(x′ + x, p′ + p) e2ix

′p′
dx′ dp′. (3.66)

An alternative form can be obtained by just solving Eq. (3.26) for a(x, p),

a(x, p) = exp

[
− 1

2i

∂

∂x

∂

∂p

]
R(x, p). (3.67)

That Eq. (3.66) and (3.67) are indeed the same is a special case of Eq. (2.80).

Example. A (X,D) = 1
2 (XD + DX). We first rearrange A (X,D) so that all the

X factors are to the left of the D factors. That results in

R(x, p) = xp− 1
2 i. (3.68)

Then, using Eq. (3.16), we have

a(x, p) = exp

[
− 1

2i

∂

∂x

∂

∂p

]
(xp− 1

2 i) (3.69)

=

(
1− 1

2i

∂2

∂x∂p
− 1

4

∂4

∂x2∂p2

)
(xp− 1

2 i) = xp (3.70)
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which is consistent with the first example of Sect. 3.5. Alternatively using Eq.
(3.65) we have

a(x, p) =
1

π

∫∫
(x′p′ − 1

2 i) e
2i(x′−x)(p′−p) dx′ dp′ (3.71)

=
1

2π

∫∫
(x′p′ − i)e2i(x

′−x)(p′−p) dx′ dp′ (3.72)

which evaluates straightforwardly to xp.

Example. A (X,D) = D2XD. Using the commutation relation to rearrangeD2XD
so that all the x factors are to the left of the D factors we have

A (X,D) = D2XD = D(XD − i)D = DXD2 − iD2 (3.73)

= (XD − i)D2 − iD2 = XD3 − 2iD2. (3.74)

Therefore

R(x, p) = xp3 − 2ip2. (3.75)

Using Eq. (3.67) we obtain

a(x, p) = exp

[
− 1

2i

∂

∂x

∂

∂p

]
(xp3 − 2ip2) (3.76)

= xp3 − 1
2 ip

2. (3.77)

Alternatively one can use Eq. (3.66),

a(x, p) =
1

π

∫∫
[(x′ + x)(p′ + p)3 − 2i(p′ + p)2] ei2x

′p′
dx′ dp′ (3.78)

= xp3 − 2ip2 +
1

π

∫∫
x′(p′ + p)3 ei2x

′p′
dx′ dp′. (3.79)

Straightforward evaluation of the last integral gives

1

π

∫∫
x′(p′ + p)3 ei2x

′p′
dx′ dp′ = − 3

2ip
2 (3.80)

and therefore

a(x, p) = xp3 − 2ip2 − 3
2ip

2 = xp3 − 1
2 ip

2 (3.81)

which agrees with Eq. (3.77)

Alternate Approach. We now give another viewpoint for getting an inversion for-
mula. Kim and Scully [42] argue that if we operate on a complete set of functions
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that should fix the operator and hence one should be able to obtain the corre-
sponding symbol. The simplest complete set is the delta function and hence we
consider, in Eq. (3.16), the case

ϕ(x) = δ(x− x′′) (3.82)

giving

A[δ(x− x′′)] =
1

2π

∫∫
a
(
1
2 (x+ τ), p

)
ei(x−τ)p δ(τ − x′′) dτ dp (3.83)

=
1

2π

∫
a
(
1
2 (x+ x′′), p

)
ei(x−x′′)p dp. (3.84)

Knowing A[δ(x− x′′)] for all x′′, one should be able to obtain the symbol, a(x, p).
Multiply Eq. (3.84) by e−ip”x and integrate with respect to x:∫

A[δ(x− x′′)]e−ip′′xdx =
1

2π

∫∫
a
(
1
2 (x+ x′′), p

)
e−ip”x ei(x−x′′)p dpdx (3.85)

=
1

π

∫∫
a (x, p) e−i(2x−x′′)p′′

e2i(x−x′′)p dpdx. (3.86)

Now multiply by eip
′′x′′

e−2i(x′′−x′)(p′′−p′) and integrate with respect to dx′′dp′′:∫
A[δ(x− x′′)]e−ip′′xeip

′′x′′
e−2i(x′′−x′)(p′′−p′)dxdx′′dp′′ (3.87)

=
1

π

∫∫ ∫∫
a (x, p) eip

′′x′′
e−2i(x′′−x′)(p′′−p′)e−ip”(2x−x′′) e2i(x−x′′)p dpdxdx′′dp′′.

Straightforward evaluation of the right hand side of Eq. (3.87) leads to πa (x′, p′) .
Therefore

a (x′, p′) =
1

π

∫∫∫
A[δ(x− x′′)]e−ip′′xeip

′′x′′
e−2i(x′′−x′)(p′′−p′)dxdx′′dp′′. (3.88)

One can simplify further by integrating with respect to dp′′ giving

a (x′, p′) = 2

∫∫∫
A[δ(x− x′′)]δ(x+ x′′ − 2x′)e2i(x

′′−x′)p′
dxdx′′ (3.89)

= 2

∫∫∫
A[δ(x− x′′)]δ(x+ x′′ − 2x′)e2i(x

′−x)p′
dxdx′′. (3.90)
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Example. A (X,D) = XD.

a (x′, p′) =
1

π

∫∫∫
(xDδ(x− x′′))e−ip′′xeip

′′x′′
e−2i(x′′−x′)(p′′−p′)dxdx′′dp′′ (3.91)

=
1

πi

∫∫∫
xδ′(x− x′′)e−ip′′xeip

′′x′′
e−2i(x′′−x′)(p′′−p′)dxdx′′dp′′ (3.92)

= − 1

πi

∫∫∫ (
d

dx
[xe−ip′′x]x=x′′

)
eip

′′x′′
e−2i(x′′−x′)(p′′−p′)dxdx′′dp′′

(3.93)

=
1

π

∫∫∫
[p′′x′′ + i]e−2i(x′′−x′)(p′′−p′)dx′′dp′′. (3.94)

The two integrals involved evaluate to

1

π

∫∫∫
p′′x′′e−2i(x′′−x′)(p′′−p′)dx′′dp′′ = p′x′ +

1

2i
(3.95)

1

π

∫∫∫
ie−2i(x′′−x′)(p′′−p′)dx′′dp′′ = i (3.96)

and therefore

a (x′, p′) = p′x′ +
1

2i
+ i = p′x′ − 1

2i
. (3.97)

It is instructive to also derive the result by way of Eq. (3.89)

a (x′, p′) =
2

i

∫∫∫
x[δ′(x− x′′)]δ(x+ x′′ − 2x′)e2i(x

′′−x′)p′
dxdx′′ (3.98)

= −2

i

∫∫∫
d

dx
xδ(x+ x′′ − 2x′)|x=x′′e2i(x

′′−x′)p′
dxdx′′ (3.99)

= −2

i

∫∫∫ [
x′′

d

dx
δ(x+ x′′ − 2x′)|x=x′′ +

1

2
δ(x′′ − x′)

]
e2i(x

′′−x′)p′
dxdx′′.

(3.100)

We note that

d

dx
δ(x+ x′′ − 2x′)|x=x′′ =

1

4

d

dx′′
δ(x′′ − x′) (3.101)

and hence

a (x′, p′) = −2

i

∫∫∫ [
1

4
x′′

d

dx′′
δ(x′′ − x′) +

1

2
δ(x′′ − x′)

]
e2i(x

′′−x′)p′
dxdx′′

(3.102)
which evaluates to a (x′, p′) as given by Eq. (3.97).
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It is of interest to show Eq. (3.101) as such expressions often occur. We have

d

dx
δ(x+ x′′ − 2x′)|x=x′′ =

1

2π

d

dx

∫
e(x+x′′−2x′)ydy|x=x′′ (3.103)

=
1

2π

∫
ye(x

′′+x′′−2x′)ydy (3.104)

=
1

2π

1

2

d

dx′′

∫
ye(2x

′′−2x′)ydy (3.105)

=
1

2

d

dx′′
δ(2x′′ − 2x′) (3.106)

=
1

4

d

dx′′
δ(x′′ − x′). (3.107)

3.7 Adjoint

The Hermitian adjoint of an operator, designated by A†(X,D), is defined as the
operator that makes the following true for any two functions ψ(x) and ϕ(x):∫

ψ∗(x)A (X,D)ϕ(x) dx =

∫
ϕ(x)

{
A†(x,D)ψ(x)

}∗
dx. (3.108)

If we take the adjoint of A in Eq. (3.7) we have

A†(X,D) =

∫∫ [
â(θ, τ) eiθX+iτD

]†
dθ dτ. (3.109)

But by Eq. (2.60) we have[
â(θ, τ) eiθX+iτD

]†
= â∗(θ, τ) e−iθX−iτD (3.110)

and therefore

A†(X,D) =

∫∫
â∗(θ, τ) e−iθX−iτD dθ dτ (3.111)

and

A†(X,D) =

∫∫
â∗(−θ,−τ) eiθX+iτD dθ dτ. (3.112)

3.8 Hermiticity

Of particular importance is the question as to when the Weyl operator is Hermi-
tian. The reason that Hermitian operators are important is that their expectation
value, as defined by

〈A (X,D)〉 =
∫

ϕ∗(x)A (X,D) ϕ(x) dx (3.113)
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is assured to be real. In addition, in quantum mechanics and time-frequency analy-
sis operators represent physical quantities and the numerical values of the physical
quantities are the eigenvalues of the operator. Hence, one has to have real eigen-
values since measurable quantities are real. The way to ensure that the eigenvalues
of an operator are real is to insist that the operator be Hermitian.

An operator is Hermitian if its adjoint equals the operator itself. If we com-
pare Eq. (3.112) to Eq. (3.7) we see that if we take â∗(−θ,−τ) = â(θ, τ) then the
two expressions are equal. But this is precisely the condition for the symbol to be
real

â∗(−θ,−τ) = â(θ, τ) for real a(x, p) (3.114)

and so we have

A†(X,D) = A(X,D) for real a(x, p). (3.115)

Therefore for real symbols the Weyl operator is Hermitian.

It is of some interest to prove the Hermitian property directly. The definition
of a Hermitian operator, A (X,D) , is that for any two functions, ϕ and ψ,∫

ψ∗(x)A (X,D)ϕ(x) dx =

∫
ϕ(x) {A (X,D)ψ(x)}∗ dx. (3.116)

Substituting Eq. (3.16) into the left hand side of Eq. (3.116) we obtain∫
ψ∗(x)A (X,D)ϕ(x) dx =

1

2π

∫∫∫
ψ∗(x)a

(
1
2 (x+ τ), p

)
eip(x−τ) ϕ(τ) dτ dp dx.

(3.117)
A few manipulations lead to∫

ψ∗(x)A (X,D)ϕ(x) dx

=
1

2π

∫∫∫
ϕ(x)

{
a∗
(
1
2 (x+ τ), p

)
e−ip(x−τ) ψ(τ)

}∗
dτ dp dx. (3.118)

If the symbol is real then the right hand side is exactly equal to the right hand
side of Eq. (3.116) and hence A (X,D) is Hermitian.

3.9 The Algebra of the Weyl Operator

We now discuss some basic properties of the Weyl operator [91].

Linearity. The Weyl association is linear in the sense that if

a(x, p)↔ A (X,D) , (3.119)

b(x, p)↔ B (X,D) , (3.120)
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then
a(x, p) + b(x, p)↔ A (X,D) +B (X,D) . (3.121)

Unit Association. The Weyl association associates the unit operator with the num-
ber 1:

1↔ I (3.122)

where I is the unit operator.

Translated symbol. It often arises that we have to calculate the Weyl operator
corresponding to

at(x, p) = a(x− x′, p− p′) (3.123)

where x′ and p′ are constants. We denote by At the Weyl operator that corresponds
to at,

At (X,D)↔ at(x, p). (3.124)

The Fourier transform of at(x, p) is given by

ât(θ, τ) =
1

4π2

∫∫
a(x− x′, p− p′) e−iθx−iτp dx dp = e−iθx′−iτp′

â(θ, τ). (3.125)

Substituting into Eq. (3.9) gives

At (X,D) =

∫∫
e−iθx′−iτp′

â(θ, τ)eiθτ/2 eiθX eiτD dθ dτ (3.126)

=

∫∫
â(θ, τ)eiθτ/2 eiθ(X−x′) eiτ(D−p′) dθ dτ (3.127)

and hence
At (X,D) = A (X − x′ , D − p′) . (3.128)

The Scaled Symbol. Suppose we consider the scaled symbol

aS(x, p) = a(ηx, μp) (3.129)

where η and μ are positive constants and we wish to obtain the corresponding
Weyl operator. We denote it by

AS (X,D)↔ aS(x, p). (3.130)

The Fourier transform of aS(x, p) is

âS(θ, τ) =
1

4π2

∫∫
a(ηx, μp) e−iθx−iτp dx dp (3.131)

=
1

4π2 ημ

∫∫
a(x, p) e−iθx/η−iτp/μ dx dp (3.132)
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and therefore

âS(θ, τ) =
1

4π2 ημ
â(θ/η, τ/μ). (3.133)

Substituting this into Eq. (3.9) we have

AS (X,D) =
1

4π2 ημ

∫∫
â(θ/η, τ/μ) eiθτ/2 eiθX eiτD dθ dτ (3.134)

=
1

4π2

∫∫
â(θ, τ) eiημθτ/2 eiθηX eiτμD dθ dτ. (3.135)

If we take

ημ = 1 (3.136)

then

AS (X,D) =
1

4π2

∫∫
â(θ, τ) eiθτ/2 eiθηX eiτμDdθ dτ = A (ηX,D/η) . (3.137)

Complex Conjugate of the Symbol. Suppose we have the function a(x, p) and the
corresponding Weyl operator A(X,D) and wish to obtain the Weyl operator for
the complex conjugate of a(x, p). We use the notation A∗(X,D) for the operator
that corresponds to a∗:

A∗ (X,D)↔ a∗(x, p). (3.138)

The Fourier transform of a∗ is given by

â∗(θ, τ) = â(−θ,−τ) (3.139)

and therefore the Weyl operator of a∗ is

A∗(X,D) =

∫∫
â(−θ,−τ) eiθX+iτD dθ dτ (3.140)

or

A∗(X,D) =

∫∫
â(θ, τ) e−iθX−iτD dθ dτ = A(−X,−D). (3.141)

Derivative of the Symbol. We now obtain the Weyl operator for the derivative of
a symbol. We use the notation ax for the derivative with respect to x,

ax(x, p) =
∂

∂x
a(x, p) (3.142)

and the associated operator is denoted by

Ax (X,D)↔ ax(x, p). (3.143)
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The Fourier transform of ax(x, p) is

∂̂

∂x
a(θ, τ) = âx(θ, τ) =

1

4π2

∫∫ [
∂

∂x
a(x, p)

]
e−iθx−iτp dx dp = iθ â(θ, τ) (3.144)

and therefore

Ax (X,D) = i

∫∫
θâ(θ, τ) eiθτ/2 eiθX eiτD dθ dτ =

∂

∂X
A (X,D) . (3.145)

One must be careful with the meaning of ∂
∂XA (X,D) : the order must be preserved

in the differentiation.
Now consider the derivative with respect to p. Using similar notation as above

and writing
Ap (X,D)↔ ap(x, p) (3.146)

the Fourier transform of ap(x, p) is

∂̂

∂p
a(θ, τ) = âp(θ, τ) =

1

4π2

∫∫ [
∂

∂p
a(x, p)

]
e−iθx−iτp dx dp = iτ â(θ, τ). (3.147)

Hence,

Ap (X,D) = i

∫∫
τ â(θ, τ) eiθτ/2 eiθx eiτD dθ dτ (3.148)

giving

Ap (X,D) =
∂

∂D
A (X,D) . (3.149)

Derivative of a Function. We aim at expressing the Weyl symbol operating on the
derivative of a function in terms of the Weyl symbol of the function. We have

A

[
∂

∂x
ϕ(x)

]
=

1

2π

∫∫
a
(
1
2 (x+ τ), p

)
eip(x−τ) ∂

∂τ
ϕ(τ) dτ dp. (3.150)

An integration by parts leads to

A

[
∂

∂x
ϕ(x)

]
= − 1

2π

∫∫ {
∂

∂τ
a
(
1
2 (x+ τ), p

)}
eip(x−τ)ϕ(τ) dτ dp

+
1

2π

∫∫
a
(
1
2 (x+ τ), p

) { ∂

∂τ
eip(x−τ)

}
ϕ(τ) dτ dp. (3.151)

We can set
∂

∂τ
a
(
1
2 (x+ τ), p

)
=

∂

∂x
a
(
1
2 (x+ τ), p

)
(3.152)

and we then see that

A

[
∂

∂x
ϕ(x)

]
= − 1

2Aax
[ϕ] + ipA[ϕ] (3.153)
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where

ax(x, p) =
∂

∂x
a(x, p), (3.154)

Aax [ϕ] =
1

2π

∫∫ {
∂

∂x
a
(
1
2 (x+ τ), p

)}
eip(x−τ) ϕ(τ) dτ dp. (3.155)

Therefore, the Weyl operator operating on the derivative of a function is minus
one half of the Weyl operator of the derivative of the symbol on the function plus
ip of the Weyl operator.

3.10 The Wigner distribution

In subsequent chapters we develop the relation between operator correspondences
with so-called quasi-probability distributions. Here, we just show, by way of expec-
tation values, the direct relation between the Weyl operator and the Wigner distri-
bution. Consider a symbol a(x, p) and the corresponding Weyl operator A (X,D) .
Let us for the moment accept the idea that the expectation value of an operator
in a state ϕ(x) is given by the inner product of ϕ with A (x,D)ϕ,

〈A (X,D)〉 =
∫

ϕ∗(x)A (X,D)ϕ(x) dx. (3.156)

Using Eq. (3.16) we have∫
ϕ∗(x)A (X,D)ϕ(x) dx =

1

2π

∫∫
ϕ∗(x)a

(
1
2 (x+ τ), p

)
eip(x−τ) ϕ(τ) dτ dp dx.

(3.157)
Making the transformation

x→ x− 1
2τ, τ → x+ 1

2τ, (3.158)

we obtain that∫
ϕ∗(x)A (X,D) ϕ(x) dx =

1

2π

∫∫∫
ϕ∗(x− 1

2τ)a (x, p) e−ipτ ϕ(x+ 1
2τ) dτ dp dx.

(3.159)
If we define W (x, p), the Wigner distribution, by

W (x, p) =
1

2π

∫
ϕ∗(x− 1

2τ) e
−ipτ ϕ(x+ 1

2τ) dτ (3.160)

we can write Eq. (3.159) as∫
ϕ∗(x)A (X,D) ϕ(x) dx =

∫∫
a (x, p)W (x, p) dp dx. (3.161)
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It is important to appreciate that in Eq. (3.161), the left hand side deals with
operators while the right hand side deals with ordinary functions only. Moreover,
the right hand side is reminiscent of the expectation value of a (x, p) taken with
the probability density W (x, p). This is a very important interpretation and was
the original motivation of Wigner [93]. As we discuss in later chapters W (x, p) is
not manifestly positive and hence can not be a proper probability density and that
is why it is often called a quasi-probability distribution. Nonetheless Eq. (3.161)
is the basis of what is commonly known as the phase-space representation of
quantum mechanics and also plays a fundamental role in time-frequency analysis.
The reason is that even though W (x, p) is not a proper probability distribution it
can be manipulated as if it was.

Fourier Domain. The expectation value of an operator can be evaluated in any
domain and in particular for the Fourier domain we have∫

ϕ∗(x)A (x,D) ϕ(x)dx =

∫
ϕ̂∗(p)A (X, p) û(p) dp. (3.162)

Using Eq. (3.20) we write

∫
ϕ̂∗(p)A (X,D) ϕ̂(p) dp =

1

2π

∫∫∫
ϕ̂∗(p)a(x, 1

2 (p+ θ)) ei(θ−p)x ϕ̂(θ) dx dθ dp.

(3.163)
Making the transformation

p→ p+ 1
2θ, θ → p− 1

2θ, (3.164)

we obtain∫
ϕ̂∗(p)A (X, p) ϕ̂(p) dp =

1

2π

∫∫
ϕ̂∗(p+ 1

2θ)a(x, p)e
−iθx ϕ̂(p− 1

2θ) dx dθ dp.

(3.165)
which we write as∫

ϕ̂∗(p)A (X,D) ϕ̂(p) dp =

∫∫
a (x, p)W (x, p) dx dp (3.166)

where now

W (x, p) =
1

2π

∫
ϕ̂∗(p+ 1

2θ)e
−iθx ϕ̂(p− 1

2θ) dθ. (3.167)

That this expression of the Wigner distribution is the same as the one defined by
Eq. (3.160) can be verified directly.
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3.11 Product of Weyl Operators, Commutators, Moyal

Bracket

The consideration of the product of two operators is important because the product
will define the commutator of the operators and it is the commutator that enters
in fundamental laws such as Heisenberg’s equation of motion and the uncertainty
principle. Suppose we have two symbols a(x, p) and b(x, p) with corresponding
Weyl operators,

A(X,D) =

∫∫
â(θ, τ) eiθX+iτD dθ dτ, (3.168)

B(X,D) =

∫∫
b̂(θ, τ) eiθX+iτD dθ dτ. (3.169)

We consider the product of these two operators,

A(X,D)B(X,D) =

∫∫∫∫
â(θ, τ)eiθX+iτD b̂(θ′, τ ′)eiθ

′X+iτ ′D dθ dτ dθ′dτ ′.

(3.170)
Note that the order of multiplication is important since, in general, A(X,D) and
B(X,D) do not commute. We call the product C(X,D),

C(X,D) = A(X,D)B(X,D). (3.171)

We now ask, what is the symbol that corresponds to C(X,D)? That is, we seek
the symbol c(x, p) associated with C(X,D),

c(x, p)↔ C(X,D). (3.172)

We want the symbol, c(x, p), that corresponds to C(X,D) as given by

C(X,D) =

∫∫
ĉ(θ, τ) eiθX+iτD dθ dτ. (3.173)

Using Eq. (2.57)

eiθX+iτDeiθ
′X+iτ ′D = ei(θ

′τ−θτ ′)/2ei(θ+θ′)X+i(τ+τ ′)D (3.174)

Eq. (3.170) becomes

C(X,D) = A(X,D)B(X,D) (3.175)

=

∫∫∫∫
â(θ, τ) b̂(θ′, τ ′)ei(θ

′τ−θτ ′)/2ei(θ+θ′)X+i(τ+τ ′)D dθ dτ dθ′ dτ ′

(3.176)

=

∫∫∫∫
â(θ − θ′, τ − τ ′) b̂(θ′, τ ′)ei(θ

′τ−θτ ′)/2eiθX+iτD dθ dτ dθ′ dτ ′.

(3.177)
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Comparing with the general form, Eq. (3.173) we see that

ĉ(θ, τ) =

∫∫
â(θ − θ′, τ − τ ′) b̂(θ′, τ ′) ei(θ

′τ−θτ ′)/2 dθ′ dτ ′. (3.178)

Taking the inverse Fourier transform we obtain

c(x, p) =

∫∫∫∫
â(θ, τ) b̂(θ′, τ ′) ei(θ

′τ−θτ ′)/2ei(θ+θ′)x+i(τ+τ ′)p dθ dτ dθ′ dτ ′.

(3.179)

Substituting for â(θ, τ) and b̂(θ′, τ ′) we have

c(x, p) =

(
1

4π2

)2 ∫∫
a(x′, p′) b(x′′, p′′)ei(θ

′τ−θτ ′)/2ei(θ+θ′)x+i(τ+τ ′)p

× e−iθx′−iτp′
e−iθ′x′′−iτ ′p′′

dx′ dx′′ dp′ dp′′dθ dτ dθ′ dτ ′ (3.180)

=
1

4π2

∫∫
a(x′, p′) b(x′′, p′′)ei(τ+τ ′)pe−iτp′

e−iτ ′p′′

× δ(τ/2 + x− x′′)δ(τ ′/2− x+ x′)dx′ dx′′ dp′ dp′′ dτ dτ ′ (3.181)

which gives

c(x, p) =
1

π2

∫∫∫∫
a(x′, p′) b(x′′, p′′)e2i[p(x

′′−x′)+p′(x−x′′)+p′′(x′−x)] dx′ dx′′ dp′ dp′′.

(3.182)
By simple change of variables one can write a variety of forms for c(x, p):

c(x, p) =
1

π2

∫∫∫∫
a(x′, p′) b(x′′, p′′)e2i[x(p

′−p′′)+x′(p′′−p)+x′′(p−p′)] dx′ dx′′ dp′ dp′′

(3.183)

=
1

π2

∫∫∫∫
a(x+ x′, p+ p′) b(x′′, p′′)e2i[x

′(p′′−p)−p′(x′′−x)] dx′ dx′′ dp′ dp′′

(3.184)

=
1

π2

∫∫∫∫
a(x+ x′, p+ p′) b(x+ x′′, p+ p′′)e2i[x

′p′′−p′x′′] dx′ dx′′ dp′ dp′′.

(3.185)

3.12 Operator Form

We now show interesting operator forms for c(x, p),

c(x, p) = a

(
x+

i

2

∂

∂p
, p− i

2

∂

∂x

)
b(x, p) (3.186)

and

c(x, p) = exp

[
i

2

(
∂

∂xa

∂

∂pb
− ∂

∂xb

∂

∂pa

)]
a(x, p)b(x, p). (3.187)
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In Eq. (3.187) the meaning of ∂
∂xa

is that it operates only on a(x, p) and similarly
for the other partial derivatives. To prove Eq. (3.186) we start with Eq. (3.179)
and rewrite it as

c(x, p) =

∫∫∫∫
â(θ, τ )̂b(θ′, τ ′) eiθx+iτp eiθ

′(x+τ/2)+iτ ′(p−θ/2) dθ dτ dθ′ dτ ′ (3.188)

=

∫∫∫∫
â(θ, τ) eiθx+iτp b̂(θ′, τ ′) eiθ

′(x+τ/2)+iτ ′(p−θ/2) dθ dτ dθ′ dτ ′ (3.189)

=

∫∫∫∫
â(θ, τ) eiθ(x+

i
2

∂
∂p )+iτ(p− i

2
∂
∂x ) b̂(θ′, τ ′) eiθ

′x+iτ ′p dθ dτ dθ′ dτ ′

(3.190)

and considering x + i
2

∂
∂p and p − i

2
∂
∂x as if they were ordinary variables we have

Eq. (3.186).
To prove Eq. (3.187) write Eq. (3.179) as

c(x, p) =

∫∫∫∫
ei(θ

′τ−θτ ′)/2 â(θ, τ)eiθx+iτp b̂(θ′, τ ′)eiθ
′x+iτ ′pdθ dτ dθ′ dτ ′ (3.191)

to obtain

c(x, p) =

∫∫∫∫
e

i
2

(
∂

∂xa
∂

∂pb
− ∂

∂xb

∂
∂pa

) [
â(θ, τ)eiθx+iτp

]
×
[
b̂(θ′, τ ′)eiθ

′x+iτ ′p
]
dθ dτ dθ′ dτ ′ (3.192)

and therefore Eq. (3.187) follows.

Star Notation. Common notation to indicate that c(x, p) is composed from a(x, p)
and b(x, p) by the procedure just described is the star notation. One writes

cab(x, p) = a(x, p) � b(x, p). (3.193)

Note that the order of a(x, p) and b(x, p) in a(x, p) � b(x, p) is important.

Commutators. We now obtain an expression for the symbol that corresponds to
the commutator of A(X,D) and B(X,D) defined by

[A,B] = AB −BA. (3.194)

The symbol corresponding to AB is

cab(x, p) = e
i
2

(
∂

∂xa
∂

∂pb
− ∂

∂xb

∂
∂pa

)
a(x, p)b(x, p) (3.195)

and for BA we have

cba(x, p) = e
− i

2

(
∂

∂xa
∂

∂pb
− ∂

∂xb

∂
∂pa

)
a(x, p)b(x, p). (3.196)
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Hence for the commuter we have

[A,B]↔ cab(x, p)− cba(x, p)

=
[
e

i
2 (

∂
∂xa

∂
∂pb

− ∂
∂xb

∂
∂pa

) − e
− i

2 (
∂

∂xb

∂
∂pa

− ∂
∂xa

∂
∂pb

)
]
a(x, p)b(x, p) (3.197)

giving

[A,B]↔ 2i sin
1

2

[
∂

∂xa

∂

∂pb
− ∂

∂xb

∂

∂pa

]
a(x, p)b(x, p), (3.198)

a result first obtained by Moyal. The operator, sin 1
2

[
∂

∂xa

∂
∂pb

− ∂
∂xb

∂
∂pa

]
, is com-

monly called the Moyal bracket.
For the anti-commutator, using the same procedure, leads to

[A,B]+ = AB+BA↔
[
e

i
2

(
∂

∂xa
∂

∂pb
− ∂

∂xb

∂
∂pa

)
+ e

− i
2 (

∂
∂xb

∂
∂pa

− ∂
∂xa

∂
∂pb

)

]
a(x, p)b(x, p)

giving

[A,B]+ ↔ 2 cos
1

2

[
∂

∂xa

∂

∂pb
− ∂

∂xb

∂

∂pa

]
a(x, p)b(x, p). (3.199)

Other forms. In addition, if we use Eq. (3.186) we have

[A,B]↔ cab(x, p)− cba(x, p)

= a

(
x+

i

2

∂

∂p
, p− i

2

∂

∂x

)
b(x, p)− b

(
x+

i

2

∂

∂p
, p− i

2

∂

∂x

)
a(x, p)

(3.200)

and

[A,B]+ = cab(x, p) + cba(x, p)

= a

(
x+

i

2

∂

∂p
, p− i

2

∂

∂x

)
b(x, p) + b

(
x+

i

2

∂

∂p
, p− i

2

∂

∂x

)
a(x, p).

(3.201)



Chapter 4

Generalized Operator
Association

Besides the Weyl correspondence there are many other rules that have been pro-
posed and we study them in Chapter 6. In this Chapter we develop a general
formalism where all associations can be characterized in a simple way. This al-
lows one to study all of them with a unified approach and to see the relationships
between them [13, 48].

4.1 Generalized Operator

We define the generalized correspondence operator associated with the symbol
a(x, p) by

AΦ(X,D) =

∫∫
â(θ, τ)Φ(θ, τ) eiθX+iτD dθ dτ (4.1)

where Φ(θ, τ) is a two-dimensional function called the kernel. The kernel char-
acterizes a specific association and its properties. The general notation we use is
that the capital letter in AΦ signifies the operator corresponding to the lower case
symbol a(x, p) and the superscript Φ indicates the particular rule or kernel we are
considering. The Weyl case is obtained for Φ = 1.

For convenience we repeat here the definition of the Fourier transform of the
symbol, â(θ, τ),

â(θ, τ) =
1

4π2

∫∫
a(x, p) e−iθx−iτp dx dp (4.2)

and the symbol is given by a(x, p):

a(x, p) =

∫∫
â(θ, τ) eiθx+iτp dθ dτ. (4.3)
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Using Eq. (2.45),

eiθX+iτD = eiθτ/2 eiθX eiτD = e−iθτ/2 eiτD eiθX (4.4)

we have that

AΦ (X,D) =

∫∫
â(θ, τ)Φ(θ, τ) eiθτ/2 eiθX eiτD dθ dτ (4.5)

=

∫∫
â(θ, τ)Φ(θ, τ) e−iθτ/2 eiτD eiθX dθ dτ. (4.6)

In terms of the symbol, one obtains

AΦ (X,D) =
1

4π2

∫∫∫∫
a(q, p) Φ(θ, τ) e−iθq−iτp+iθτ/2 eiθX eiτD dθ dτ dq dp (4.7)

=
1

4π2

∫∫∫∫
a(q, p) Φ(θ, τ) eiθτ/2 eiθ(X−q) eiτ(D−p) dθ dτ dq dp (4.8)

which may also be written as

AΦ (X,D) =
1

4π2

∫∫∫∫
a(q, p) Φ(θ, τ) e−iθq−iτp eiθX+iτD dθ dτ dq dp (4.9)

=
1

4π2

∫∫∫∫
a(q, p) Φ(θ, τ) eiθ(X−q)+iτ(D−p) dθ dτ dq dp. (4.10)

4.2 Operational Form

For the operator AΦ (X,D) , we define RΦ by the same procedure we used for the
Weyl rule,

RΦ(x, p) = rearrange AΦ(X,D), so that all the X factors are to the left

of the D operators; then replace (X,D) by (x, p). (4.11)

As with the Weyl case the rearrangement is achieved by using [X,D] = i. Applying
this procedure to A(X,D) as given by Eq. (4.5) and noting that the X operators
are already to the left of the D factors we have

RΦ(x, p) =

∫∫
â(θ, τ)Φ(θ, τ) eiθτ/2eiθx eiτpdθ dτ. (4.12)

Using Eq. (2.74), RΦ(x, p) can be written in the following operator form,

RΦ(x, p) = exp

(
1

2i

∂

∂x

∂

∂p

)
Φ

(
1

i

∂

∂x
,
1

i

∂

∂p

)
a(x, p). (4.13)
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The way one uses Eq. (4.13) is to evaluate the right hand side first, then put all
the x factors to the left of the p factors; then substitute (X,D) for (x, p). Since
the Weyl case is when Φ = 1 we have that

RΦ(x, p) = Φ

(
1

i

∂

∂x
,
1

i

∂

∂p

)
RW (x, p) (4.14)

where RW (x, p) is the rearrangement operator for the Weyl case.

4.3 The Operation on a Function

We now consider the operation of AΦ (X,D) on an arbitrary function, ϕ(x). Using
Eq. (4.5) we have

AΦ[ϕ] = AΦ (X,D)ϕ(x) =

∫∫
â(θ, τ)Φ(θ, τ) eiθτ/2 eiθx ϕ(x+ τ) dθ dτ (4.15)

where we have used the fact that eiτDϕ(x) = ϕ(x+ τ). Equivalently,

AΦ[ϕ] =

∫∫
â(θ, τ − x)Φ(θ, τ − x) eiθ(x+τ)/2 ϕ(τ) dθ dτ. (4.16)

Writing AΦ (X,D) in terms of the symbol one obtains

AΦ[ϕ] =
1

4π2

∫∫∫∫
a

(
q +

x+ τ

2
, p

)
e−iθq+i(x−τ)p Φ(θ, τ − x)ϕ(τ) dτ dq dp dθ

(4.17)
and,

AΦ[ϕ] =
1

4π2

∫∫∫∫
a (q + x+ τ/2, p) e−iθq−iτp Φ(θ, τ)ϕ(τ + x) dτ dq dp dθ.

(4.18)
In addition,

AΦ[ϕ] =
1

4π2

∫∫∫∫
a (q, p) e−iθ(q−x−τ/2)−iτp Φ(θ, τ)ϕ(τ + x) dτ dq dp dθ. (4.19)

Notice that â(θ, τ − x)Φ(θ, τ − x) eiθ(τ+x)/2 is a function of τ − x and τ + x
and hence we may write

AΦ (X,D)ϕ(x) =

∫
kΦ(τ + x, τ − x)ϕ(τ) dτ (4.20)

with

kΦ(x, τ) =

∫
â(θ, τ)Φ(θ, τ) eiθx/2 dθ (4.21)

=
1

4π2

∫∫∫
a(q + 1

2x, p) e
−iθq−iτpΦ(θ, τ) dq dp dθ. (4.22)
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Fourier domain. For the operation on a function in the Fourier domain we use Eq.
(4.6)

AΦ[ϕ̂] = A (X,D) ϕ̂(p) =

∫∫
â(θ, τ)Φ(θ, τ)e−iθτ/2 eiτp eiθX ϕ̂(p) dθ dτ. (4.23)

Using
eiθX ϕ̂(p) = ϕ̂(p− θ) (4.24)

we have

AΦ[ϕ̂] =

∫∫
â(θ, τ)Φ(θ, τ)e−iθτ/2 eiτp ϕ̂(p− θ) dθ dτ. (4.25)

In terms of the symbol, straightforward substitution gives that

AΦ[ ϕ̂] =
1

4π2

∫∫∫∫
a
(
x, p′ + θ−p

2

)
Φ(p− θ, τ)e−iτp′

ei(θ−p)x ϕ̂(θ) dθ dτ dx dp′.

(4.26)

4.4 From Operator to Symbol

We now describe how starting with the operator AΦ (X,D) , one can obtain the
corresponding symbol, a(x, p). Inverting Eq. (4.12) we have,

â(θ, τ)Φ(θ, τ)eiθτ/2 =
1

4π2

∫∫
RΦ(x, p)e−iθx−iτp dx dp (4.27)

which gives

â(θ, τ) =
1

4π2

e−iθτ/2

Φ(θ, τ)

∫∫
RΦ(x, p)e−iθx−iτp dx dp (4.28)

and from which a(x, p) can be obtained. Furthermore, from Eq. (4.13) we imme-
diately have

a(x, p) = exp

[
− 1

2i

∂

∂x

∂

∂p

]
Φ−1

(
1

i

∂

∂x
,
1

i

∂

∂p

)
RΦ(x, p) (4.29)

=
exp
[
− 1

2i
∂
∂x

∂
∂p

]
Φ
(

1
i

∂
∂x ,

1
i

∂
∂p

) RΦ(x, p). (4.30)

4.5 Kernel From a Monomial Rule

We now consider how one can obtain the kernel for a particular correspondence
rule that is given for the monomial xnpm. That is, suppose we are given

xnpm ↔ Cnm(X,D) (4.31)
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where Cnm(X,D) is the rule associated to the symbol xnpm. We wish to construct
the corresponding kernel Φ(θ, τ). Often one can see it by inspection but sometimes
not. For example, suppose we have the rule

xnpm ↔ XnDm (4.32)

then one can guess that

eiθx+iτp ↔ eiθX eiτD (4.33)

and perhaps by comparing with Eq. (4.5) one can see that the kernel is given by

ΦS(θ, τ) = e−iθτ/2. (4.34)

However suppose, for example, we have the rule proposed by Born-Jordan

xnpm ↔ 1

n+ 1

m∑

=0

Xn−
DmX
 (4.35)

then it is difficult to see what the kernel is.

We now give a general procedure and subsequently use it to calculate the
Born-Jordan kernel. Consider the expansion of

eiθx+iτp =
∞∑

n=0

∞∑
m=0

(iθ)n(iτ)m

n!m!
xnpm (4.36)

and take the correspondence of each side

Φ(θ, τ) eiθX+iτD ↔
∞∑

n=0

∞∑
m=0

(iθ)n(iτ)m

n!m!
Cnm(X,D). (4.37)

Hence

Φ(θ, τ) = e−iθX−iτD
∞∑

n=0

∞∑
m=0

(iθ)n(iτ)m

n!m!
Cnm(X,D) (4.38)

or

Φ(θ, τ) =

∞∑
n=0

∞∑
m=0

(iθ)n(iτ)m

n!m!
e−iθX−iτD Cnm(X,D). (4.39)

In these equations it appears that the right hand side depends on X and D but in
fact those factors will disappear once the calculation is explicitly done. Whether
one uses Eq. (4.38) or Eq. (4.39) is a matter of convenience and taste.

Monomial from the kernel. We now consider how to obtain the monomial associa-
tion if we are given the kernel. The right hand side of Eq. (4.37) is a Taylor series
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and hence

Cnm(X,D) =
1

inim
∂n+m

∂θn∂τm
Φ(θ, τ) eiθX+iτD

∣∣∣∣
θ,τ =0

(4.40)

=
1

inim
∂n+m

∂θn∂τm
Φ(θ, τ) eiθτ/2 eiθX eiτD

∣∣∣∣
θ,τ =0

(4.41)

=
1

inim
∂n+m

∂θn∂τm
Φ(θ, τ)e−iθτ/2 eiτDeiθX

∣∣∣∣
θ,τ =0

. (4.42)

Example. a(x, p) = px. Suppose one wants to characterize all correspondences that
give

AΦ (X,D) = 1
2 (XD +DX)↔ px. (4.43)

One can show that would be the case if the kernel satisfies the properties

Φ (0, 0) = 1,
∂

∂θ
Φ(θ, τ)

∣∣∣∣
θ=0

=
∂

∂τ
Φ(θ, τ)

∣∣∣∣
τ=0

= 0. (4.44)

Examples are Φ(θ, τ) = cos(λθτ) and e−λθ2τ2

where λ is a constant.

4.6 Algebra

The advantage of the kernel formulation is that one can readily obtain conditions
on the kernel corresponding to properties one desires in the operator. We now
discuss possible properties one may desire and the corresponding constraints on
the kernel to ensure that requirement is met. Most of the results are easy to prove
and we give them without proof.

Unit correspondence. If we want the correspondence between the number one and
the unit operator I then we must take Φ(0, 0) = 1. That is

I ↔ 1 if Φ(0, 0) = 1. (4.45)

Linearity. Linearity can be formulated as follows. If we have two symbols a(x, p)
and b(x, p) corresponding to the operators AΦ (X,D) and BΦ (X,D),

AΦ (X,D)↔ a(x, p), (4.46)

BΦ (X,D)↔ b(x, p), (4.47)

then, we want
AΦ (X,D) +BΦ (X,D)↔ a(x, p) + b(x, p). (4.48)

This is assured for any kernel as long it is not a functional of a(x, p) or b(x, p).
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Symbols of x or p only. Suppose we want to be certain that for a symbol that is a
function of x or p only, the corresponding operator is the same function of X and
D. The respective conditions on the kernel are

a(x)↔ a(X) if Φ(0, τ) = 1, (4.49)

a(p)↔ a(D) if Φ(θ, 0) = 1. (4.50)

Translation invariance. Consider the symbol at(x, p) = a(x− x′, p− p′), then

ât(θ, τ) = e−iθx′−iτp′
â(θ, τ) (4.51)

and substituting into Eq. (4.1) one immediately has

AΦ
t (X,D) = AΦ(X − x′, D − p′). (4.52)

Eq. (4.52) is true for any kernel that does not explicitly depend on x or p.

4.7 Hermitian Adjoint

We designate the Hermitian adjoint by AΦ†(X,D). Since we know that the adjoint
of eiθX+iτD is e−iθX−iτD we then have that(

â(θ, τ)Φ(θ, τ)eiθX+iτD
)†

= â∗(θ, τ)Φ∗(θ, τ)e−iθX−iτD (4.53)

and therefore

AΦ†(X,D) =

∫∫
â∗(θ, τ)Φ∗(θ, τ) e−iθX−iτD dθ dτ (4.54)

=

∫∫
â∗(−θ,−τ)Φ∗(−θ,−τ) eiθX+iτD dθ dτ. (4.55)

If the symbol is real then

â∗(−θ,−τ) = â(θ, τ) for real symbols (4.56)

and if we further take

Φ∗(−θ,−τ) = Φ(θ, τ) (4.57)

then we see that

AΦ†(X,D) = AΦ(X,D) for real symbols and for Φ∗(−θ,−τ) = Φ(θ, τ).
(4.58)

Therefore the generalized operator is Hermitian for real symbols if the kernel
satisfies the condition indicated in Eq. (4.57).
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4.8 Product of Operators

We now address the question of operator multiplication. Suppose we have two
symbols a(x, p) and b(x, p) with corresponding operators,

AΦ(X,D) =

∫∫
â(θ, τ)Φ(θ, τ) eiθX+iτD dθ dτ, (4.59)

BΦ(X,D) =

∫∫
b̂(θ, τ) Φ(θ, τ) eiθX+iτD dθ dτ. (4.60)

We consider the product of these two operators

CΦ(X,D) = AΦ(X,D)BΦ(X,D). (4.61)

Explicitly,

AΦ(X,D)BΦ(X,D) =

∫∫∫∫
â(θ, τ)Φ(θ, τ)eiθX+iτD b̂(θ′, τ ′)Φ(θ′, τ ′)

× eiθ
′X+iτ ′D dθ dτ dθ′dτ ′. (4.62)

We seek the symbol, c(x, p), that corresponds to CΦ(X,D)

c(x, p)↔ CΦ(X,D) (4.63)

where

CΦ(X,D) =

∫∫
ĉ(θ, τ) eiθX+iτD dθ dτ. (4.64)

We give the results without details as the derivations are similar to the Weyl
case given in Chap. 3. Using Eq. (2.57)

eiθX+iτDeiθ
′X+iτ ′D = ei(θ

′τ−θτ ′)/2ei(θ+θ′)X+i(τ+τ ′)D, (4.65)

Eq. (4.62) becomes

CΦ(X,D) = AΦ(X,D)BΦ(X,D) (4.66)

=

∫∫∫∫
â(θ − θ′, τ − τ ′)Φ(θ − θ′, τ − τ ′) b̂(θ′, τ ′)Φ(θ′, τ ′)

× ei(θ
′τ−θτ ′)/2eiθX+iτD dθ dτ dθ′ dτ ′. (4.67)

Comparing with Eq. (4.1) we see that

ĉ(θ, τ) =

∫∫∫∫
Φ(θ − θ′, τ − τ ′)Φ(θ′, τ ′)

Φ(θ, τ)
â(θ − θ′, τ − τ ′) b̂(θ′, τ ′)

× ei(θ
′τ−θτ ′)/2 dθ′ dτ ′ (4.68)
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Taking the inverse Fourier transform and after some straightforward manipulations
we obtain various forms:

c(x, p) =

∫∫∫∫
Φ(θ, τ)Φ(θ′, τ ′)

Φ(θ + θ′, τ + τ ′)
â(θ, τ) b̂(θ′, τ ′)

× ei(θ
′τ−θτ ′)/2ei(θ+θ′)x+i(τ+τ ′)p dθ dτ dθ′ dτ ′ (4.69)

=

∫∫∫∫
Φ(θ − θ′, τ − τ ′)Φ(θ′, τ ′)

Φ(θ, τ)
â(θ − θ′, τ − τ ′) b̂(θ′, τ ′)

× ei(θ
′τ−θτ ′)/2eiθx+iτp dθ dτ dθ′ dτ ′. (4.70)

Operator Form. We now give the operational form in analogy to Eq. (3.187) for
the Weyl case. In particular,

c(x, p) = L(a, b) exp

[
i

2

(
∂

∂xa

∂

∂pb
− ∂

∂xb

∂

∂pa

)]
a(x, p)b(x, p) (4.71)

where we have defined

L(a, b) =
Φ( 1i

∂
∂xa

, 1
i

∂
∂pa

)Φ( 1i
∂

∂xb
, 1
i

∂
∂pb

)

Φ( 1i
∂

∂xa
+ 1

i
∂

∂xb
, 1
i

∂
∂pa

+ 1
i

∂
∂pb

)
, (4.72)

and we note that
L(a, b) = L(b, a). (4.73)

Commutators. For the commutator and anti-commutator of A(X,D) and B(X,D)
one obtains

[A,B]↔ 2i sin
1

2

[
∂

∂xa

∂

∂pb
− ∂

∂xb

∂

∂pa

]
L(a, b)a(x, p)b(x, p), (4.74)

[A,B]+ ↔ 2 cos
1

2

[
∂

∂xa

∂

∂pb
− ∂

∂xb

∂

∂pa

]
L(a, b)a(x, p)b(x, p). (4.75)

4.9 Transformation Between Associations

Suppose we have two different associations characterized by kernels Φ1(θ, τ) and
Φ2(θ, τ) corresponding to RΦ1(x, p) and RΦ2(x, p), then using Eq. (4.13) we have

RΦ1(x, p) = exp

(
1

2i

∂

∂x

∂

∂p

)
Φ1

(
1

i

∂

∂x
,
1

i

∂

∂p

)
a(x, p), (4.76)

RΦ2(x, p) = exp

(
1

2i

∂

∂x

∂

∂p

)
Φ2

(
1

i

∂

∂x
,
1

i

∂

∂p

)
a(x, p), (4.77)
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from which it follows that

RΦ2(x, p) =
Φ2

(
1
i

∂
∂x ,

1
i

∂
∂p

)
Φ1

(
1
i

∂
∂x ,

1
i

∂
∂p

)RΦ1(x, p). (4.78)

Also one can express the transformation in terms of the k(x, τ) in Eq. (4.20)

AΦ1 [ϕ] =

∫
kΦ1(x+ τ, τ − x)ϕ(τ) dτ, (4.79)

AΦ2 [ϕ] =

∫
kΦ2(x+ τ, τ − x)ϕ(τ) dτ. (4.80)

Simple manipulation of Eq. (4.20) leads to

kΦ2(x, τ) =
1

2π

∫∫
Φ2(2θ, τ)

Φ1(2θ, τ)
eiθ(x−x′) kΦ1(x′, τ) dθ dx′. (4.81)

4.10 The Fourier, Taylor, and Delta Function

Associations

The kernel formulation can be viewed profitably from different perspectives. The
general idea is that one can expand a symbol in different ways and each one can be
used to obtain the operator corresponding to the symbol. In particular, we consider
three expansions, the Fourier, Taylor (monomial) and delta function expansions
which are given respectively by

a(x, p) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∫∫
â(θ, τ) eiθx+iτp dθ dτ Fourier,

∞∑
n,m=0

1
n!m!

{
∂n+m

∂xn∂pm a(x, p)|x,p=0

}
xnpm Taylor series (monomial),∫∫

a(x′, p′)δ(x− x′)δ(p− p′) dx′dp′ delta function.

(4.82)
Since all of these associations are linear, if we know the association for eiθx+iτp,
or xnpm, or for δ(x− x′)δ(p− p′) we will get the association for a general symbol.
We write the association for each case as follows,

AF ( X,D)↔ eiθx+iτp, (4.83)

AT (X,D)↔ xnpm, (4.84)

Aδ(X,D)↔ δ(x)δ(p). (4.85)

We now discuss each of the cases.
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Fourier Association. One thinks of eiθx+iτp as a symbol with parameters θ and τ
and associates

AF ( X,D) = Φ(θ, τ) eiθX+iτD ↔ eiθx+iτp. (4.86)

Hence, one argues, for a general symbol, expand the symbol in terms of its Fourier
transform

a(x, p) =

∫∫
â(θ, τ) eiθx+iτp dθ dτ (4.87)

and therefore

A(X,D) =

∫∫
â(θ, τ)AF ( X,D) dθ dτ (4.88)

=

∫∫
Φ(θ, τ)â(θ, τ) eiθx+iτp dθ dτ (4.89)

which is Eq. (4.1).

Taylor Series Association. Suppose there is an operator correspondence for xnpm

and denote it by Cnm(X,D),

AT (X,D) = Cnm(X,D)↔ xnpm. (4.90)

Expand the symbol in a Taylor series

a(x, p) =

∞∑
n,m=0

1

n!m!

{
∂n+m

∂xn∂pm
a(x, p)|x,p=0

}
xnpm (4.91)

and define the operator by

AΦ (X,D) =

∞∑
n,m=0

1

n!m!

{
∂n+m

∂xn∂pm
a(x, p)|x,p=0

}
Cnm(X,D). (4.92)

To make this AΦ (X,D) equal to the form given by Eq. (4.1) one takes

Cnm(X,D) =
1

inim
∂n+m

∂θn∂τm
Φ(θ, τ) eiθX+iτD

∣∣∣∣
θ,τ =0

. (4.93)

Delta Function Association. We write the correspondence between δ(x)δ(p) and
the corresponding operator by Aδ(x,D) as

AΦ
δ (X,D) ↔ δ(x)δ(p). (4.94)

Starting with the identity

a(x, p) =

∫∫
a(x′, p′)δ(x− x′)δ(p− p′) dx′dp′ (4.95)
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we then have

AΦ (X,D) =

∫∫
a(x′, p′)AΦ

δ (X − x′,D − p′) dx′dp′. (4.96)

Comparing to Eq. (4.1) we see that we must take

AΦ
δ (X,D) =

1

4π2

∫∫
Φ(θ, τ) eiθX+iτD dθ dτ ↔ δ(x)δ(p). (4.97)

4.11 The Form of the Generalized Correspondence

In our formulation we have taken the correspondence for the exponential to be

eiθx+iτp ↔ Φ(θ, τ) eiθX+iτD (4.98)

and since eiθX+iτD is the correspondence for the Weyl symbol it may appear
that we have elevated the Weyl association to a special status. However we could
have used any correspondence rule as the basic rule. For example suppose we had
defined

AΦ′
(X,D) =

∫∫
â(θ, τ)Φ′(θ, τ) eiθX eiτDdθ dτ (4.99)

as the generalized correspondence rule where Φ′(θ, τ) is the kernel. Then for the
Weyl case the kernel would not be one but it would have been Φ′(θ, τ) = eiθτ/2.

4.12 The Kernel for the Born-Jordan Rule

In 1926 Born and Jordan [10] gave the following correspondence rule for a mono-
mial, xnpm,

xnpm ↔ 1

n+ 1

m∑

=0

Xn−
DmX
. (4.100)

The corresponding kernel was derived in reference [13]. Using Eq. (4.39) we have

ΦBJ(θ, τ) =
∞∑

n=0

∞∑
m=0

n∑

=0

(iθ)n(iτ)m

n!m!(n+ 1)
e−iθX−iτDXn−
DmX
. (4.101)

The summation over m gives eiτD and therefore

ΦBJ(θ, τ) =
∞∑

n=0

n∑

=0

(iθ)n

n!(n+ 1)
e−iθX−iτDXn−
eiτDX
. (4.102)

But

e−iθX−iτDXn−
eiτDX
 = eiθτ/2e−iθxe−iτDxn−
eiτDx
 (4.103)

= eiθτ/2e−iθx(x− τ)n−
eiτD(x− τ)
e−iτD (4.104)

= eiθτ/2e−iθx(x− τ)n−
x
 (4.105)
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where in going from (4.104) to (4.105) we have used the fact that

eiτD(X − τ)
e−iτD = X
. (4.106)

Hence we have that

ΦBJ(θ, τ) = eiθτ/2e−iθx
∞∑

n=0

n∑

=0

(iθ)n

n!(n+ 1)
(x− τ)n−
x
 (4.107)

The remaining summations are elementary resulting in

ΦBJ(θ, τ) =
sin 1

2θτ
1
2θτ

. (4.108)



Chapter 5

Generalized Phase-Space
Distributions

Shortly after the invention of quantum mechanics, Wigner [93] and Kirkwood [43]
addressed the issue of quantum statical mechanics in the following way. They de-
vised a distribution function (different ones) aimed to calculate quantum averages
by way of phase-space averaging. It was some time later that Moyal [60] saw the
connection between the Weyl rule and the Wigner distribution. In this chapter,
we develop a formulation where all distributions may be studied in a unified way.
The basic result is that one can define an infinite number of distributions, C(x, p),
so that for a symbol a(x, p) and state ϕ(x),∫

ϕ∗(x)AΦ (X,D)ϕ(x) dx =

∫∫
a(x, p)C(x, p) dx dp (5.1)

where [13]

C(x, p) =
1

4π2

∫∫∫
ϕ∗(q − 1

2τ)ϕ(q +
1
2τ)Φ(θ, τ)e

−iθx−iτp+iθq dθ dτ dq (5.2)

and where Φ(θ, τ) is the kernel that was discussed in Chapter 4. We call C(x, p)
the generalized phase-space distribution. There are two ways to derive C(x, p). We
give the first here and the second in the next section.

For the generalized association

AΦ(X,D) =

∫∫
â(θ, τ)Φ(θ, τ) eiθX+iτD dθ dτ ↔ a(x, p) (5.3)

we showed in Eq. (4.19) that

AΦ[ϕ] =
1

4π2

∫∫∫∫
a (q, p) Φ(θ, τ)e−iθ(q−x−τ/2)−iτp ϕ(τ + x) dτ dq dp dθ. (5.4)
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Multiply by ϕ∗(x) and integrate both sides to obtain∫
ϕ∗(x)AΦ (X,D)ϕ(x) dx =

1

4π2

∫
· · ·
∫

ϕ∗(x) a (q, p) e−iθ(q−x−τ/2)−iτp

× Φ(θ, τ)ϕ(τ + x) dτ dq dp dθ dx (5.5)

or∫
ϕ∗(x)AΦ (X,D)ϕ(x) dx =

1

4π2

∫
· · ·
∫
ϕ∗(x− 1

2τ) a (q, p)

× e−iθq+iθx−iτp Φ(θ, τ)ϕ(x+ 1
2τ) dτ dq dp dθ dx.

(5.6)

For convenience interchange x and q on the right hand side,∫
ϕ∗(x)AΦ (X,D)ϕ(x) dx =

1

4π2

∫
· · ·
∫
ϕ∗(q − 1

2τ) a (x, p)

× e−iθx+iθq−iτp Φ(θ, τ)ϕ(q + 1
2τ) dτ dq dp dθ dx.

(5.7)

Comparing to Eq. (5.1) we see that we must take

C(x, p) =
1

4π2

∫∫∫
ϕ∗(q − 1

2τ)ϕ(q +
1
2τ)Φ(θ, τ)e

−iθx−iτp+iθq dθ dτ dq (5.8)

which is the generalized phase-space distribution.

Fourier domain. Substituting the Fourier transform of the state function

ϕ̂(p) =
1√
2π

∫
ϕ(x) e−ixp dx (5.9)

into Eq. (5.2) results in

C(x, p) =
1

4π2

∫∫∫
Φ(θ, τ)ϕ̂∗(k + 1

2θ) e
iτk−iθx−iτpϕ̂(k − 1

2θ) dθ dτ dk. (5.10)

Cross distribution. One can readily prove that for two arbitrary functions ψ(x) and
ϕ(x), ∫

ψ∗(x)A (X,D)ϕ(x) dx =

∫∫
a(x, p)Cψϕ(x, p) dx dp (5.11)

if we take

Cψϕ(x, p) =
1

4π2

∫∫∫
ψ∗(q − 1

2τ)ϕ(q +
1
2τ)Φ(θ, τ)e

−iθx−iτp+iθq dθ dτ dq. (5.12)
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5.1 Characteristic Function Approach

We now present an alternate derivation of the generalized distribution, Eq. (5.2).
For two random variables, x and y, with probability distribution P (x, y), the
characteristic function, M(θ, τ) is defined as the average of eiθx+iτy,

M(θ, τ) = 〈 eiθx+iτy 〉 =

∫∫
eiθx+iτyP (x, y) dx dy (5.13)

and the distribution function is given by

P (x, y) =
1

4π2

∫∫
M(θ, τ) e−iθx−iτy dθ dτ. (5.14)

Further, by expanding the exponential in Eq. (5.13) one has

M(θ, τ) =
∞∑

n=0

∞∑
m=0

(iθ)n(iτ)m

n!m!
〈xnym 〉 (5.15)

where 〈xnym 〉 are the joint moments of the distribution

〈xnym 〉 =

∫∫
xnym P (x, y) dx dy. (5.16)

Considering M(θ, τ) in Eq. (5.15) as a Taylor series we also have

〈xnym 〉 =
1

inim
∂n+m

∂θn∂τm
M(θ, τ)

∣∣∣∣
θ,τ =0

. (5.17)

Now, the characteristic function is an average, the average of eiθx+iτp, and
hence using the association

eiθx+iτp ↔ Φ(θ, τ) eiθX+iτD (5.18)

we have

M(θ, τ) = 〈Φ(θ, τ) eiθX+iτD〉= Φ(θ, τ)

∫
ϕ∗(x) eiθX+iτD ϕ(x) dx. (5.19)

Using Eq. (2.46) we have

eiθX+iτD ϕ(x) = eiθτ/2+iθxϕ(x+ τ) (5.20)

and substituting this into Eq. (5.19) one obtains∫
ϕ∗(x) eiθX+iτD ϕ(x) dx =

∫
ϕ∗(x− 1

2τ) e
iθxϕ(x+ 1

2τ) dx (5.21)
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and therefore

M(θ, τ) = Φ(θ, τ)

∫
ϕ∗(x− 1

2τ) e
iθxϕ(x+ 1

2τ) dx. (5.22)

Substituting this into Eq. (5.14) one obtains

C(x, p) =
1

4π2

∫∫
M(θ, τ) e−iθx −iτp dθ dτ (5.23)

=
1

4π2

∫∫∫
ϕ∗(q − 1

2τ)ϕ(q +
1
2τ)Φ(θ, τ) e

−iθx−iτp+iθq dθ dτ dq (5.24)

which is the generalized distribution, Eq. (5.2).

5.2 Marginal Conditions

If we consider C(x, p) a joint density, then integrating out one variable gives what
are called the marginal densities, that is, the density of each variable. Integrating
with respect to p and x one obtains that∫

C(x, p) dp =
1

2π

∫∫
Φ(θ, 0) |ϕ(q) |2 eiθ(q−x) dθ dq, (5.25)∫

C(x, p) dx =
1

2π

∫∫
Φ(0, τ) |ϕ̂(k) |2 eiτ(k−p) dτ dk. (5.26)

If we want the marginals to be |ϕ(x) |2 and | ϕ̂(p) |2, then the constraints on the
kernel are as indicated in the next two equations∫

C(x, p) dp = |ϕ(x) |2 if Φ(θ, 0) = 1, (5.27)∫
C(x, p) dx = | ϕ̂(p) |2 if Φ(0, τ) = 1. (5.28)

5.3 Relation Between Distributions

Suppose we have two distributions, C1 and C2, with corresponding kernels, Φ1

and Φ2. From Eq. (5.22) their characteristic functions are

M1(θ, τ) = Φ1(θ, τ)

∫
ϕ∗(x− 1

2τ)ϕ(x+ 1
2τ) e

iθx dx, (5.29)

M2(θ, τ) = Φ2(θ, τ)

∫
ϕ∗(x− 1

2τ)ϕ(x+ 1
2τ) e

iθx dx. (5.30)

Divide one equation by the other to obtain

M2(θ, τ) =
Φ2(θ, τ)

Φ1(θ, τ)
M1(θ, τ). (5.31)
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To obtain the relation in terms of distributions, use Eq. (5.14) to obtain

C2(x, p) =
1

4π2

∫∫
Φ2(θ, τ)

Φ1(θ, τ)
M1(θ, τ) e

−iθx− iτp dθ dτ (5.32)

and further

C2(x, p) =
1

4π2

∫∫∫∫
Φ2(θ, τ)

Φ1(θ, τ)
C1(x

′, p′) eiθ(x
′−x)+ iτ(p′−p) dθ dτ dx′ dp′. (5.33)

This relationship can be written as

C2(x, p) =

∫∫
g21(x

′ − x, p′ − p)C1(x
′, p′) dx′ dp′ (5.34)

with

g21(x, p) =
1

4π2

∫∫
Φ2(θ, τ)

Φ1(θ, τ)
eiθx+iτp dθ dτ. (5.35)

Using Eq. (2.74) or (2.75), the relation between C2(x, p) and C1(x, p) can be
expressed in operational form,

C2(x, p) =
Φ2

(
i ∂
∂x , i

∂
∂p

)
Φ1

(
i ∂
∂x , i

∂
∂p

)C1(x, p). (5.36)

If we take C1(x, p) to be the Wigner distribution, the kernel, Φ1, is 1 and we have

C(x, p) = Φ

(
i
∂

∂x
, i

∂

∂p

)
W (x, p) (5.37)

where Φ is the kernel of C(x, p).

Example. In the next chapter we will study a number of distributions, among
them the case called standard ordering where the kernel is

ΦS(θ, τ) = e−iθτ/2. (5.38)

When this kernel is substituted into Eq. (5.2) one obtains

CS(x, p)=
1

2π
ϕ∗(x)

∫
e−iτpϕ(x+ τ) dτ =

1√
2π

ϕ∗(x)eipxϕ̂(p). (5.39)

The Wigner distribution is obtained by taking the kernel equal to 1, ΦW (θ, τ) = 1,

W (x, p) =
1

2π

∫
ϕ∗(x− 1

2τ) e
−ipτ ϕ(x+ 1

2τ) dτ. (5.40)
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To illustrate Eq. (5.36) we have that

CS(x, p) =
ΦS

(
i ∂
∂x , i

∂
∂p

)
ΦW

(
i ∂
∂x , i

∂
∂p

)CW (x, p) = exp

(
i

2

∂

∂x

∂

∂p

)
W (x, p) (5.41)

and inversely

W (x, p) = exp

(
− i

2

∂

∂x

∂

∂p

)
CS(x, p). (5.42)

5.4 Manifestly Positive Distributions

Consider the kernel

ΦSP (θ, τ) =

∫
h∗(x− 1

2τ) e
−iθxh(x+ 1

2τ) dx (5.43)

where h(x) is an arbitrary function called the window function. Upon substitution
into Eq. (5.2) one obtains

CSP (x, p) =

∣∣∣∣ 1√
2π

∫
e−ipτϕ(τ)h(τ − x) dτ

∣∣∣∣2 . (5.44)

This distribution, called the spectrogram, does not satisfy the marginal conditions
Eqs. (5.27) and (5.28). However there are other manifestly positive distributions
which are not bilinear and do satisfy the marginals.

Also, one can express Eq. (5.44) in terms of the Fourier transform of the
window. If we define

ĥ(p) =
1√
2π

∫
e−ipxh(x) dx, (5.45)

h(x) =
1√
2π

∫
eipx ĥ(p) dp, (5.46)

then it follows that

ΦSP (θ, τ) =

∫
ĥ
∗
(p− 1

2θ)e
ipτ ĥ(p+ 1

2θ) dp (5.47)

and

CSP (x, p) =

∣∣∣∣ 1√
2π

∫
eiθx ϕ̂(θ) ĥ(p− θ) dθ

∣∣∣∣2 . (5.48)
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5.5 Singular Kernels

Many of the relations in this chapter and in Chap. 4 and the specific cases we
consider in Chap. 6 have kernels that are singular. Hence, many of the relations
have to be interpreted and manipulated as generalized functions, that is, by using
delta functions. This issue has been carefully studied by Sala, Palao, and Muga
[75] who have devised methods to handle the singularities.



Chapter 6

Special Cases

In this chapter we discuss a number of associations that have been studied over
the years and we show how they can be studied in a direct manner using the
method we developed in previous chapters. For the sake of clarity we restate the
fundamental formulas for the general association and summarize the basic results.

6.1 Summary

Generalized Correspondence Operator. For the symbol a(x, p) with Fourier trans-
form â(θ, τ),

AΦ(X,D) =

∫∫
â(θ, τ)Φ(θ, τ) eiθX+iτD dθ dτ (6.1)

=

∫∫
â(θ, τ)Φ(θ, τ) eiθτ/2 eiθX eiτDdθ dτ (6.2)

=

∫∫
â(θ, τ)Φ(θ, τ) e−iθτ/2 eiτD eiθXdθ dτ, (6.3)

AΦ (X,D) =
1

4π2

∫∫∫∫
a(q, p) Φ(θ, τ) e−iθq−iτp+iθτ/2 eiθX eiτD dθ dτ dq dp. (6.4)

The Operation on a Function, ϕ(x).

AΦ (X,D)ϕ(x) =

∫∫
â(θ, τ)Φ(θ, τ) eiθτ/2 eiθx ϕ(x+ τ) dθ dτ. (6.5)

In terms of the symbol

AΦ[ϕ] =
1

4π2

∫∫∫∫
a (q, p) e−iθ(q−x−τ/2)−iτp Φ(θ, τ)ϕ(τ + x) dτ dq dp dθ. (6.6)
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Monomial. If a(x, p) = xnpm,

xnpm ↔ 1

inim
∂n+m

∂θn∂τm
Φ(θ, τ)eiθτ/2 eiθX eiτD

∣∣∣∣
θ,τ =0

(6.7)

=
1

inim
∂n+m

∂θn∂τm
Φ(θ, τ)e−iθτ/2 eiτDeiθX

∣∣∣∣
θ,τ =0

. (6.8)

Rearrangement operator. RΦ(x, p) is defined by

RΦ(x, p) = rearrange AΦ(X,D), so that all the X factors are to the left

of the D operators; then replace (X,D) by (x, p) (6.9)

and is explicitly given by

RΦ(x, p) = exp

(
1

2i

∂

∂x

∂

∂p

)
Φ

(
1

i

∂

∂x
,
1

i

∂

∂p

)
a(x, p) (6.10)

and

RΦ(x, p) =

∫∫
â(θ, τ)Φ(θ, τ) eiθτ/2eiθx eiτp dθ dτ. (6.11)

From Operator to Symbol.

â(θ, τ) =
1

4π2

e−iθτ/2

Φ(θ, τ)

∫∫
RΦ(x, p)e−iθx−iτp dx dp (6.12)

and,

a(x, p) =
exp
[
− 1

2i
∂
∂x

∂
∂p

]
Φ
(

1
i

∂
∂x ,

1
i

∂
∂p

) RΦ(x, p). (6.13)

Generalized distribution.

C(x, p) =
1

4π2

∫∫∫
ϕ∗(q − 1

2τ)ϕ(q +
1
2τ)Φ(θ, τ) e

−iθx−iτp+iθqdθ dτ dq. (6.14)

6.2 Standard Ordering

Standard ordering is where
xnpm ↔ XnDm (6.15)

and
eiθx+iτp ↔ eiθX eiτD. (6.16)
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This ordering corresponds to the kernel

ΦS(θ, τ) = e−iθτ/2. (6.17)

We study this ordering in some detail as it will illustrate the various relations we
have previously derived. Using Eq. (6.2) we obtain

AS(X,D) =

∫∫
â(θ, τ) eiθX eiτDdθ dτ (6.18)

and for the operation on a function ϕ(x), we use Eq. (6.5) to obtain

AS (X,D)ϕ(x) =

∫∫
â(θ, τ) eiθx ϕ(x+ τ) dθ dτ. (6.19)

In terms of the symbol we use Eq. (6.6) and after some manipulations we obtain

AS (X,D)ϕ(x) =
1

2π

∫∫
a (x, p) e−i(τ−x)p ϕ(τ) dp dτ. (6.20)

Also

AS (X,D) =
1

2π

∫∫
a (X, p) e−iτp eiτD dp dτ. (6.21)

Consider the rearrangement operator approach as given by Eq. (6.10). We
have that

ΦS

(
1

i

∂

∂x
,
1

i

∂

∂p

)
= exp

(
− 1

2i

∂

∂x

∂

∂p

)
(6.22)

and therefore
RS(x, p) = a(x, p). (6.23)

This is a simple but powerful result. It says that to obtain the operator merely
take the symbol, a(x, p), rearrange it so that the x factors are to the left of the p
factors and then substitute X and D. In particular, for the symbol

a (x, p) = f(x)h(p) (6.24)

where f(x) and h(p) are any functions, one immediately obtains

AS (X,D) = f(X)h(D). (6.25)

That is, for standard ordering

f(x)h(p)↔ f(X)h(D). (6.26)

To illustrate the use of the monomial formula, Eq. (6.7), we have that

Cnm (X,D) =
1

inim
∂n+m

∂θn∂τm
eiθX eiτD

∣∣∣∣
θ,τ =0

(6.27)

= XnDm. (6.28)
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For the distribution, substitute the kernel into Eq. (6.14) to obtain

CS(x, p)=
1√
2π

ϕ∗(x)eipxϕ̂(p). (6.29)

This distribution was first proposed by Kirkwood [43], and studied by Margenau
and Hill [51], Mehta [56], Rihaczek [72], and others.

6.3 Anti-Standard Ordering

For anti-standard ordering one takes

ΦAS(θ, τ) = eiθτ/2. (6.30)

Using Eq. (6.8)

AAS(X,D) =

∫∫
â(θ, τ) eiτD eiθX dθ dτ (6.31)

we see that

eiθx+iτp ↔ eiτDeiθX (6.32)

and

xnpm ↔ DmXn. (6.33)

For the operation on a function, substitute Eq. (6.30) into (6.5) to obtain

AAS (X,D)ϕ(x) =

∫∫
â(θ, τ) eiθ(τ+x) ϕ(τ + x) dθ dτ. (6.34)

In terms of the symbol we use Eq. (6.6) to obtain

AAS (X,D)ϕ(x) =
1

2π

∫∫
a (τ, p) e−i(τ−x)p ϕ(τ) dτ dp (6.35)

and

AAS (X,D) =
1

2π

∫∫
a (τ +X, p) e−iτp eiτDdτ dp. (6.36)

For the distribution one obtains

CAS(x, p)=
1√
2π

ϕ(x)e−ipxϕ̂∗(p) (6.37)

which is seen to be the complex conjugate of CS(x, p),

CAS(x, p) = C∗S(x, p). (6.38)
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6.4 Symmetrization Ordering

If one symmetrizes the standard and anti-standard rules by adding the kernels and
dividing by two we obtain

ΦMH(θ, τ) = cos 1
2θτ (6.39)

which is often called the Margenau-Hill association because of their study of this
case [51]. Using the same methods as above it is straightforward to obtain that

eiθx+iτξ ↔ 1
2

[
eiτD eiθX + eiθX eiτD

]
(6.40)

and
xnpm ↔ 1

2 (X
nDm +DmXn) . (6.41)

The operator for an arbitrary symbol is

AMH (X,D) = 1
2

∫∫
â(θ, τ)

[
eiτD eiθX + eiθX eiτD

]
dθ dτ (6.42)

= 1
2

∫∫
â(θ, τ) cos 1

2θτe
iθX+iτD dθ dτ. (6.43)

In terms of the symbol we have,

AMH (X,D) =
1

4π

∫∫
[a (x, p) + a (x+ τ, p)] e−iτp eiτD dp dτ (6.44)

and for the operation on any function we obtain

AMH [ϕ] =
1

4π

∫∫
[a (x, p) + a (τ, p)] e−i(τ−x)p ϕ(τ) dp dτ. (6.45)

For the distribution we have

CMH(x, p)= 1
2 [CS(x, p) + CAS(x, p)] =

1√
2π

Re
{
ϕ∗(x)eipxϕ̂(p)

}
. (6.46)

6.5 Born-Jordan Ordering

As early as 1926, Born and Jordan [10], who were two of the inventors of quan-
tum mechanics, addressed the issue of how to write operators corresponding to a
classical function. They proposed the association

xnpm ↔ 1

m+ 1

m∑

=0

Dm−
XnD
 =
1

n+ 1

n∑

=0

Xn−
DmX
. (6.47)

As we showed in Chap. 4, Eq. (4.108), this corresponds to the kernel

Φ(θ, τ) = sinc 1
2θτ. (6.48)

6.5. Born-Jordan Ordering



74 Chapter 6. Special Cases

In Section 6.8 on the ZAM kernel, we consider a somewhat more general case.
Therefore, we give here the results for the Born-Jordan rule and discuss the deriva-
tions in the ZAM section. The operator and the operation on a state function are
given by, respectively,

ABJ (X,D) =
1

2π

∫
e−iτp

|τ |

{∫ X+|τ |/2+τ/2

X−|τ |/2+τ/2

a(q, p)dq

}
eiτD dτdp (6.49)

and

ABJ (X,D)ϕ(x) =
1

2π

∫
e−iτp

|τ |

{∫ x+|τ |/2+τ/2

x−|τ |/2+τ/2

a(q, p)dq

}
ϕ(x+ τ) dτdp. (6.50)

The distribution is

CBJ(x, p) =
1

2π

∫
e−iτp

|τ |

∫ x+|τ |/2

x−|τ |/2
ϕ∗(q − 1

2τ)ϕ(q +
1
2τ)dq dτ. (6.51)

6.6 Choi-Williams Ordering

Choi and Williams and Jeong and Williams [11, 39] devised a kernel that has a
number of advantages over the Wigner distribution. The kernel is

ΦCW (θ, τ) = e−θ2τ2/σ (6.52)

where σ is a positive constant. Note that as σ → ∞, the kernel approaches one,
which is the kernel for the Weyl case. For the operator, Eq. (6.2), we have

ACW (X,D) =

∫∫
â(θ, τ)e−θ2τ2/σ+iθτ/2 eiθX eiτDdθ dτ. (6.53)

In terms of the symbol,

ACW (X,D) =
1

4π2

∫∫
a(q, p) e−iθq−iτpe−θ2τ2/σ eiθτ/2 eiθX eiτDdθ dτ dq dp

(6.54)

=
1

4π2

∫∫ √
π

τ2/σ
a(q, p) exp

[
− (q − x− τ/2)2

4τ2/σ

]
e−iτp eiτD dτ dq dp

(6.55)

and for the operation on a function, Eq. (6.14), we have

AΦ[ϕ] =
1

4π2

∫∫ √
π

τ2/σ
a(q, p) exp

[
− (q − x− τ/2)2

4τ2/σ

]
e−iτp ϕ(τ + x) dτ dq dp.

(6.56)
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For the distribution we obtain

CCW (x, p)=
1

4π3/2

∫∫
1√
τ2/σ

exp

[
− (q − x)2

4τ2/σ
− iτp

]
ϕ∗(x− 1

2τ) ϕ(x+
1
2τ) dq dτ.

(6.57)
Also, using Eq. (6.10) we have

RCW (x, p) = exp

[
− 1

σ

∂2

∂x2

∂2

∂p2
+

1

2i

∂

∂x

∂

∂p

]
a(x, p). (6.58)

Example. Consider the case
a(x, p) = xp. (6.59)

We have

RCW (x, p)xp = exp

[
1

2i

∂

∂x

∂

∂p

]
xp = xp− i

2 (6.60)

and hence
ACW (X,D) = XD − i

2 = 1
2 [XD +DX] . (6.61)

Thus the Choi-Williams association for xp is the same as the Weyl case.

Example. Now consider the case

a(x, p) = x2p2. (6.62)

First, we have that

exp

[
− 1

σ

∂2

∂x2

∂2

∂p2

]
x2p2 = x2p2 − 4

σ (6.63)

giving

RCW (x, p)x2p2 = exp

[
1

2i

∂

∂x

∂

∂p

]
(x2p2 − 4

σ ) = x2p2 − 2ixp − 1
2 −

4
σ (6.64)

and hence
ACW (X,D) = X2D2 − 2iXD − 1

2 −
4
σ . (6.65)

6.7 Weyl Ordering

Although we have derived the main results for the Weyl operator in Chap. 3 it
is of some interest to rederive some of them as a special case of the generalized
method. The Weyl case is obtained by taking

ΦW (θ, τ) = 1. (6.66)
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From Eq. (6.1) and (6.7) we have

AW (X,D) =

∫∫
â(θ, τ) eiθτ/2 eiθX eiτDdθ dτ (6.67)

and

AW (X,D)ϕ(τ) =
1

2π

∫∫
a

(
τ + x

2
, p

)
ei(x−τ)p ϕ(τ) dτ dp. (6.68)

Using Eq. (6.7) we have

AW (X,D) =
1

inim
∂n+m

∂θn∂τm
eiθτ/2 eiθX eiτD

∣∣∣∣
θ,τ =0

(6.69)

=
1

2m

m∑

=0

(
m

�

)
Dm−
XnD
 (6.70)

=
1

2n

n∑

=0

(
n

�

)
Xn−
DmX
. (6.71)

The rearrangement operator, Eq. (6.10), gives

RA(x, p) = exp

[
1

2i

∂2

∂x∂p

]
a(x, p) (6.72)

and for the distribution Eq. (6.10) we obtain

W (x, p) =
1

2π

∫
ϕ∗(x− 1

2τ) e
−ipτ ϕ(x+ 1

2τ) dτ (6.73)

which is the Wigner distribution.

6.8 ZAM Ordering

Zhao, Atlas, and Marks [94, 65] proposed a distribution that has many interesting
properties and has found many applications. We consider first a slightly more
general kernel,

ΦZ(θ, τ) = g(τ) |τ | sinc(γθτ) (6.74)

where g(τ) is a function that can control the placement of the so-called cross terms
in the distribution. The Born-Jordan distribution is obtained for g(τ) = 1/ |τ | and
γ = 1

2 and the original ZAM distribution is obtained for g(τ) = τ/ |τ |. Substituting
ΦZ(θ, τ) into Eq. (6.4) we have that the operator is

AZ (X,D) =
1

4π2

∫∫∫∫
a(q, p) g(τ) |τ | sinc(γθτ) e−iθ(q−X−τ/2) eiτDdθ dτ dq dp.

(6.75)
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Using ∫
sinc(γθτ) e−iθη dθ =

⎧⎨⎩
π

γ |τ | , −γ |τ | ≤ η ≤ γ |τ |

0, otherwise
(6.76)

with η = q −X − τ/2, Eq. (6.75) simplifies to

AZ (X,D) =
1

4πγ

∫
g(τ)e−iτp

{∫ X+γ|τ |+τ/2

X−γ|τ |+τ/2

a(q, p)dq

}
eiτD dτ dp. (6.77)

The operation on a function gives

AZ (X,D)ϕ(x) =
1

4πγ

∫
g(τ)e−iτp

{∫ x+γ|τ |+τ/2

x−γ|τ |+τ/2

a(q, p)dq

}
ϕ(x+ τ) dτ dp.

(6.78)
Now consider the distribution, Eq. (6.14),

CZ(x, p) =
1

4π2

∫∫∫
ϕ∗(q − 1

2τ)g(τ) |τ | sinc(γθτ) e
iθ(q−x)e−iτpϕ(q + 1

2τ) dθ dτ dq

(6.79)
and using Eq. (6.76) above with η = x− q we obtain

CZ(x, p) =
1

4πγ

∫
g(τ)e−iτp

∫ x+γ|τ |

x−γ|τ |
ϕ∗(q − 1

2τ)ϕ(q +
1
2τ)dq dτ. (6.80)

Expectation value. Suppose that we want to find the expectation value of the
symbol a(x, p) which of course is given by

〈a(x, p)〉 =
∫

C(x, p)a(x, p) dx dp (6.81)

=
1

4πγ

∫
a(x, p)

∫
g(τ)e−iτp

∫ x+γ|τ |

x−γ|τ |
ϕ∗(q − 1

2τ)ϕ(q +
1
2τ) dq dτ dx dp.

(6.82)

However from Eq. (6.78) we also have〈
AZ (X,D)

〉
=

∫
ϕ∗(x)AZ (X,D)ϕ(x) dx, (6.83)

〈
AZ (X,D)

〉
=

1

4πγ

∫
ϕ∗(x)

∫
g(τ)e−iτp

{∫ x+γ|τ |+τ/2

x−γ|τ |+τ/2

a(q, p)dq

}
ϕ(x+ τ) dτ dp dx (6.84)

=
1

4πγ

∫∫
g(τ)e−iτp

[
ϕ∗(x− 1

2τ)

{∫ x+γ|τ |

x−γ|τ |
a(q, p)dq

}
ϕ(x+ 1

2τ)

]
dτ dp dx.

(6.85)
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Eqs. (6.82) and (6.85) should be the same but it is not obvious that they are. But
indeed it can be shown that∫ [

ϕ∗(x− 1
2τ)

{∫ x+γ|τ |

x−γ|τ |
a(q, p)dq

}
ϕ(x+ 1

2τ)

]
dx (6.86)

=

∫
a(x, p)

∫ x+γ|τ |

x−γ|τ |
ϕ∗(q − 1

2τ)ϕ(q +
1
2τ)dq dx (6.87)

which does make them the same.

Born-Jordan: For the Born and Jordan case we take g(τ) = 1/ |τ | and γ = 1
2 we

obtain Eqs. (6.47)-(6.51).

ZAM distribution. Another particular case is to take g(τ) = 1 and γ = 1
2 which

corresponds to the original ZAM distribution and the kernel is

ΦZAM(θ, τ) = |τ | sinc(γθτ) = sinγθτ

γθ
. (6.88)

The operator is then

AZAM (X,D) =
1

4π2

∫
a(q, p) τ sinc(γθτ) e−iθ(q−x−τ/2) eiτDdθ dτ dq dp (6.89)

=
1

4πγ

∫
e−iτp

{∫ x+γ|τ |/2+τ/2

x−γ|τ |/2+τ/2

a(q, p)dq

}
eiτD dτdp (6.90)

and

AZAM (X,D)ϕ(x) =
1

4πγ

∫
e−iτp

{∫ x+γ|τ |/2+τ/2

x−γ|τ |/2+τ/2

a(q, p)dq

}
ϕ(x+ τ) dτ dp.

(6.91)
For the distribution we obtain,

CZAM (x, p) =
1

2π

∫
e−iτp

∫ x+|τ |/2

x−|τ |/2
ϕ∗(q − 1

2τ) ϕ(q +
1
2τ) dq dτ. (6.92)

6.9 Spectrogram

The kernel for the spectrogram type operator is

ΦSP (θ, τ) =

∫
h∗(x− 1

2τ) e
−iθxh(x+ 1

2τ) dx (6.93)
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where h(x) is the window function. We normalize the window function so that∫
|h(x)|2 dx = 1. (6.94)

For the operator we have

ASP(X,D) =

∫∫∫∫
â(θ, τ)h∗(q − 1

2τ)h(q +
1
2τ) e

−iθqeiθτ/2 eiθX eiτDdq dθ dτ.

(6.95)
In terms of the symbol we use Eq. (6.4) to obtain

ASP (X,D) =
1

2π

∫∫∫
a(q, p)h∗(x− q)h(x− q + τ)e−iτp eiτD dτ dq dp (6.96)

and the operation on a function is

ASP (X,D)ϕ(x) =
1

2π

∫∫∫
a(q, p)h∗(X − q)h(X − q + τ)e−iτp ϕ(x+ τ) dτ dq dp.

(6.97)
We have already considered the distribution in Sec. 5.4. It is manifestly positive
and is given by Eq. (5.44),

CSP (x, p) =

∣∣∣∣ 1√
2π

∫
e−ipτϕ(τ)h(τ − x) dτ

∣∣∣∣2 . (6.98)

Consider the association for x. Using Eq. (6.7) we obtain

x ↔ X − 〈x〉h (6.99)

where

〈x〉h =

∫
x |h(x)|2 dx. (6.100)

That is, in general, x does not go into X. That is the case since the kernel does
not satisfy the marginal conditions, Eq. (5.27) and Eq. (5.28). Similarly

p ↔ D + 〈p〉h (6.101)

where

〈p〉h =

∫
p
∣∣∣ ĥ(p)∣∣∣2 dp (6.102)

and where ĥ(p) is given by Eq. (5.45).
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6.10 Gaussian Window

It is of interest to consider the special case of the spectrogram ordering where

h(x) =
(α
π

)1/4
e−αx2/2 (6.103)

and using Eq. (6.93) we calculate the kernel to be

ΦG(θ, τ) = e−ατ2/4−θ2/4α (6.104)

and the distribution is then

CG(x, p) =

√
α

4π3

∣∣∣∣ ∫ ϕ(τ) e−α(τ−x)2/2−ipτ dτ

∣∣∣∣2 (6.105)

=

√
α

4π3

∣∣∣∣ ∫ ϕ(τ + x) e−ατ2/2−ipτ dτ

∣∣∣∣2 . (6.106)

For the operator we obtain

AG(X,D) =

∫∫
â(θ, τ)e−ατ2/4−θ2/4αeiθτ/2 eiθX eiτDdθ dτ. (6.107)

In terms of the symbol directly

AG (X,D) =
(α
π

)1/2 ∫∫∫∫
a(q, p)e−α(q−X−τ/2)2e−iτp eiτD dτ dq dp dq′. (6.108)

The rearrangement operator becomes

RG(x, p)x = exp

(
1

2i

∂

∂x

∂

∂p
− 1

4α

∂2

∂x2
− α

4

∂2

∂p2

)
. (6.109)

Example. For the association to x we use Eq. (6.13),

RG(x, p)x = exp

(
1

2i

∂

∂x

∂

∂p
− 1

4α

∂2

∂x2
− α

4

∂2

∂p2

)
x = x (6.110)

and therefore

x↔ X. (6.111)

Similarly

p↔ D. (6.112)

These are consistent with Eqs. (6.99), and (6.102) since the expectation values,
〈x〉h and 〈p〉h for the Gaussian window are zero.
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Example. Now consider the association for x2,

RG(x, p)x2 = exp

(
1

2i

∂

∂x

∂

∂p
− 1

4α

∂2

∂x2
− α

4

∂2

∂p2

)
x2 (6.113)

= exp

(
− 1

4α

∂2

∂x2

)
x2 = x2 − 1

2α (6.114)

and therefore
x2 ↔ X2 − 1

2α . (6.115)

For p2,

RG(x, p)p2 = exp

(
−α

4

∂2

∂p2

)
p2 = p2 − α

2 (6.116)

which shows that
p2 ↔ D2 − α

2 . (6.117)

Example. For xp we have

RG(x, p)xp = exp

(
1

2i

∂

∂x

∂

∂p
− 1

4α

∂2

∂x2
− α

4

∂2

∂p2

)
xp (6.118)

= exp

(
1

2i

∂

∂x

∂

∂p

)
xp = xp+ 1

2i (6.119)

and therefore
xp↔ XD + 1

2i =
1
2 (XD +DX). (6.120)

Furthermore for x2p2 we have

exp

(
1

2i

∂

∂x

∂

∂p
− 1

4α

∂2

∂x2
− α

4

∂2

∂p2

)
x2p2 =

(
x2p2 − 2ixp− 1

2 −
1
2αp

2 − α
2 x

2
)

(6.121)
and therefore

x2p2 ↔ X2D2 − 1
2αD

2 − α
2X

2 − 2iXD − 1
2 . (6.122)

6.11 One Parameter Families

As subclasses of the kernel method, one can devise parameter families. One such
case is to take

Φc(θ, τ) = eicθτ/2 (6.123)

as considered by Boggiatto, De Donno, and Oliaro [4]. For c = 0,−1, 1 one gets
the Weyl, standard and anti-standard cases respectively. One can also obtain the
Born-Jordan kernel by integrating over c,

ΦBJ(θ, τ) =
1

2

∫ 1

−1

Φc(θ, τ) dc = sinc1
2θτ. (6.124)
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The operator for a general symbol is given by

Ac(X,D) =

∫∫
â(θ, τ) e(c+1)θτ/2eiθX eiτD dθ dτ (6.125)

and in terms of the symbol directly one obtains

Ac (X,D) =
1

2π

∫∫
a
(
X + 1+c

2 τ , p
)
e−iτp eiτD dp dτ. (6.126)

For the association of eiθx+iτp we obtain

eiθx+iτp ↔ eicθτ/2eiθX+iτD = ei(c+1)θτ/2eiτx eiτD = ei(c−1)θτ/2 eiτDeiτx (6.127)

and the operation on a function gives

Ac[ϕ(x)] =
1

2π

∫∫
a
(
x+τ
2 + τ−x

2 c, p
)
e−i(τ−x)p ϕ(τ + x) dp dτ. (6.128)

The distribution works out to be

Cc(x, p) =
1

2π

∫
ϕ∗(x− 1

2 (c+ 1)τ)ϕ(x+ 1
2 (1− c)τ) e−iτp dτ. (6.129)

The special cases of standard, anti-standard and Wigner are now readily obtained
by taking different values of c.

6.12 Normal and Anti-Normal Ordering

In normal ordering, one transforms to what is known as the annihilation and
creation operator representation which are defined respectively by

α =
1√
2
(X + iD); α† =

1√
2
(X − iD). (6.130)

The inverse transformations are

X =
1√
2
(a+ α†); D =

1√
2i
(a− α†). (6.131)

The operators satisfy

[α, α†] = 1. (6.132)

Note that α and α† are not Hermitian. This representation is very important in
many areas of physics and chemistry and particularly in quantum electrodynamics.

The anti-normal ordering procedure is the following. For a symbol a(x, p) :
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i) make the substitution

x =
1√
2
(β + β∗); p =

1√
2i
(β − β∗) (6.133)

giving

a(x, p) = a

(
1√
2
(β + β∗),

1√
2i
(β − β∗)

)
. (6.134)

Note that

β =
1√
2
(x+ ip); β∗ =

1√
2
(x− ip). (6.135)

In Eq. (6.134) we still have ordinary variables. Next,

ii) Rearrange a(x, p) as given by Eq. (6.134) so that{
β∗ factors are to the left of the β factors (normal ordering),

β∗ factors are to the right of the β factors (anti-normal ordering).
(6.136)

iii) Replace β, β∗ with the operators α, α† respectively.

iv) To express the resulting operator in terms of theX,D operators use Eq. (6.130).

We now obtain the kernel corresponding to the anti-normal case. Consider
the association for eiθx+iτp. We follow the above steps to obtain

eiθx+iτp = eiθ(β+β∗)/
√
2+iτ(β−β∗)i/

√
2 = eβ(iθ+τ)/

√
2eβ

∗(iθ−τ)/
√
2. (6.137)

Now all the β∗ factors are to the right of the β factors. Therefore

eiθx+iτp ↔ eα(iθ+τ)/
√
2eα

†(iθ−τ)/
√
2 (6.138)

and in terms of X,D we have

eiθx+iτp ↔ e(X+iD)(iθ+τ)/2e(X−iD)(iθ−τ)/2. (6.139)

Using Eq. (6.139), simplification of the right hand side gives

e(X+iD)(iθ+τ)/2e(X−iD)(iθ−τ)/2 = e−
1
4 [θ

2+τ2]eiθX+iτD (6.140)

and finally

eiθx+iτp ↔ e−
1
4 [θ

2+τ2]eiθX+iτD. (6.141)

Therefore the kernel is
ΦAN (θ, τ) = e−(θ2+τ2)/4. (6.142)

We see that this is a special case of the spectrogram with a Gaussian window, Eq.
(6.103), and with α = 1. A similar calculation leads to

ΦN (θ, τ) = e(θ
2+τ2)/4. (6.143)
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The important properties of these correspondences is that for symbols of the
form a1(x− ip)a2(x+ ip) the correspondences are

a1(x− ip)a2(x+ ip)↔ a1(X − iD)a2(X + iD) (normal ordering) (6.144)

and

a1(x−ip)a2(x+ip)↔ a2(X+iD)a1(X−iD) (anti-normal ordering). (6.145)



Chapter 7

Unitary Transformation

Our aim in this chapter is to study how the various results we have derived change
under a unitary transformation. Of particular importance is that the generalized
operator and distributions keep their functional form. Unitary transformations are
important for many reasons but certainly among the most important is that many
equations of evolution for a field can often be expressed as a unitary transformation
on the initial field. By a field we mean a function of two variables; for example the
temperature, electric field, pressure field, are functions of both space and time. To
illustrate with a specific example, suppose we consider the following equation of
evolution

i
∂

∂t
ϕ(x, t) = − ∂2

∂x2
ϕ(x, t) + xϕ(x, t) (7.1)

where we have to find ϕ(x, t) given ϕ(x, 0). The solution can be expressed as

ϕ(x, t) = e
−it

(
− ∂2

∂x2 +x
)
ϕ(x, 0). (7.2)

That is, the operator, e
−it

(
− ∂2

∂x2 +x
)
, operating on the initial field gives the field

at a later time. More generally, if we have an equation of evolution of the form

i
∂

∂t
ϕ(x, t) = Hϕ(x, t) (7.3)

where H is a time independent Hermitian operator, then the solution is

ϕ(x, t) = e−iHtϕ(x, 0) (7.4)

as can be readily verified by differentiating and seeing that it leads to Eq. (7.3).
The basic property of the operator, e−iHt, is that it is unitary, a concept that we
now explain.

A unitary operator, U, is an operator that satisfies

U † U = I; U † = U−1 (7.5)
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where U† and U−1 are the adjoint and inverse operators respectively. There are
two types of associated transformations, the transformation of an operator and
the transformation of functions.

The unitary transformation of an operator from A to A′ is defined by

A′ = U †AU. (7.6)

This transformation is often called a similarity transformation.

Unitary transformation of the state function from ϕ to ϕ′ is defined by

ϕ′ = U†ϕ = U−1ϕ. (7.7)

A basic property of a unitary transformation is that the eigenvalues of A′ and A
are the same. To see this consider

Au(a, x) = au(a, x). (7.8)

Multiply from the left by U† and let u(a, x) = Uu′(a, x),

U†AUu′(a, x) = aU †Uu′(a, x). (7.9)

Since U†U = 1 we have
A′u′(a, x) = au′(a, x) (7.10)

which shows that the eigenvalues of A and A′ are the same and that the eigen-
functions of A′ are u′ where

u′(a, x) = U−1u(a, x) = U†u(a, x). (7.11)

A unitary transformation preserves the inner product of two functions. That
is, for two functions ϕ1 and ϕ2,∫

ϕ∗1ϕ2dx =

∫
ϕ∗′1 ϕ

′
2dx. (7.12)

For the case where ϕ1 = ϕ2 a unitary transformation preserves the norm∫
|ϕ|2 dx =

∫
|ϕ′|2 dx. (7.13)

7.1 Unitary and Hermitian Operators

A unitary operator can always be written in the form

U = e−iH (7.14)
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where H is a Hermitian operator. Conversely, if H is Hermitian, then U is unitary.
The minus sign in the exponent is inserted for convenience and for historical
reasons. Therefore we can write a unitary transformation of an operator and state
function respectively as

A′ = eiHAe−iH , (7.15)

ϕ′ = eiHϕ. (7.16)

A fundamental formula for simplifying and evaluating Eq. (7.15) is that for any
two operators A and H and real number ξ,

eξHAe−ξH = A+ ξ[H,A] +
1

2!
ξ2[H, [H,A]] +

1

3!
ξ3[H, [H, [H,A]]] + · · · . (7.17)

7.2 Unitary Transformation of the Generalized

Association

We now consider the transformation of the generalized association under a unitary
transformation on X,D [6, 7]. Take

X ′ = U†X U ; D′ = U†DU, (7.18)

and suppose the corresponding ordinary variables are (x′, p′),

X ′ ↔ x′, (7.19)

D′ ↔ p′. (7.20)

Inversely, we have
X = U X ′ U †, D = UD′ U †. (7.21)

Define the generalized operator correspondence for X ′, D′ by

AΦ (X ′, D′) =

∫∫
â(θ, τ)Φ(θ, τ)eiθX

′+iτD′
dθdτ (7.22)

=

∫∫
â(θ, τ)Φ(θ, τ)eiθU

†X U+iτU†DU dθdτ (7.23)

and consider

eiθU
†X U+iτU†DU = eU

†(iθX +iτD)U (7.24)

=
∞∑

n=0

in

n!

(
U†(iθX + iτD)U

)n
. (7.25)

Using the fact that U† = U−1 we have that(
U †(θX + τD)U

)n
= U †(θX + τD)

n
U (7.26)
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and therefore

eiθU
†X U+iτU†DU = U † eiθX +iτD U. (7.27)

Substituting this result into Eq. (7.23) we obtain

AΦ (X ′, D′) = U †AΦ (X,D) U (7.28)

which shows that if X and D transform by a unitary transformation, then so does
the general correspondence. In Eq. (7.28) one understands that a substitution
using Eq. (7.21) is made on the right hand side.

7.3 Transformation of the Generalized Distribution

In a subsequent chapter we discuss the issue of obtaining joint distributions for
arbitrary operators. Here we just consider the case where the two operators X ′

and D′ are unitary transformations of X and D as given by Eq. (7.18). One can
express the distribution of (x′, p′) in terms of the distribution of (x, p) as we now
show.

The characteristic function for X ′ and D′ for a state ϕ(x) is

Mx′p′(θ, τ) = Φ(θ, τ)

∫
ϕ∗(x)eiθX

′+iτD′
ϕ(x) dx (7.29)

and using Eq. (7.27) we have

Mab(θ, τ) = Φ(θ, τ)

∫
ϕ∗(x)U† eiθX +iτD Uϕ(x) dx (7.30)

= Φ(θ, τ)

∫
(Uϕ(x))∗ eiθX +iτD Uϕ(x) dx (7.31)

= Φ(θ, τ)

∫
ϕ′∗(x) eiθX +iτD ϕ′(x) dx. (7.32)

Comparing this with Eq. (5.22) we see that it is exactly the characteristic function
of x, p except that we are in a state ϕ′(x) given by Eq. (7.16). Therefore we can
immediately write

C(x′, p′) =
1

4π2

∫∫∫
ϕ′∗(q − 1

2τ)ϕ
′(q + 1

2τ)Φ(θ, τ) e
−iθx′−iτp′+iθq dq dτ dθ.

(7.33)
This is an important result because it allows one to immediately write distributions
for new variables if their corresponding operators are connected to X and D by a
unitary transformation. All one has to do is change the state function by way of
Eq. (7.7)
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7.4 Examples

Example. Translation operator. Take

U = ei
D (7.34)

where � is a real number. We have that

U† = U−1 = e−i
D (7.35)

and the transformation of a function is

ϕ′(x) = e−i
Dϕ(x) = ϕ(x− �). (7.36)

The operators X ′ and D′ are

X ′ = U †X U = e−i
DXei
D = X − �, (7.37)

D′ = U †DU = D. (7.38)

For the generalized correspondence operator we have

A′Φ(X ′, D′) = e−i
D AΦ (X,D) ei
D. (7.39)

The distribution of x′ and p′ is then, according to Eq. (7.33)

C(x′, p′) =
1

4π2

∫∫∫
ϕ∗(q − 1

2τ − �)ϕ(q + 1
2τ − �) Φ(θ, τ) e−iθx′−iτp′+iθqdq dτ dθ.

(7.40)

Example. U = e−itD2

. We take

U = e−itD2

. (7.41)

For the X ′ operator we have

X ′ = eitD
2

X e−itD2

= X + it[−2Di] = X + 2tD (7.42)

where we have used Eq. (7.17) and the fact that

[X,D2] = 2iD. (7.43)

For the D′ operator it is clear that

D′ = eitD
2

D e−itD2

= D. (7.44)

The transformation of a function is given by

ϕ′(x) = e−itD2

ϕ(x)=
1√
4πit

∫
ϕ(x′) exp

[
− (x′ − x)2

4it

]
dx′ (7.45)
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which can be proven in the following way. Write

ϕ̂(p) =
1√
2π

∫
ϕ(x) e−ixp dx, (7.46)

ϕ(x) =
1√
2π

∫
ϕ̂(p) eixpdp. (7.47)

Now

e−itD2

ϕ(x) =
1√
2π

∫
ϕ̂(p) e−itD2

eixpdp (7.48)

=
1√
2π

∫
ϕ̂(p) e−itp2

eixpdp (7.49)

where in going from Eq. (7.48) to Eq. (7.49) we have used e−itD2

eixp = e−itp2

eixp.
In Eq. (7.49) substitute for ϕ̂(p) to obtain

e−itD2

ϕ(x) =
1

2π

∫∫
ϕ(x′) e−itp2

ei(x−x′)p dp dx′ (7.50)

which gives Eq. (7.45). The distribution is hence

C(x′p′) =
1

4π2

∫∫∫
Φ(θ, τ)ϕ′∗(q− 1

2τ)ϕ
′(q+ 1

2τ) e
−iθx′−iτp′+iθq dq dτ dθ. (7.51)
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Path Integral Approach

The path integral approach for obtaining correspondence rules arose out of the
work of Feynman and Kac where they showed that the Green’s function for
Schrödinger’s equation can be written as the sum of a functional over all paths
from one time to another. It is beyond our scope to discuss the path integrals but
we give here the end result as to the viewpoint of the formulation as it applies to
correspondence rules [15, 27, 54, 40, 57, 85]. There are two separate approaches,
corresponding to configuration space and phase-space.

8.1 Configuration Space

The basic idea is that we can express the operation on a function as

AΦ (X,D)ϕ(x) =

∫
k(x, x′)ϕ(x′) dx′ (8.1)

where k(x, x′) can be calculated with the classical symbol by summing over all
paths. If the paths are parameterized by a Fourier integral, it turns out that one
can write k(x, x′) as

k(x, x′) =
1

2π

∫
ā(x, x′, p) e−i(x′−x)p dp (8.2)

where ā(x, x′, p) is an averaging function taken over the path. By taking different
discretizations to ā(x, x′, p) one obtains different correspondence rules. For exam-

ple ā(x, x′, p) can be approximated by 1
2 [a (x, p) + a (x′, p)] or a

(
x+x′
2 , p

)
, among

others. The only constraint is that

lim x′→x ā(x, x′, p) = a (x, p) . (8.3)
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We now express this formulation in terms of the methods developed in Chap.
4 where we showed that

AΦ (X,D)ϕ(x) =
1

4π2

∫∫∫∫
a

(
q +

x+ x′

2
, p

)
e−iθq−i(x′−x)p

× Φ(θ, x′ − x)ϕ(x′) dx′ dq dp dθ. (8.4)

Comparing with Eq. (8.2) we see that

k(x, x′) =
1

4π2

∫∫∫
a

(
q +

x+ x′

2
, p

)
e−iθq−i(x′−x)p Φ(θ, x′ − x) dq dp dθ (8.5)

and further

ā(x, x′, p) =
1

2π

∫∫
a

(
q +

x+ x′

2
, p

)
e−iθq Φ(θ, x′ − x) dq dθ. (8.6)

Example. Weyl rule. The kernel is 1 and we have that

ā(x, x′, p) =
1

2π

∫∫
a

(
q +

x+ x′

2
, p

)
e−iθq dq dθ (8.7)

which gives

ā(x, x′, p) = a

(
x+ x′

2
, p

)
. (8.8)

Also,

k(x, x′) =
1

2π

∫
a

(
x+ x′

2
, p

)
ei(x−x′)p dp. (8.9)

Example. Symmetrization rule. The kernel is

Φ(θ, τ) = 1
2 cos

1
2θτ (8.10)

and substituting this kernel into Eq. (8.5) we obtain that

k(x, x′) =
1

4π

∫
e−i(x′−x)p [a (x, p) + a (x′, p)] dp. (8.11)

Also,

ā(x, x′, p) = 1
2 [a (x, p) + a (x′, p)] . (8.12)



8.2. Phase-Space 93

8.2 Phase-Space

One can also define the operator by

AΦ (X,D) =

∫
a(x′, p′)Δ(X − x′, D − p′) dx′ dp′ (8.13)

where Δ can be calculated over phase-space paths. Comparing with Eq. (4.97) we
have

Δ(X − x′, D − p′) =
1

4π2

∫∫
Φ(θ, τ) eiθ(X−x′)+iτ(D−p′) dθ dτ (8.14)

=
1

4π2

∫∫
Φ(θ, τ) eiθτ/2eiθ(X−x′)eiτ(D−p′) dθ dτ. (8.15)

Since all the X factors are to the left of the D factors we can define the rearrange-
ment function ΔR by

ΔR(x− x′, p− p′) =
1

4π2

∫∫
eiθτ/2eiθ(x−x′)eiτ(p−p′) Φ(θ, τ) dθ dτ (8.16)

or

ΔR(x, p) =
1

4π2

∫∫
eiθ(x+τ/2)eiτp Φ(θ, τ) dθ dτ. (8.17)

Eq. (8.17) can be inverted to express the kernel in terms of ΔR,

Φ(θ, τ) = e−iθτ/2

∫∫
ΔR(x, p)e

−iθxe−iτp dx dp. (8.18)

Substituting into Eq. (8.13) we obtain that

AΦ (X,D) =
1

2π

∫∫∫∫
a (x′, p′)ΔR(x− x′, p− p′)e−iτp eiτD dτ dx′ dp dp′ (8.19)

and

AΦ[ϕ] =
1

2π

∫∫∫∫
a (x′, p′)ΔR(x− x′, p− p′)e−iτp ϕ(τ + x) dτ dx′ dp dp′. (8.20)

Example. Weyl rule. The kernel is 1 and we have

ΔR(x, p) =
1

4π2

∫∫
eiθ(x+τ/2)eiτp dθ dτ (8.21)

=
1

2π

∫
δ(τ/2 + x)eiτp dτ (8.22)

=
1

π
e−2ixp. (8.23)
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Using Eq. (8.20) we have

AW [ϕ] =
1

2π

1

π

∫∫∫∫
a (x′, p′) e−2i(x−x′)(p−p′)e−iτp ϕ(τ + x) dτ dx′ dp dp′ (8.24)

which evaluates to

AW [ϕ] =
1

2π

∫∫
a
(
1
2 (x+ τ), p

)
e−i(τ−x)p ϕ(τ) dτ dp (8.25)

which is the result for the Weyl case given in Eq. (3.16).

Example. Standard ordering. For standard ordering the kernel is ΦS(θ, τ) =
e−iθτ/2 and therefore

ΔR(x, p) =
1

4π2

∫∫
eiθxeiτp dθdτ = δ(x)δ(p) (8.26)

and substituting into Eq. (8.20) we have

AΦ[ϕ] =
1

2π

∫∫∫∫
a (x′, p′) δ(x− x′)δ(p− p′)e−iτp ϕ(τ + x) dτ dx′ dp dp′ (8.27)

=
1

2π

∫∫
a (x, p) e−iτp ϕ(τ + x) dτ dp (8.28)

which is the same as Eq. (6.20).
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Time-Frequency Operators

The fundamental idea of time-frequency analysis is to understand and describe how
the frequency content of a signal is changing in time [20, 18]. By a signal one means
a function of time, for example the electric and magnetic fields, pressure, voltage
etc. Time functions are called wave forms or signals. We shall denote the signal
by s(t). Examples of man-made signals whose frequencies are clearly changing in
time are music and human speech where indeed it is the changing frequencies that
are the essence of the signals. The symbol, a(t, ω) , now is a function of time and
frequency. From a mathematical point of view, the methodology that has been
developed in the previous chapters can be totally carried over to time-frequency.

We define the time and frequency operators by T and W where,

T =

{
t in the time representation

i d
dω in the frequency (Fourier) representation,

(9.1)

W =

{
1
i

d
dt in the t representation

ω in the Fourier representation.
(9.2)

The fundamental relation between T and W is the commutator,

[T ,W] = T W −WT = i. (9.3)

The spectrum of a signal, ŝ(ω) , is defined by

ŝ(ω) =
1√
2π

∫
s(t) e−itω dt (9.4)

with

s(t) =
1√
2π

∫
ŝ(ω) eitω dω. (9.5)

The Fourier transform of the symbol is defined by

â(θ, τ) =
1

4π2

∫∫
a(t, ω) e−iθt−iτω dt dω (9.6)
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and the symbol, a(t, ω), is given by

a(t, ω) =

∫∫
â(θ, τ) eiθt+iτω dθ dτ. (9.7)

Thus, the correspondence from the notation of the previous chapters to that of
time-frequency is

x, p→ t, ω (9.8)

X,D → T ,W (9.9)

ϕ(x), ϕ̂(p)→ s(t), ŝ(ω) (9.10)

a(x, p), AΦ(X,D)→ a(t, ω), AΦ(T ,W). (9.11)

Furthermore we point out that the (x, p) case that we have considered thus far can
be called space- (spatial) frequency analysis. However, there is one fundamental
difference in that signals in nature are real, and hence one has to consider how to
write a complex signal corresponding to a real signal. This is discussed in Sec. 9.3

9.1 Time-Frequency Association Rules

In total analogy with the development of Chap. 4 we define the time-frequency
symbol to be any function of time and frequency a(t, ω) and the corresponding
operator associated with that symbol by

AΦ(T ,W) =

∫∫
â(θ, τ)Φ(θ, τ) eiθT +iτW dθ dτ. (9.12)

Since
eiθT +iτW = eiθτ/2 eiθT eiτW = e−iθτ/2 eiτW eiθT (9.13)

we have

AΦ(T ,W) =

∫∫
â(θ, τ)Φ(θ, τ) eiθτ/2 eiθT eiτW dθ dτ (9.14)

=

∫∫
â(θ, τ)Φ(θ, τ) e−iθτ/2 eiτW eiθT dθ dτ. (9.15)

In terms of the symbol,

AΦ(T ,W) =
1

4π2

∫∫∫∫
a(t, ω) Φ(θ, τ) e−iθt−iτω+iθτ/2 eiθT eiτW dθ dτ dt dω.

(9.16)
The operation on a signal is

AΦ (T ,W) s(t) =

∫∫
â(θ, τ)Φ(θ, τ) eiθτ/2 eiθt s(t+ τ) dθ dτ (9.17)
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and in terms of the symbol we have

AΦ (T ,W) s(t) =
1

4π2

∫∫∫∫
a

(
q +

t+ τ

2
, ω

)
e−iθq+i(t−τ)ω

× Φ(θ, τ − t) s(τ) dτ dq dω dθ (9.18)

and also

AΦ (T ,W) s(t)

=
1

4π2

∫∫∫∫
a (t′, ω) e−iθ(t′−t−τ/2)−iτω Φ(θ, τ) s(τ + t) dτ dt′ dω dθ. (9.19)

For the operation on a function in the Fourier domain one obtains

AΦ (T ,W) ŝ(ω) =

∫∫
â(θ, τ)Φ(θ, τ)e−iθτ/2 eiτω ŝ(ω − θ) dθ dτ (9.20)

and in terms of the symbol one has

AΦ (T ,W) ŝ(ω) =
1

4π2

∫∫∫∫
a(t, ω′ + 1

2 (ω + θ))Φ(ω − θ, τ)

× e−iτω′
ei(θ−ω)t ŝ(θ) dθ dτ dt dω′. (9.21)

For the rearrangement operator one defines

RΦ(t, ω) = rearrange AΦ(T ,W), so that all the T factors are to the left

of the W operators; then replace (T ,W) by (t, ω) (9.22)

giving

RΦ(t, ω) =

∫∫
â(θ, τ)Φ(θ, τ) eiθτ/2eiθt eiτω dθ dτ (9.23)

which can be written in the following form,

RΦ(t, ω) = exp

(
1

2i

∂

∂t

∂

∂ω

)
Φ

(
1

i

∂

∂t
,
1

i

∂

∂ω

)
a(t, ω). (9.24)

For two different associations characterized by kernels Φ1(θ, τ) and Φ2(θ, τ) cor-
responding to RΦ1(t, ω) and RΦ2(t, ω) we have

RΦ2(t, ω) =
Φ2

(
1
i

∂
∂t ,

1
i

∂
∂ω

)
Φ1

(
1
i

∂
∂t ,

1
i

∂
∂ω

)RΦ1(t, ω). (9.25)
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9.2 Time-Frequency Distributions

The developments in Chapter 5 can now be re-written for the time-frequency case.
One can define an infinite number of time-frequency distributions, C(t,ω), so that
for a symbol a(t, ω) and a signal s(t),∫

s∗(t)AΦ (T ,W) s(t)dt =

∫∫
a(t, ω)C(t, ω) dt dω (9.26)

where

C(t, ω) =
1

4π2

∫∫∫
s∗(q − 1

2τ) s(q +
1
2τ)Φ(θ, τ)e

−iθt−iτω+iθq dθ dτ dq. (9.27)

C(t,ω) is called the generalized time-frequency distribution. In terms of the Fourier
transform of the signal it is given by

C(t, ω) =
1

4π2

∫∫∫
ŝ∗(k + 1

2θ)ŝ(k −
1
2θ) Φ(θ, τ)e

−iθt−iτω+iτk dθ dτ dk. (9.28)

Also, the characteristic function is

M(θ, τ) = 〈Φ(θ, τ) eiθT +iτW〉= Φ(θ, τ)

∫
s∗(t) eiθT +iτW s(t) dt (9.29)

which evaluates to

M(θ, τ) = Φ(θ, τ)

∫
s∗(t− 1

2τ) e
iθt s(t+ 1

2τ) dt. (9.30)

9.3 Complex Signals and Instantaneous Frequency

In our previous development, the state function could be any complex function and
indeed in quantum mechanics the state function is inherently complex. However
in signal analysis, signals are inherently real and dealing with real signals leads to
difficulties. For example, for real signals the energy density spectrum, which is the
absolute square of the spectrum, is symmetric and hence the average frequency is
zero which is unsatisfactory. Therefore one seeks to define a complex signal that
corresponds in some sense to the real signal at hand. In addition, if we did find a
way to define the complex signal, then one can define instantaneous frequency by
the derivative of the phase.

The general approach is to seek a complex signal of the form

z(t) = sr(t) + isi(t) (9.31)

where one insists that the real part, sr, is the real signal at hand

sr(t) = s(t). (9.32)
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Obviously there is an infinite number of ways to write z(t), since the imaginary
part, si(t), is thus far arbitrary. Gabor gave a procedure to fix si(t), and the
resulting complex signal is called the analytic signal. We point out that other
definitions have been given. A detailed discussion of these issues can be found in
references [25, 20, 50, 68].

The Gabor procedure [32, 20] is as follows. For a real signal, s(t), the spec-
trum, ŝ(ω), has both positive and negative frequencies; define the complex signal,
z(t) , whose spectrum is composed of the positive frequencies of ŝ(ω) only. Hence

z(t) = 2
1√
2π

∫ ∞
0

ŝ(ω) eiωt dt (9.33)

where the factor of 2 is inserted so that the real part of z(t) will be s(t). In
Eq. (9.33) substitute for ŝ(ω) to obtain

z(t) = 2
1

2π

∫ ∫ ∞
0

s(t′) ei(t−t′)ω dωdt′. (9.34)

Using a basic property of the delta function,∫ ∞
0

ei(t−t′)ω dω = π δ(t− t′) +
i

t− t′
(9.35)

we have

z(t) =
1

π

∫
s(t′)

[
π δ(t− t′) +

i

t− t′

]
dt′ (9.36)

giving

z(t) = s(t) +
i

π

∫
s(t′)

t− t′
dt′. (9.37)

The second part of Eq. (9.37) is the Hilbert transform of s(t) and one writes

H[s(t) ] =
1

π

∫
s(t′)

t− t′
dt′. (9.38)

The integration in Eq. (9.38) implies taking the principle part. Therefore, we can
write the analytic signal as

z(t) = s(t) + iH[s(t) ] = zr(t) + i zi(t) (9.39)

where

zr(t) = s(t); zi(t) = H[s(t) ]. (9.40)

Having defined the complex signal one writes

z(t) = A(t) eiϕ(t) (9.41)
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and defines the amplitude and phase of a signal by

A(t) =
√
z2r + z2i ; ϕ(t) = arctan zi/zr. (9.42)

This allows one to then define the instantaneous frequency by

ωi(t) =
d

dt
ϕ(t). (9.43)

9.4 Time-Frequency Space-(Spatial) Frequency

Having defined time-frequency distributions and space-(spatial) frequency distri-
butions, it is natural to consider symbols and distributions of the four variables
a(x, p, t, ω) and state functions that are fields, that is functions of space and time,
ϕ(x, t). We give just an outline how this can be carried out for the Weyl case. We
define the Fourier transform of the state function by

ϕ̂(p, ω) =
1

2π

∫
ϕ(x, t) e−ixp−itω dt dx, (9.44)

ϕ(x, t) =
1

2π

∫
ϕ̂(p, ω) eixp+itωdω dp, (9.45)

and for the four-dimensional symbol, a(x, p, t, ω), we define

â(θx, τx, θ, τ) =

(
1

4π2

)2 ∫∫∫∫
a(x, p, t, ω)e−iθxx−iτxpe−iθt−iτω dx dp dt dω,

(9.46)

a(x, p, t, ω) =

∫∫∫∫
â(θx, τx, θ, τ)e

iθxx+iτxpeiθt+iτω dθx dτx dθ dτ. (9.47)

The four-dimensional operator is then

A(X,D, T ,W) =

∫∫∫∫
â(θx, τx, θ, τ) e

iθxX+iτxD eiθT +iτWdθx dτx dθ dτ (9.48)

and the operation on a function is given by

A(X,D, T ,W)ϕ(x, t) =

∫∫∫∫
â(θx, τx, θ, τ) e

iθxτx/2+iθτ/2 eiθxx+iθt

× ϕ(x+ τx, t+ τ) dθx dτx dθ dτ. (9.49)

The four-dimensional Wigner distribution is

W (x, p, t, ω) =

(
1

2π

)2 ∫∫
ϕ∗(x− 1

2τx, t−
1
2τ)ϕ(x+

1
2τx, t+

1
2τ) e

−iτxp−iτω dτ dτx

(9.50)
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and this definition assures that∫∫
ϕ∗(x, t)A(X,D, T ,W)ϕ(x, t)dxdt

=

∫∫∫∫
a(x, p, t, ω)W (x, p, t, ω) dx dp dt dω. (9.51)

Furthermore with these definitions the appropriate marginal conditions are satis-
fied in that ∫

W (x, p, t, ω) dω = W (x, p; t), (9.52)∫
W (x, p, t, ω) dp = W (t, ω;x), (9.53)

where W (x, p) and W (t, ω) are Wigner distributions in the variables indicated and
in this case defined by

W (x, p; t) =
1

2π

∫
ϕ∗(x− 1

2τx, t)ϕ(x+ 1
2τx, t) e

−iτxp dτx, (9.54)

W (t, ω;x) =
1

2π

∫
ϕ∗(x, t− 1

2τ)ϕ(x, t+
1
2τ) e

−iτω dτ. (9.55)



Chapter 10

Transformation of Differential
Equations Into Phase Space

Suppose we want to obtain the Wigner distribution of a function ϕ(x) which is
the solution of a linear differential equation

an
dnϕ(x)

dxn
+ an−1

dn−1ϕ(x)

dxn−1
· · ·+ a1

dϕ(x)

dx
+ a0ϕ(x) = f(x). (10.1)

One could solve for ϕ(x) and then substitute into the Wigner distribution

W (x, p) =
1

2π

∫
ϕ∗(x− 1

2τ)e
−iτpϕ(x+ 1

2τ) dτ. (10.2)

In this chapter we show that one can bypass solving the differential equation for
ϕ(x) and obtain the corresponding differential equation for the Wigner distribution
directly [29, 30]. The main reason one wants to do that is that in phase-space, the
nature of the solution is often revealed much more clearly than in x or p space.

10.1 Transformation Properties of the Wigner
Distribution

Suppose we have a Wigner distribution of ϕ(x). Then, what is the Wigner dis-
tribution of ϕ′(x) or the Wigner distribution of g(x)ϕ(x), where g(x) is some
function? In this section we derive such properties as they are important to obtain
the differential equation for the Wigner distribution. It is convenient to define the
cross Wigner distribution of two functions ϕ and ψ by

Wϕ,ψ =
1

2π

∫
ϕ∗(x− 1

2τ)e
−iτpψ(x+ 1

2τ) dτ. (10.3)
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For the sake of neatness we use the following notation for differentiation:

ϕ′(x) =
d

dx
ϕ(x), ϕ(n) =

dn

dxn
ϕ(x). (10.4)

Consider Wϕ,ψ′ ,

Wϕ,ψ′ =
1

2π

∫
ϕ∗(x− 1

2τ)e
−iτp ∂

∂x
ψ(x+ 1

2τ) dτ (10.5)

=
2

2π

∫
ϕ∗(x− 1

2τ)e
−iτp ∂

∂τ
ψ(x+ 1

2τ) dτ (10.6)

= − 2

2π

∫
∂

∂τ

{
ϕ∗(x− 1

2τ)e
−iτp
}
ψ(x+ 1

2τ) dτ (10.7)

=
1

2π

∫ [
∂

∂x
ϕ∗(x− 1

2τ) + 2ipϕ∗(x− 1
2τ)

]
e−iτpψ(x+ 1

2τ) dτ (10.8)

and therefore
Wϕ,ψ′ = Wϕ′,ψ + 2ipWϕ,ψ. (10.9)

Also, it is clear that
∂

∂x
Wϕ,ψ = Wϕ,ψ′ +Wϕ′,ψ. (10.10)

From these two equations we obtain

Wϕ′,ψ =

(
1

2

∂

∂x
− ip

)
Wϕ,ψ = AxWϕ,ψ (10.11)

and

Wϕ,ψ′ =

(
1

2

∂

∂x
+ ip

)
Wϕ,ψ = BxWϕ,ψ (10.12)

where we have defined

Ax =
1

2

∂

∂x
− ip, Bx =

1

2

∂

∂x
+ ip. (10.13)

Combining Eq. (10.11) and Eq. (10.12) we have

Wϕ(n),ψ(m) = AnBmWϕ,ψ (10.14)

and

Wϕ(n),ϕ(n) = AnBnWϕ,ϕ =

(
1

4

∂2

∂x2
+ p2
)n

Wϕ,ϕ. (10.15)

Suppose we have the cross Wigner distribution of ϕ(x) and ψ(x) and wish to
obtain the cross Wigner distributions of g(x)ϕ(x) and ψ(x), or ϕ(x) and g(x)ψ(x),
where g(x) is an arbitrary function. Using the above methods results in

Wgϕ,ψ(x, p) = g∗(Ex)Wϕ,ψ, (10.16)
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Wϕ,gψ(x, p) = g(Fx)Wϕ,ψ, (10.17)

where

Ex = x+
1

2i

∂

∂p
, Fx = x− 1

2i

∂

∂p
. (10.18)

10.2 Ordinary Differential Equations

We consider ordinary differential equations of nth order, with constant coefficients

an
dnϕ(x)

dxn
+ an−1

dn−1ϕ(x)

dxn−1
· · ·+ a1

dϕ(x)

dx
+ a0ϕ(x) = f(x). (10.19)

We write the equation in polynomial notation

P (D)ϕ(x) = f(x) (10.20)

where

D =
d

dx
(10.21)

and
P (D) = anDn + an−1Dn−1 + · · ·+ a1D + a0. (10.22)

Taking the Wigner distribution of both sides of Eq. (10.20) we obtain

WP (D)ϕ,P (D)ϕ(x, p) = Wf,f (x, p) (10.23)

where Wf,f (x, p) is the Wigner distribution of the forcing term

Wf,f (x, p) =
1

2π

∫
f∗(x− 1

2τ)e
−iτpf(x+ 1

2τ) dτ. (10.24)

Using the results described in the previous section one obtains the differential
equation for the Wigner distribution

P ∗(A)P (B)Wϕ,ϕ(x, p) = Wf,f (x, p) (10.25)

where A and B are given by Eq. (10.13). Explicitly

P ∗
(
1

2

∂

∂x
− ip

)
P

(
1

2

∂

∂x
+ ip

)
Wϕ,ϕ(x, p) = Wf,f (x, p). (10.26)

This equation is in general a partial differential equation of twice the order of the
original differential equation, that is order 2n. In Eq. (10.25),

P (A) = anA
n + an−1A

n−1 + · · ·+ a1A+ a0 (10.27)

and
P ∗(A) = a∗nA

n + a∗n−1A
n−1 + · · ·+ a∗1A+ a∗0. (10.28)
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That is, in P ∗(A) only the coefficients are complex conjugated.
If the driving force is zero then

P ∗(A)P (B)Wϕ,ϕ(x, p) = 0 (10.29)

For this case the equation simplifies to two equations

P ∗(A)Wϕ,ϕ(x, p) = P (B)Wϕ,ϕ(x, p) = 0. (10.30)

Example. Consider the equation

d2ϕ(x)

dx2
+ 2μ

dϕ(x)

dx
+ ω2

0ϕ(x) = f(x). (10.31)

Using the above procedure one obtains[
a4

∂4

∂x4
+ a3

∂3

∂x3
+ a2

∂2

∂x2
+ a1

∂

∂x
+ a0

]
Wϕ,ϕ(x, p) = Wf,f (x, p) (10.32)

where,

a0 = (ω2
0 − ω2)2 + 4μ2ω2, (10.33)

a1 = 2μ(ω2
0 + ω2), a2 =

1

2
(ω2

0 + ω2 + 2μ2), (10.34)

a3 =
1

2
μ, a4 = 1/16. (10.35)

While Eq. (10.32) is clearly more complicated than Eq. (10.31) it turns out that
the solution to Eq. (10.32) is simple and very insightful [29, 30].

10.3 Non-Constant Coefficients

For an ordinary differential equation with non-constant coefficients,

an(x)
dnϕ(x)

dxn
+an−1(x)

dn−1ϕ(x)

dxn−1
+ · · ·+a1(x)

dϕ(x)

dx
+a0(x)ϕ(x) = f(x) (10.36)

we again rewrite it in polynomial notation

P (D, x)ϕ(x) = f(x) (10.37)

where now

P (D, x) = an(x)Dn + an−1(x)Dn−1 + . . .+ a1(x)D + a0(x). (10.38)

A similar derivation that led to Eq. (10.25) leads now to

P ∗(Ax, Ex)P (Bx, Fx)Wu,u(t, ω) = Wf,f (t, ω). (10.39)

Partial differential Equations. One can also transform partial differential equations
into phase space equations but we do not do so here [29]. We point out that indeed
in Wigner’s original paper, he transformed the Schrödinger equation into a phase
space equation for the Wigner distribution.



Chapter 11

The Eigenvalue Problem in
Phase-Space

Suppose we have a correspondence between the symbol a(x, p) and the Weyl op-
erator A (X,D),

a(x, p)↔ A (X,D) . (11.1)

If a(x, p) is real, then A (X,D) is Hermitian and we can then consider the eigen-
value problem

A(X,D)un(x) = λnun(x) (11.2)

where λn and un(x) are the eigenvalues and eigenfunctions respectively. Since the
operator is Hermitian, the eigenvalues are real and the eigenfunctions are complete
and orthogonal. In Eq. (3.16) we showed that for an arbitrary function

A(X,D)un(x) =

∫∫
â(θ, τ) eiθτ/2 eiθxun(x+ τ) dθ dτ (11.3)

=
1

2π

∫∫
a

(
x+ τ

2
, p

)
e−ipτ un(τ + x) dτ dp. (11.4)

Hence, the eigenvalue problem becomes

1

2π

∫∫
a

(
x+ τ

2
, p

)
e−ipτ un(τ + x) dτ dp = λnun(x) (11.5)

or ∫∫
â(θ, τ) eiθτ/2 eiθxun(x+ τ) dθ dτ = λnun(x). (11.6)

This can be thought as an integral equation for un(x).
We now formulate the eigenvalue problem in phase space. In Eq (11.6) let

x → x+ τ ′/2, then multiply by 1
2πu

∗
k(x− τ ′/2)e−iτ ′p, and integrate with respect
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to dτ ′ to obtain

1

2π

∫∫∫
u∗k(x− τ ′/2)e−iτ ′pâ(θ, τ) eiθτ/2 eiθ(x+τ ′/2)un(x+ τ ′/2 + τ) dθ dτ dτ ′

= λn
1

2π

∫
u∗k(x− τ ′/2)un(x+ τ ′/2)e−iτ ′p dτ ′ (11.7)

The right hand side is the cross Wigner distribution

Wkn(x, p) =
1

2π

∫
u∗k(x− τ/2)un(x+ τ/2)e−iτp dτ (11.8)

and therefore

1

2π

∫∫∫
â(θ, τ)u∗k(x− τ ′/2)un(x+ τ ′/2 + τ)

× e−iτ ′peiθτ/2 eiθ(x+τ ′/2)dθ dτ dτ ′ = λnWkn(x, p) (11.9)

which after a few straightforward transformations gives∫∫
Wkn(x+ τ/2, p− θ/2)â(θ, τ) eiθx+iτp dθ dτ = λnWkn(x, p). (11.10)

Recalling the properties of the translation operators we have that∫∫
Wkn(x+ τ/2, p− θ/2)eiθx+iτpdθ dτ = eiθ(x+

i
2

∂
∂p )+iτ(p− i

2
∂
∂x ) Wkn(x, p)

(11.11)
and therefore∫∫

â(θ, τ) eiθ(x+
i
2

∂
∂p )+iτ(p− i

2
∂
∂x ) Wkn(x, p)dθ dτ = λnWkn(x, p) (11.12)

giving

a

(
x+

i

2

∂

∂p
, p− i

2

∂

∂x

)
Wkn(x, p) = λnWkn(x, p). (11.13)

Example. Consider the case
a(x, p) = p (11.14)

then Eq. (11.13) becomes

pWλλ′(x, p) +
1

2i

∂

∂x
Wλλ′(x, p) = λWλλ′ (11.15)

where we have substituted λ, λ′ for k, n since the eigenvalues are clearly continuous.
The solution is

Wλλ′(x, p) =
1

2π
ei(λ−λ′)xδ(p−λ′/2− λ/2). (11.16)

This can be verified directly by finding the eigenfunctions, namely

ϕλ(x) =
1√
2π

eiλx (11.17)

and substituting into Eq. (11.8)
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11.1 General Kernel

To obtain the eigenvalue equations for a general kernel we start with the general-
ized correspondence rule, Eq. (4.15),

A(X,D)un(x) =

∫∫
â(θ, τ) Φ(θ, τ)eiθτ/2 eiθx un(x+ τ) dθ dτ (11.18)

and therefore the eigenvalue problem becomes∫∫
â(θ, τ) Φ(θ, τ)eiθτ/2 eiθxun(x+ τ) dθ dτ = λnun(x). (11.19)

In Eq. (11.19) let x→ q + τ ′/2, then multiply by(
1

2π

)2

u∗k(q − τ ′/2) e−iθ′x−iτ ′p+iθ′q Φ(θ′, τ ′) (11.20)

and integrate with respect dθ′ dτ ′dq to obtain that

(
1

2π

)2 ∫∫
â(θ, τ)u∗k(q − τ ′/2) e−iθ′x−iτ ′p+iθ′q Φ(θ′, τ ′)Φ(θ, τ)

× eiθτ/2 eiθ(q+τ ′/2)un(q + τ ′/2 + τ) dθ dτ dθ′ dτ ′dq = λnCkn(x, p) (11.21)

where

Ckn(x, p) =
1

4π2

∫∫∫
Φ(θ, τ)u∗k(q− 1

2τ)un(q+
1
2τ)e

−iθx−iτp+iθq dθ dτ dq. (11.22)

Furthermore using

u∗k(q − 1
2τ)un(q +

1
2τ) =

1

2π

∫∫∫
Ckn(x

′
, p′)eiθx

′+iτp′

Φ(θ, τ)
e−iθq dθ dx′ dp′ (11.23)

or in general

u∗k(q
′)un(q) =

1

2π

∫∫∫
Ckn(x

′
, p′)

Φ(θ, q − q′)
eiθ(x

′−(q′+q)/2)+i(q−q′)p′
dθ dx′ dp′ (11.24)

a straightforward but somewhat lengthy manipulation of Eq. (11.21) leads to

(
1

2π

)2 ∫∫
â(θ, τ) eiθ

′(x′−x−τ/2) eiτ
′(p′−p+θ/2)Ckn(x

′
, p′)eiθx

′+iτp′

× Φ(θ′, τ ′)Φ(θ, τ)

Φ(θ + θ′, τ ′ + τ)
dθ dτ dθ′ dτ ′ dq dx′ dp′ = λnCkn(x, p). (11.25)
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Using the same type of steps that led to Eq. (11.13) leads to(
1

2π

)2 ∫∫ Φ( 1i
∂

∂x′ ,
1
i

∂
∂p′ )Φ(

1
i

∂
∂x′

a
, 1
i

∂
∂p′

a
)

Φ( 1i
∂

∂x′
a
+ 1

i
∂

∂x′ ,
1
i

∂
∂p′

a
+ 1

i
∂
∂p′ )

eiθ
′(x′−x) eiτ

′(p′−p)â(θ, τ)

× e
iθ
(
x′+ i

2
∂

∂p′
)
+iτ(p′− i

2
∂

∂x′ ) Ckn(x
′, p′) dθ dτ dθ′ dτ ′ dx′dp′ = λnCkn(x, p)

(11.26)

which gives

Φ( 1i
∂
∂x ,

1
i

∂
∂p )Φ(

1
i

∂
∂xa

, 1
i

∂
∂pa

)

Φ( 1i
∂

∂xa
+ 1

i
∂
∂x ,

1
i

∂
∂pa

+ 1
i

∂
∂p )

a

(
x+

i

2

∂

∂p
, p− i

2

∂

∂x

)
Ckn(x, p) = λnCkn(x, p).

(11.27)
If one takes Φ = 1 then the Wigner case is obtained and these equations reduce
to the ones of the previous section.

Example. For the kernel
ΦAS(θ, τ) = eiθτ/2 (11.28)

which is the anti-standard ordering rule, we have that

Φ(θ′, τ ′)Φ(θ, τ)

Φ(θ + θ′, τ ′ + τ)
= e−iθ′τ/2e−iθτ ′/2 (11.29)

and hence

Φ( 1i
∂
∂x ,

1
i

∂
∂p )Φ(

1
i

∂
∂xa

, 1
i

∂
∂pa

)

Φ( 1i
∂

∂xa
+ 1

i
∂
∂x ,

1
i

∂
∂pa

+ 1
i

∂
∂p )

= exp

[
i

2

(
∂

∂x

∂

∂pa
+

∂

∂xa

∂

∂p

)]
. (11.30)

Eq. (11.27) then becomes

exp

[
i

2

(
∂

∂x

∂

∂pa
+

∂

∂xa

∂

∂p

)]
a

(
x+

i

2

∂

∂p
, p− i

2

∂

∂x

)
CAS

kn (x, p) = λnC
AS
kn (x, p)

(11.31)
and for Eq. (11.26) we have

(
1

2π

)2 ∫∫
â(θ, τ) eiθ

′x′
eiτ

′p′
eiθx

′+iτp′

× CAS
kn (x

′
+ x+ τ , p′ + p) dθ dτ dθ′ dτ ′ dx′dp′=λnC

AS
kn (x, p). (11.32)



Chapter 12

Arbitrary Operators: Single
Operator

In this chapter we study the operator

M(θ) = eiθA (12.1)

where A is an arbitrary Hermitian operator and θ is real. We use calligraphicM(θ)
for the operator as we will use M(θ) for the characteristic function which is an
ordinary function. We call M(θ) the characteristic function operator because its
expectation value will be a proper characteristic function in the sense that it yields
a proper probability distribution. By a proper probability distribution, we mean
that it is manifestly positive and normalized to 1. Also, instead of probability one
can think of intensity and the same considerations apply. The basic idea is that
the expectation value of M(θ) in a state ϕ(x),

M(θ) =

∫
ϕ∗(x)M(θ)ϕ(x) dx (12.2)

will define a proper characteristic function and associated probability distribution.

12.1 The Probability Distribution Corresponding to an
Operator

Suppose we have a probability distribution, P (λ), of the random variable λ; then
the characteristic function is defined by

M(θ) =

∫
eiθλP (λ)dλ = 〈eiθλ〉 (12.3)
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and conversely knowing M(θ) we obtain the probability distribution by way of
Fourier inversion

P (λ) =
1

2π

∫
M(θ) e−iθλ d.θ (12.4)

The moments are given by

〈λn〉 = 1

in
dn

dθn
M(θ)

∣∣
θ=0

. (12.5)

If the moments are known, the characteristic function can be constructed by way
of

M(θ) =
〈
eiθλ
〉
=

∞∑
n=0

(iθ)n

n!
〈λn〉. (12.6)

The characteristic function is an average, the average of eiθλ, and hence for
a state ϕ(x) we take

M(θ) =

∫
ϕ∗(x) eiθA ϕ(x) dx. (12.7)

The state function is normalized to 1,∫
|ϕ(x)|2dx = 1. (12.8)

Applying Eq. (12.4) the probability distribution is

P (λ) =
1

2π

∫
M(θ) e−iθλdθ (12.9)

=
1

2π

∫∫
ϕ∗(x)eiθAϕ(x)e−iθλ dx dθ. (12.10)

There are two cases to consider, corresponding to when the spectrum of A is
continuous or discrete.

Continuous case. Since A is Hermitian, the eigenvalues are real and the eigenfunc-
tions are complete. We write

Au(λ, x) = λu(λ, x) (12.11)

and expand the state function as

ϕ(x) =

∫
F (λ)u(λ, x) dλ (12.12)

where

F (λ) =

∫
ϕ(x)u∗(λ, x) dλ. (12.13)
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The characteristic function, Eq. (12.7), is then

M(θ) =

∫
F ∗(λ)u∗(λ, x)eiθAF (λ′)u(λ′, x) dλ dλ′ dx (12.14)

=

∫
F ∗(λ)u∗(λ, x)eiθλ

′
F (λ′)u(λ′, x) dλ dλ′ dx (12.15)

=

∫
F ∗(λ)eiθλ

′
F (λ′)δ(λ− λ′) dλ dλ′ (12.16)

which evaluates to

M(θ) =

∫
|F (λ)|2 eiθλ dλ. (12.17)

Therefore, the probability distribution is clearly

P (λ) = |F (λ)|2 =

∣∣∣∣∫ ϕ(x)u∗(λ, x) dx

∣∣∣∣2 (12.18)

which is manifestly positive.

Discrete case. For the discrete case we write

Aun(x) = λnun(x) (12.19)

and expand the state function, ϕ(x), as

ϕ(x) =
∞∑

n=0

cn un(x) (12.20)

where

cn =

∫
u∗n(x)ϕ(x) dx. (12.21)

Substitution into Eq. (12.10) gives

M(θ) =
∑
n

|cn|2eiθλn . (12.22)

Further, using Eq. (12.4) we have

P (λ) =
1

2π

∫
M(θ) e−iθλdθ (12.23)

=
1

2π

∫ ∑
n

|cn|2eiθλne−iθλdθ (12.24)

giving

P (λ) =
∑
n

|cn|2 δ(λn − λ). (12.25)

Therefore, the only values which are not zero are the λn’s and the probability for
obtaining λn is

P (λn) = |cn|2 =

∣∣∣∣∫ u∗n(x)ϕ(x) dx

∣∣∣∣2 . (12.26)
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12.2 Expectation Value

We now calculate the expectation value of λ. By the usual definition, it is given
by

〈λ〉 =
∫

λP (λ)dλ =

∫
λ |F (λ)|2 dλ. (12.27)

However, one can also obtain it from the characteristic function, Eq. (12.5), by
way of

〈λ〉 = 1

i

∂

∂θ
M(θ)

∣∣
θ=0

. (12.28)

Using Eq. (12.7) we have,

〈λ〉 = 1

i

∂

∂θ
M(θ)

∣∣
θ=0

=
1

i

∂

∂θ

∫
ϕ∗(x)eiθAϕ(x) dx

∣∣
θ=0

(12.29)

or

〈λ〉 =
∫

ϕ∗(x)Aϕ(x) dx. (12.30)

Thus we have two dramatically different expressions for the expectation value, Eq.
(12.27) and Eq. (12.30). Similarly for any function f(λ),

〈f(λ)〉 =
∫

f(λ) |F (λ)|2 dλ =

∫
ϕ∗(x)f(A)ϕ(x) dx. (12.31)

Quantum mechanics and the Born interpretation. In 1926, Born gave what is now
accepted as the proper interpretation of the formalism of quantum mechanics,
namely that it is probabilistic theory. The above method of calculating proba-
bilities is what is called the Born interpretation and is one of the fundamental
ideas of quantum mechanics. In quantum mechanics, observables are represented
by operators and the numerical values that can be measured are the eigenvalues
of the operators and the corresponding probability is given by Eq. (12.18) or Eq.
(12.26)

12.3 Examples

Linear Combination of X and D. Consider the operator made up of a linear com-
bination of X and D,

A = αX + βD. (12.32)

The operator is Hermitian for real α and β. Solving the eigenvalue problem(
αx− iβ

d

dx

)
u(λ, x) = λu(λ, x) (12.33)
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gives

u(λ, x) =
1√
2πβ

ei(λx−αx2/2)/β (12.34)

where we have normalized to a delta function. Hence, we have the following trans-
form pairs:

F (λ) =
1√
2πβ

∫
ϕ(x)e−i(λx−αx2/2)/βdx, (12.35)

ϕ(x) =
1√
2πβ

∫
F (λ)ei(λx−αx2/2)/βdλ. (12.36)

For the characteristic function, using Eq. (12.7), we have

M(θ) = 〈eiθA〉 (12.37)

=

∫
ϕ∗(x) eiθ(αX+βD)ϕ(x) dx (12.38)

=

∫
ϕ∗(x) eiθ

2αβ/2 eiαθX eiθβDϕ(x) dx (12.39)

=

∫
ϕ∗(x) eiθ

2αβ/2 eiαθxϕ(x+ θβ) dx (12.40)

giving

M(θ) =

∫
ϕ∗(x− 1

2θβ) e
iθαxϕ(x+ 1

2θβ) dx. (12.41)

The distribution is then

P (λ) =
1

2π

∫
M(θ) e−iθλdθ (12.42)

=
1

2π

∫∫
ϕ∗(x− 1

2θβ) e
−iθ(λ−αx)ϕ(x+ 1

2θβ)dθdx (12.43)

which simplifies to

P (λ) =

∣∣∣∣ 1√
2πβ

∫
ϕ(x)e−i(λx−αx2/2)/βdx

∣∣∣∣2 = |F (λ)|2 (12.44)

and is consistent with the general result, Eq. (12.18).

Spatial Frequency Operator. If in the above we take α = 0 and β = 1, then A is
just the spatial frequency operator,

A = D. (12.45)

From Eq. (12.34) we have that the eigenfunctions are

u(λ, x) =
1√
2π

eiλx (12.46)
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which of course leads to standard Fourier analysis. For the characteristic function
we have

M(θ) = 〈eiθD〉 =
∫

ϕ∗(x)eiθDϕ(x) dx (12.47)

=

∫
ϕ∗(x)ϕ(x+ θ) dx. (12.48)

The distribution is then

P (λ) =
1

2π

∫
M(θ)e−iθλdθ =

1

2π

∫∫
ϕ∗(x)ϕ(x+ θ)e−iθλdx dθ (12.49)

which simplifies to

P (λ) =

∣∣∣∣ 1√
2π

∫
ϕ(x)e−iλxdx

∣∣∣∣2 . (12.50)

In spectral analysis, this is called the energy density spectrum.

Example. αX + βD2. We solve the eigenvalue problem in the Fourier domain. We
write

{iα d

dp
+ βp2 } û(λ, p) = λ û(λ, p). (12.51)

The solutions, normalized to a delta function, are

û(λ, p) =
1√
2πα

e−i(λp−βp3/3)/α (12.52)

and therefore for any state function in the Fourier representation ϕ̂(p),

ϕ̂(p) =
1√
2πα

∫
F̂ (λ)e−i(λp−βp3/3)/αdλ, (12.53)

F̂ (λ) =
1√
2πα

∫
ϕ̂(p)ei(λp−βp3/3)/αdp. (12.54)

The eigenfunctions û(λ, p) can be written in the position representation as

u(λ, x) =
1√
2π

∫
û(λ, p)eipxdp (12.55)

=
1

2π

1√
α

∫
e−i(λp−βp3/3)/αeipxdp (12.56)

which after some straightforward manipulations leads to

u(λ, x) =
1

πα1/6β1/3

∫ ∞
0

cos

[
1
3p

3 +
α1/3

β1/3
(x− λ/α)p

]
dp. (12.57)



12.3. Examples 117

This can be written in terms of an Airy function which is defined by

Ai(x) =
1

π

∫ ∞
0

cos
(
1
3 t

3 + xt
)
dt

and satisfies the differential equation

d2

dx2
Ai(x)− xAi(x) = 0. (12.58)

Therefore we have that

u(λ, x) =
1

α1/6β1/3
Ai

(
α1/3

β1/3
[x− λ/α]

)
. (12.59)

Example. Scale Operator. Consider the operator

C = 1
2 (XD +DX) = XD − 1

2 i = DX + 1
2 i (12.60)

which is sometimes called the dilation operator. The eigenvalue problem is

Cu(c, x) = c u(c, x) (12.61)

or
1

2i

(
d

dx
x+ x

d

dx

)
u(c, x) = c u(c, x). (12.62)

The solutions normalized to a delta function are

u(c, x) =
1√
2π

eic ln x

√
x

, x ≥ 0 (12.63)

and satisfy ∫ ∞
0

u∗(c′, x)u(c, x) dx = δ(c− c′), (12.64)∫
u∗(c, x′)u(c, x)dc = δ(x− x′), x, x′ ≥ 0. (12.65)

Hence, the transformation equations between the x and c are

ϕ(x) =
1√
2π

∫
F (c)

eic ln x

√
x

dc; x ≥ 0, (12.66)

F (c) =
1√
2π

∫ ∞
0

ϕ(x)
e−ic ln x

√
x

dx. (12.67)

The operation of eiθC on an arbitrary function, ϕ(x), is given by [19]

eiθCϕ(x) = eθ/2ϕ(eθx) (12.68)



118 Chapter 12. Arbitrary Operators: Single Operator

and therefore the characteristic function is

M(θ) =

∫ ∞
0

ϕ∗(x) eiθC ϕ(x) dx =

∫ ∞
0

ϕ∗(x) eθ/2 ϕ(eθx) dx (12.69)

which simplifies to

M(θ) =

∫ ∞
0

ϕ∗(e−θ/2x)ϕ(eθ/2x) dx. (12.70)

Hence

P (c) =
1

2π

∫ ∫ ∞
0

ϕ∗(e−θ/2x)ϕ(eθ/2x)e−iθc dx dθ (12.71)

which reduces to

P (c) =

∣∣∣∣ 1√
2π

∫ ∞
0

ϕ(x)
e−ic ln x

√
x

dx

∣∣∣∣2 = |F (c)|2 . (12.72)

Example. Inverse Frequency. Consider the operator R defined by

R =
p0
D

(12.73)

where p0 is constant. We call R the inverse frequency operator and use r to signify
the inverse frequency values. The eigenvalue problem in the Fourier representation
is

p0
p
û(r, p) = r û(r, p). (12.74)

The solution, normalized to a delta function, is

û(r, p) =

√
p0

r
δ(p− p0/r) =

√
p0

p
δ(r − p0/p) (12.75)

and one can expand ϕ̂(p) as

ϕ̂(p) =

∫
F̂ (r)û(r, p) dr (12.76)

with

F̂ (r) =

∫
ϕ̂(p)û∗(r, p) dp. (12.77)

Substituting Eq. (12.75) into Eq. (12.77) we obtain that

F̂ (r) =

∫
ϕ̂(p)

√
p0

r
δ(p− p0/r) dp =

√
p0

r
ϕ̂(p0/r). (12.78)

The distribution, according to Eq. (12.18), is then

P (r) = |F (r)|2 =
p0
r2
|ϕ̂(p0/r)|2 . (12.79)
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It is of interest to calculate the characteristic function

M(θ) =

∫
ϕ̂∗(p)eiθp0/pϕ̂(p) dp =

∫
eiθp0/p |ϕ̂(p)|2 dp (12.80)

giving

P (r) =
1

2π

∫∫
eiθp0/p |ϕ̂(p)|2 e−iθr dp dθ (12.81)

which evaluates to the P (r) given by Eq. (12.79).



Chapter 13

Uncertainty Principle for
Arbitrary Operators

The uncertainty principle was first given by Heisenberg and justified in a heuristic
manner. The formulation in terms of standard deviations was derived by Weyl
for the X,D case and by Robertson for the case of two arbitrary operators. The
uncertainty principle involves the relationship of the standard deviation of two
operators when calculated with the same state function. Since we are calculating
the standard deviations with the same state function it is not surprising that
there should be a relationship between the two standard deviations. But what is
surprising is the form that the relationship takes and the fact that the commutator
of the two operators appears in a fundamental way.

13.1 The Standard Deviation of an Operator

The average and average square of a Hermitian operator are, respectively, given
by

〈A〉 =
∫

ϕ∗(x)Aϕ(x) dx, (13.1)〈
A2
〉
=

∫
ϕ∗(x)A2 ϕ(x) dx =

∫
|Aϕ(x)|2 dx, (13.2)

and the variance is defined by

σ2
A = 〈A2〉 − 〈A〉2 (13.3)

which can be written as

σ2
A =

∫
ϕ∗(x) (A− 〈A〉)2ϕ(x) dx =

∫
|(A− 〈A〉)ϕ(x)|2 dx. (13.4)
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Alternate expressions. Suppose we break up the quantity Aϕ/ϕ into its real and
imaginary parts,

Aϕ

ϕ
=

(
Aϕ

ϕ

)
R

+ i

(
Aϕ

ϕ

)
I

(13.5)

and consider the expected value

〈A〉 =
∫

ϕ∗(x)Aϕ(x) dx (13.6)

=

∫
Aϕ(x)

ϕ(x)
|ϕ(x)|2 dx (13.7)

=

∫ [(
Aϕ

ϕ

)
R

+ i

(
Aϕ

ϕ

)
I

]
|ϕ(x)|2 dx. (13.8)

But for Hermitian operators 〈A〉 is real and we therefore must have

〈A〉 =
∫ (

Aϕ

ϕ

)
R

|ϕ(x)|2 dx. (13.9)

Similarly, using Eq. (13.4) we have

σ2
A =

∫
ϕ∗(x) (A− 〈 A 〉 )2 ϕ(x) dx (13.10)

=

∫
| {A− 〈A 〉}ϕ(x) |2 dx (13.11)

=

∫ ∣∣∣∣ (Aϕϕ − 〈A 〉
)
ϕ(x)

∣∣∣∣2 dx (13.12)

=

∫ ∣∣∣∣[ (Aϕϕ
)

R

− 〈A 〉 + i

(
Aϕ

ϕ

)
I

]
ϕ(x)

∣∣∣∣2 dx (13.13)

and therefore

σ2
A =

∫ (
Aϕ

ϕ

)2

I

|ϕ(x)|2 dx +

∫ [ (
Aϕ

ϕ

)
R

− 〈A 〉
]2
|ϕ(x)|2 dx. (13.14)

Similarly, 〈
A2
〉
=

∫ {(
Aϕ

ϕ

)2

I

+

(
Aϕ

ϕ

)2

R

}
|ϕ(x)|2 dx. (13.15)

It is important to appreciate that the above results are based on taking the oper-
ators to be Hermitian.

Example. Consider the case where we take the state function to be

ϕ(x) = (α/π)1/4 e−αx2/2+iβx2/2+iγx (13.16)
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and we consider 〈D〉 and σ2
D. We have

Dϕ(x)

ϕ(x)
= −i(−αx+ iβx+ iγ) (13.17)

and therefore (
Dϕ

ϕ

)
R

= βx+ γ;

(
Dϕ

ϕ

)
I

= αx. (13.18)

Using Eq. (13.9) we have

〈D〉 =
∫

(βx+ γ) |ϕ(x)|2 dx = (α/π)1/2
∫

(βx+ γ)e−αx2

= γ. (13.19)

Now consider

σ2
D =

∫ (
Dϕ

ϕ

)2

I

|ϕ(x)|2 dx +

∫ [ (
Dϕ

ϕ

)
R

− 〈D 〉
]2
|ϕ(x)|2 dx (13.20)

=

∫
(αx)2 |ϕ(x)|2 dx +

∫
[ βx+ γ − γ ]

2 |ϕ(x)|2 dx (13.21)

= (α/π)1/2(α2 + β2)

∫
x2 e−αx2

dx (13.22)

giving

σ2
D =

α2 + β2

2α
. (13.23)

13.2 Schwarz Inequality

The Schwarz inequality is that for any two complex functions f(x) and g(x)∫
| f(x) |2 dx ×

∫
| g(x) |2 dx ≥

∣∣∣∣ ∫ f∗(x) g(x) dx

∣∣∣∣2 . (13.24)

A simple proof is to use the identity∫
| f(x) |2 dx

∫
| g(x) |2 dx −

∣∣∣∣ ∫ f∗(x) g(x) dx

∣∣∣∣2
= 1

2

∫∫
| f(x) g(y)− f(y) g(x) |2 dx dy (13.25)

which is readily verified by direct expansion. Since the right hand side is manifestly
positive, Eq. (13.24) follows.
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13.3 Uncertainty Principle

The uncertainty principle involves the standard deviation of two operators. Since
the standard deviation does not depend on the average, there is no loss of generality
if we consider operators whose means are zero. For two such operators, A and B,
the standard deviations are

σ2
A =
〈
A2
〉
=

∫
|Aϕ(x)|2 dx, (13.26)

σ2
B =

〈
B2
〉
=

∫
|Bϕ(x)|2 dx. (13.27)

Multiply these two expressions

σ2
Aσ

2
B =

∫
|Aϕ(x)|2 dx ×

∫
|Bϕ(x)|2 dx. (13.28)

Letting

f(x) = Aϕ(x), (13.29)

g(x) = Bϕ(x), (13.30)

and using the Schwarz inequality, Eq. (13.24), we have

σ2
Aσ

2
B =

∫
|Aϕ(x) |2 dx ×

∫
|Bϕ(x) |2 dx ≥

∣∣∣∣ ∫ [Aϕ(x)]∗Bϕ(x) dx

∣∣∣∣2
(13.31)

=

∣∣∣∣ ∫ ϕ∗(x)ABϕ(x) dx

∣∣∣∣2 . (13.32)

That is
σ2
Aσ

2
B ≥ |〈AB〉|

2
. (13.33)

Now, AB is not Hermitian and therefore the expected value is not real, but using
Eq. (2.17) we can write

AB = 1
2 [A,B ]+ + i

2 [A,B] /i (13.34)

where 1
2 [A,B ]+ and 1

2i [A,B] are Hermitian. Therefore both
〈
1
2 [A,B ]+

〉
and〈

1
2i [A,B]

〉
are real and hence,

|〈AB〉|2 =
∣∣〈 1

2 [A,B ]+ + i 1
2i [A,B]

〉∣∣2 (13.35)

= 1
4

∣∣〈[A,B ]+
〉∣∣2 + 1

4 |〈[A,B ]〉|2 . (13.36)

Therefore

σ2
Aσ

2
B ≥ 1

4

∣∣〈[A,B ]+
〉∣∣2 + 1

4 |〈[A,B ]〉|2 (second UP). (13.37)
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If the first term is dropped we have

σ2
Aσ

2
B ≥ 1

4 |〈[A,B ]〉|2 (13.38)

or
σAσB ≥ 1

2 |〈[A,B ]〉| (first UP). (13.39)

We have called Eq. (13.39) the first uncertainty principle because that is the most
commonly used one. Eq. (13.37), the second uncertainty principle, is of course
stronger.

The equation that minimizes the uncertainty product, σAσB , is given by

(B − 〈B〉) ϕ(x) = λ(A− 〈A〉) ϕ(x) (13.40)

where

λ =
〈[A,B]〉
2σ2

A

. (13.41)

Note that in general λ may be complex since [A,B] is not Hermitian.
It is important to appreciate the following. The right hand side of the uncer-

tainty principle in, 1
2 |〈[A,B ]〉| , is in general state dependent. The only case for

which it is not is when [A,B ] is a constant. However, even in that case, if we use
the uncertainty principle as given by Eq. (13.37) then it is state dependent. The
example below will illustrate the issue.

The (X,D) Case. For the X and D case, [X,D] = i, and therefore

σXσD ≥ 1
2 (first UP). (13.42)

This is one of the most renowned results both in quantum mechanics and signal
analysis.

13.4 Examples

Example 1. Consider the uncertainty principle for X and D where the state func-
tion is given by Eq. (13.16),

ϕ(x) = (α/π)1/4 e−αx2/2+iβx2/2+iγx. (13.43)

We first give the exact value for σXσD. It is straightforward to verify that

〈X 〉 = , σ2
X =

1

2α
, (13.44)

〈D 〉 = γ, 〈D2 〉 = α2 + β2

2α
+ γ2, (13.45)

σ2
D =

α2 + β2

2α
. (13.46)
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Therefore

σXσD = 1
2

√
1 + β2

α2 (exact) (13.47)

and indeed σXσD ≥ 1
2 .

The spectrum of ϕ(x) is calculated to be

ϕ̂(p)=

√ √
α√

π(α− iβ)
e−(p−γ)2/2(α−iβ). (13.48)

Now consider | ϕ̂(p) |2 and |ϕ(x) |2,

|ϕ(x) |2 = (α/π)1/2 e−αx2

, (13.49)

| ϕ̂(p) |2=
√

α

π(α2 + β2)
e−α(p−γ)2/(α2+β2), (13.50)

and we see that no matter how we adjust α and β, | ϕ̂(p) |2 and |ϕ(x) |2 can not
both be made arbitrarily narrow. The uncertainty principle is a reflection of this
fact.

Now consider the uncertainty principle as given by Eq. (13.37). We have to
calculate

〈
[X,D]+

〉
. Using the fact that

XD +DX = XD +XD − i = 2XD − i (13.51)

we have〈
[X,D ]+

〉
=

∫
ϕ∗(x)

(
2x

d

idx
− i

)
ϕ(x) (13.52)

= −i (α/π)1/2
∫

[2x(−αx+ iβx+ iγ) + 1] e−αx2

dx (13.53)

which evaluates to 〈
[X,D ]+

〉
=

β

α
. (13.54)

Therefore if we use the uncertainty principle given by Eq. (13.37) we have

σ2
Xσ2

D ≥ 1
4

∣∣〈[X,D ]+
〉∣∣2 + 1

4 |〈[X,D]〉|2 (13.55)

=
1

4

(
1 +

β2

α2

)
(second UP) (13.56)

which is the exact answer.

Example. X and D2. We now consider the uncertainty between X and D2 for the
state function given by Eq. (13.16). The commutator is

[X,D2] = 2Di (13.57)
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and therefore
σ2
Xσ2

D2 ≥ |〈D 〉|2 = γ2 (first UP). (13.58)

Notice that if we take γ = 0 then σ2
Xσ2

D2 ≥ 0 which is vacuous. We now calculate
the exact σ2

Xσ2
D2 . Straightforward calculation yields〈

D2
〉
= σ2

D + γ2, (13.59)〈
D4
〉
= γ4 + 6γ2σ2

D + 3σ4
D, (13.60)

where σD is given by Eq. (13.46). Therefore

σ2
D2 =

〈
D4
〉
−
〈
D2
〉2

= 4γ2σ2
D+2σ4

D = 2

(
α2 + β2

α

)(
α2 + β2

4α
+ γ2

)
(exact)

(13.61)
giving

σ2
Xσ2

D2 =

(
1 +

β2

α2

)(
α2 + β2

4α
+ γ2

)
exact (13.62)

for the exact uncertainty product. To reconcile with Eq. (13.58), the first term can
be dropped since it is manifestly positive

σ2
Xσ2

D2 ≥
(
1 +

β2

α2

)
γ2 ≥ γ2. (13.63)

Now consider the second uncertainty principle. We have that

[X,D2]+ = 2XD2 − 2Di = 2D2X + 2Di (13.64)

and direct calculation gives 〈
[X,D2]+

〉
=

2β

α
γ. (13.65)

Hence for the second uncertainty principle Eq. (13.37), we obtain

σ2
Xσ2

D2 ≥ 1
4

∣∣〈[A,B ]+
〉∣∣2 + 1

4 |〈[A,B ]〉|2 =
(

β
αγ
)2

+ γ2 (13.66)

or

σ2
Xσ2

D2 ≥
(
1 +

β2

α2

)
γ2 (second UP). (13.67)

In comparing with the exact answer, Eq. (13.62), we see that the second uncer-
tainty principle is considerably stronger than the first.

Example. Consider now the special case where β = γ = 0. From Eq. (13.62) we
have

σ2
X =

1

2α
, σ2

D2 =
α2

2
(13.68)



128 Chapter 13. Uncertainty Principle for Arbitrary Operators

and hence
σ2
Xσ2

D2 =
α

4
(exact). (13.69)

Note that now the uncertainty product can be made as small as one desires by
controlling α. What is happening is that for α→ 0 the standard deviation of D2

is going to zero faster than the standard deviation of x is going to infinity.
It is of interest to calculate the intensity functions. For x it is given by Eq.

(13.49)

I(x) = |ϕ(x) |2 = (α/π)1/2 e−αx2

(13.70)

where we have used I(x) for the intensity to differentiate the examples. Now for
D2 we use ν for the new variable corresponding to D2,

ν = p2 (13.71)

and the intensity, I(ν) is obtained by way of Eq. (13.49)

ν = p2, (13.72)

I(ν) =
1√
ν
| ϕ̂(
√
ν) |2=

√
1

παν
e−ν/α, (13.73)

where | ϕ̂(p) |2 is given by Eq. (13.50). The intensity, I(ν), is narrower as compared
to I(x). One may calculate the standard deviation of I(ν) directly:

σ2
ν =

∫ ∞
0

(ν − 〈ν〉)2I(ν)dν = σ2
D2 (13.74)

and obtain σ2
D2 as given by Eq. (13.68).



Chapter 14

The Khintchine Theorem and
Characteristic Function
Representability

In the standard consideration of the characteristic function, defined by the Fourier
transform of the probability density, there arises the issue that not every complex
function is a characteristic function since it must be derivable from a proper prob-
ability distribution. That is, the characteristic function is the Fourier transform
of a function that is manifestly positive. Khintchine derived necessary and suffi-
cient conditions for a complex function to be a characteristic function: M(θ) is a
characteristic function if and only if it is expressible as

M(θ) =

∫
ϕ∗(x)ϕ(x+ θ) dx (14.1)

for some function ϕ(x), which must be normalized to 1,∫
|ϕ(x)|2 dx = 1. (14.2)

One then says that M(θ) is representable or realizable.
Now, if we write Eq. (14.1) as

M(θ) =

∫
ϕ∗(x)eiθDϕ(x) dx (14.3)

we see that it is a special case of the result that we obtained in Chap. 12, Eq.
(12.7), where we showed that

M(θ) =

∫
ϕ∗(x)eiθAϕ(x) dx (14.4)
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is a proper characteristic function if the operator A is Hermitian. The associated
probability distribution is, for the continuous case, given by

P (λ) = |F (λ)|2 =

∣∣∣∣∫ ϕ(x)u∗(λ, x) dx

∣∣∣∣2 (14.5)

where u(λ, x) are the eigenfunctions of the operator A. Thus, the Khintchine
theorem is a special case where the operator is D. One is led to generalizing the
Khintchine theorem: M(θ) is a characteristic function if and only if there exists
the representation

M(θ) =

∫
ϕ∗(x)eiθAϕ(x) dx (14.6)

where A is a Hermitian operator.
Since Eq. (14.5) is manifestly positive, the sufficiency follows. Now suppose

we have the probability distribution P (λ), then by the definition of M(θ),

M(θ) =

∫
eiθλP (λ) dλ =

∫
eiθλ
√
P (λ)

√
P (λ) dλ. (14.7)

Expand
√
P (λ) as √

P (λ) =

∫
u∗(λ, x)ϕ(x) dx. (14.8)

But since
√
P (λ) is real we also have√

P (λ) =

∫
u(λ, x)ϕ∗(x) dx. (14.9)

Substituting into Eq. (14.7), gives

M(θ) =

∫∫∫
u∗(λ, x′)ϕ(x′)eiθλ u(λ, x)ϕ∗(x) dx dx′ dλ (14.10)

=

∫∫∫
u∗(λ, x′)ϕ(x′)

[
eiθA u(λ, x)

]
ϕ∗(x) dx dx′ dλ (14.11)

=

∫∫
ϕ(x′)

[
eiθA δ(x′ − x)

]
ϕ∗(x) dx dx′ (14.12)

=

∫
ϕ∗(x)eiθAϕ(x) dx (14.13)

which proves that Eq. (14.4) is a necessary condition. One can prove the analogous
results for the discrete case.



Chapter 15

Arbitrary operators: Two
Operators

In the previous chapters, we studied the association of the variables (x, p) with an
operator where the individual correspondences of x and p are associated with the
operators X and D. In this chapter, we consider the generalization to arbitrary
operators [21, 22, 79]. A theory analogous to the (X,D) case has not been devel-
oped for arbitrary operators but special cases have been studied and we discuss
some of these. To keep the distinction between the (X,D) and general case, we
use σ(α, β) and G(A,B) for the symbol and corresponding operator, respectively.

15.1 Operator Association

Suppose the ordinary variables α, β are associated with the operators A and B by

A↔ α, (15.1)

B ↔ β, (15.2)

then we want to associate the symbol σ(α, β) with an operator G(A,B),

G(A,B)↔ σ(α, β). (15.3)

In the most general case, the operators A and B are arbitrary Hermitian operators
with commutator, C,

[A,B]= C. (15.4)

As with the (x, p) case, we express the symbol in terms of its Fourier transform,

σ̂(θ, τ) =

∫∫
σ(α, β)e−iθα−iτβ dα dβ, (15.5)
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σ(α, β) =
1

4π2

∫∫
σ̂(θ, τ)eiθα+iτβ dθ dτ. (15.6)

One possibility for the operator G(A,B) is to replace eiθα+iτβ by eiθA+iτB in Eq.
(15.6)

G(A,B) =

∫∫
σ̂(θ, τ)eiθA+iτB dθ dτ. (15.7)

However, as for the (X,D) case there are an infinite number of other possibilities
and in this chapter we consider three choices,

eiθα+iτβ ↔

⎧⎨⎩
eiθA+iτB = M1(θ, τ),
eiθA eiτB = M2(θ, τ),

eiθA/2eiτBeiθA/2 = M3(θ, τ),
(15.8)

and we write

G(A,B) =

∫∫
σ̂(θ, τ)M(θ, τ) dθ dτ (15.9)

where M(θ, τ) is one of the possible orderings, examples being the three choices
given by Eq. (15.8). For the operation on a function we write

G(A,B)ϕ(x) =

∫∫
σ̂(θ, τ)M(θ, τ)ϕ(x) dθ dτ. (15.10)

The general case can be written as

GΦ(A,B) =

∫∫
Φ(θ, τ)σ̂(θ, τ)eiθA+iτB dθ dτ (15.11)

where Φ(θ, τ) is the kernel defined in Chap. 5. One can put constraints on the
kernel, as was done for the (x, p) case. For example, if we want

f(A)↔ f(α), (15.12)

g(B)↔ g(β), (15.13)

where f and g are one variable functions, the constraints on the kernel are the
same as for the (X,D) case, namely Φ(θ, 0) = Φ(0, τ) = 1. However, as mentioned,
a complete theory for Eq. (15.11) has not been developed.

15.2 Joint Distribution

As with the standard case, one can develop the concept of joint distributions in
the sense that we seek a P (α, β) so that for an arbitrary state, ϕ(x),we have∫

ϕ∗(x)G(A,B)ϕ(x) dx =

∫∫
σ(α, β)P (α, β) dα dβ. (15.14)
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We recall that the characteristic function is defined by

M(θ, τ) = 〈 eiθα+iτβ〉 =
∫∫

eiθα+iτβ P (α, β) dα dβ (15.15)

and that the distribution is given by

P (α, β) =
1

4π2

∫∫
M(θ, τ)e−iθα−iτβ dθ dτ. (15.16)

As in the (X,D) case, the characteristic function is an average, the average of
M(θ, τ), and we calculate it by way of

M(θ, τ) = 〈M(θ, τ)〉 =
∫

ϕ∗(x)M(θ, τ)ϕ(x) dx. (15.17)

The distribution is therefore

P (α, β) =
1

4π2

∫∫
〈M(θ, τ)〉 e−iθα−iτβ dθ dτ. (15.18)

Once a particular choice is explicitly obtained, an infinite number of others can
be obtained from

PΦ(α, β) =
1

4π2

∫∫
Φ(θ, τ)M(θ, τ) e−iθα−iτβ dθ dτ. (15.19)

Eq. (15.19) is the generalization of Eq. (5.2) for arbitrary operators.

15.3 Commuting Operators

If the operators commute,
[A,B] = 0 (15.20)

then the association is unambiguously given by

eiθα+iτβ ↔ eiθA eiτB = eiτBeiθA (15.21)

and the corresponding operator for a symbol is given by

G(A,B) =

∫∫
σ̂(θ, τ) eiθA eiτB dθ dτ =

∫∫
σ̂(θ, τ) eiτB eiθAdθ dτ. (15.22)

Commuting operators have common eigenfunctions and we may write

Au(λ, x) = λ u(λ, x) (15.23)

Bu(λ, x) = b(λ) u(λ, x) (15.24)
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where λ and b(λ) are the eigenvalues of A and B respectively and u(λ, x) are the
common eigenfunctions. We expand the state function as

ϕ(x) =

∫
u(λ, x)F (λ) dλ (15.25)

with

F (λ) =

∫
u∗(λ, x)ϕ(x) dx (15.26)

in which case we have

G(A,B)ϕ(x) =

∫∫
σ̂(θ, τ) eiθA eiτB ϕ(x) dθ dτ (15.27)

=

∫∫∫
σ̂(θ, τ) eiθλ eiτb(λ) u(λ, x)F (λ) dθ dτ dλ (15.28)

=
1

4π2

∫∫∫
σ(α, β)e−iθα−iτβeiθλ eiτb(λ) u(λ, x)F (λ) dθ dτ dλ

(15.29)

giving

G(A,B)ϕ(x) =

∫
σ(λ, b(λ))u(λ, x)F (λ) dλ. (15.30)

The expectation value of G(A,B) is

〈G(A,B)〉 =
∫

ϕ∗(x)G(A,B)ϕ(x) dx (15.31)

=

∫∫
u∗(λ′, x)F ∗(λ′)σ(λ, b(λ))u(λ, x)F (λ) dλ dλ′ dx (15.32)

which simplifies to

〈G(A,B)〉 =
∫

σ(λ, b(λ)) |F (λ)|2 dλ. (15.33)

To satisfy Eq. (15.14), we must find P (α, β) so that∫
σ(λ, b(λ)) |F (λ)|2 dλ =

∫∫
σ(α, β)P (α, β) dα dβ. (15.34)

Clearly, we must take

P (α, β) = δ(β − b(α)) |F (α)|2 . (15.35)

This distribution is manifestly positive and shows that for commuting operators,
the procedure gives a proper distribution. Moreover, it brings in the important
physical quantities, namely the eigenvalues of the operators.
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Characteristic function approach. We now obtain the same result from the point
of view of the characteristic function. Using Eq. (15.21), we have

M(θ, τ) =

∫
ϕ∗(x) eiθA eiτB ϕ(x) dx (15.36)

=

∫
u∗(λ′, x)F ∗(λ′)eiθλ eiτb(λ) u(λ, x)F (λ) dλ dλ′ dx (15.37)

which evaluates to

M(θ, τ) =

∫
eiθλ eiτb(λ) |F (λ)|2 dλ. (15.38)

The distribution is therefore

P (α, β) =
1

4π2

∫∫
〈M(A,B )〉 e−iθα−iτβ dθ dτ (15.39)

=
1

4π2

∫∫
eiθλ eiτb(λ) |F (λ)|2 e−iθα−iτβ dλ dθ dτ (15.40)

=

∫
δ(λ− α)δ(b(λ)− β) |F (λ)|2 dλ (15.41)

= δ(b(α)− β) |F (α)|2 (15.42)

which is the same as Eq. (15.35).

15.4 The eiθA+iτB Correspondence

In this section we study the correspondence eiθA+iτB , where we take

G(A,B) =

∫∫
σ̂(θ, τ)eiθA+iτB dθ dτ (15.43)

and for the operation on a function we write

G(A,B)ϕ(x) =

∫∫
σ̂(θ, τ)eiθA+iτBϕ(x) dθ dτ. (15.44)

For a state ϕ(x), the characteristic function is

M(θ, τ) =
〈
eiθA+iτB

〉
=

∫
ϕ∗(x) eiθA+iτB ϕ(x) dx (15.45)

and the distribution is therefore

P (α, β) =
1

4π2

∫∫∫
e−iθα−iτβϕ∗(x)eiθA+iτB ϕ(x) dθ dτ dx. (15.46)

This ensures that∫
ϕ∗(x)G(A,B)ϕ(x) dx =

∫∫
σ(α, β)P (α, β) dα dβ. (15.47)
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15.4.1 Disentanglement of eiθA+iτB

Carrying out the operation eiθA+iτBϕ(x) is generally very difficult. Equivalently,
the problem of the disentanglement of eiθA+iτB is also difficult. Many general
expansions have been given, among them the most important are the Zassenhaus
formula

eA+B = eAeBe−
1
2 [A,B]e

1
3 [B,[A,B]]+ 1

6 [A,[A,B]] (15.48)

× e−
1
24 ([[[A,B],A],A]+3[[[A,B],A],B]+3[[[A,B],B],B]) · · · (15.49)

and Baker-Cambell-Hausdorf formula

eAeB = eA+B+ 1
2 [A,B]+ 1

12{[A,[A,B]]−[B,[A,B]]}− 1
24 [B,[A,[A,B]]] ···. (15.50)

These formulas are sometimes helpful when the series terminates. We also mention
the Lie-Trotter product formula

eA+B = lim
N →∞

(eA/NeB/N )N . (15.51)

Special cases. There are cases where the disentanglement can be done explicitly.
We list two important ones. The first is when

[A, [A,B]] = [B, [A,B]] = 0 (15.52)

in which case

eiθA+iτB = eiθAeiτBe
1
2 θτ [A,B] = eiτBeiθAe−

1
2 θτ [A,B]. (15.53)

Hence

G(A,B) =

∫∫
σ̂(θ, τ)e−

1
2 θτ [A,B]eiτBeiθA dθ dτ (15.54)

=

∫∫
σ̂(θ, τ)e

1
2 θτ [A,B]eiθAeiτB dθ dτ (15.55)

and the operation on a function is then

G(A,B)ϕ(x) =

∫∫
σ̂(θ, τ) e

1
2 θτ [A,B]eiτAeiθBϕ(x) dθ dτ. (15.56)

The second is

eiθA+iτB = eiμθγ/ξ eiθμA eiτB eiθA if [A,B ] = γ + ξ A (15.57)

where

μ =
1

iτξ

[
1− (1 + iτξ) e−iτξ

]
. (15.58)

The corresponding operator association is therefore

G(A,B) =

∫∫
σ̂(θ, τ) eiμθγ/ξ eiθμA eiτB eiθA dθ dτ. (15.59)
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15.4.2 General procedure for evaluating eiθA+iτBϕ(x)

We now give a procedure for the evaluation of eiθA+iτBϕ(x) that works in principle
and often works in practice. It is similar to the procedure described in Sec. 2.10 for
the operators X and D. Consider the operator θA+ τB; since θ and τ are real the
operator is Hermitian and hence the eigenfunctions are complete and orthogonal.
For the eigenvalue problem we write,

{ θA+ τB }u(λ, x) = λu(λ, x) (15.60)

whereλ and u(λ, x) are the eigenvalues and eigenfunctions respectively. We address
the continuous case first. Any function, ϕ(x) , can be expanded as

ϕ(x) =

∫
u(λ, x)F (λ) dλ (15.61)

with

F (λ) =

∫
u∗(λ, x)ϕ(x) dx. (15.62)

Now

eiθA+iτBϕ(x) =

∫
eiλu(λ, x)F (λ) dλ (15.63)

and substituting for F (λ) we have

eiθA+iτB ϕ(x) =

∫
η(x′, x)ϕ(x′) dx′ (15.64)

where

η(x′, x) =

∫
eiλu∗(λ, x′)u(λ, x) dλ. (15.65)

Note that the eigenfunctions depend on θ and τ . This method has the disadvantage
that the eigenvalue problem must be solved.

For the discrete case we write

{ θA+ τB }un(x) = λn un(x) (15.66)

and expand ϕ(x) as

ϕ(x) =
∞∑

n=0

cnun(x) (15.67)

with

cn =

∫
u∗n(x)ϕ(x) dx. (15.68)

Therefore

eiθA+iτBϕ(x) =
∞∑

n=0

eiλncnun(x) (15.69)

=
∞∑

n=0

eiλn

∫
u∗n(x

′)ϕ(x′)un(x) dx (15.70)
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and we can again write

eiθA+iτBϕ(x) =

∫
η(x′, x)ϕ(x′) dx′ (15.71)

where now

η(x′, x) =

∞∑
n=0

eiλnu∗n(x
′)un(x). (15.72)

15.4.3 Linear Combination of X and D

We take for A and B a linear combination of the operators X and D:

A = c11X + c12D, B = c21X + c22D (15.73)

which may be written in matrix form,(
A
B

)
=

(
c11 c12
c21 c22

)(
X
D

)
= c

(
X
D

)
. (15.74)

The commutator works out to be

[A,B] = i(c11c22 − c12c21) = i det(c) (15.75)

where det(c) is the determinant of c.
Now, using Eq. (15.53), we have

eiθA+iτB = ei(θc11+τc21)X+i(θc12+τc22)D (15.76)

= ei(θc11+τc21)(θc12+τc22)/2 ei(θc11+τc21)X ei(θc12+τc22)D. (15.77)

The association is hence given by

G(A,B) =

∫∫
σ̂(θ, τ)ei(θc11+τc21)(θc12+τc22)/2 ei(θc11+τc21)X ei(θc12+τc22)D dθ dτ

(15.78)
and the operation on a state function by

G(A,B)ϕ(x) =

∫∫
σ̂(θ, τ)ei(θc11+τc21)(θc12+τc22)/2 ei(θc11+τc21)x

× ϕ(x+ θc12 + τc22) dθ dτ. (15.79)

For the characteristic function we have

M(θ, τ)=

∫
ϕ∗(x) eiθA+iτBϕ(x) dx (15.80)

=

∫
ϕ∗(x) ei(τc21+θc11)X+i(θc12+τc22)Dϕ(x) dx (15.81)
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which simplifies to

M(θ, τ) =

∫
ϕ∗(x− 1

2 (θc12+ τc22)) e
i(θc11+τc21)xϕ(x+ 1

2 (θc12+ τc22)) dx (15.82)

and gives the distribution

P (α, β) =
1

4π2

∫∫∫
ϕ∗(x− 1

2 (θc12 + τc22))ϕ(x+ 1
2 (θc12 + τc22))

× ei(θc11+τc21)xe−iθα −iτβdθdτdx (15.83)

This distribution yields the following marginals,∫
P (α, β) dα=

∣∣∣∣ 1√
2πc22

∫
ϕ(x)e−i(βx−c21x

2/2)/c22dx

∣∣∣∣2 , (15.84)∫
P (α, β)dβ=

∣∣∣∣ 1√
2πc12

∫
ϕ(x)e−i(αx−c11x

2/2)/c12dx

∣∣∣∣2 . (15.85)

Example. Rotation in Phase-Space. If we consider rotation in phase-space, then

c =

(
cosφ − sinφ
sinφ cosφ

)
(15.86)

which gives

M(θ, τ) =

∫
ϕ∗(x− 1

2 (−θ sinφ+ τ cosφ))ϕ(x+ 1
2 (−θ sinφ+ τ cosφ)) (15.87)

× ei(θ cosφ+τ sinφ)xdx (15.88)

for the characteristic function and the distribution is then

P (α, β) =
1

4π2

∫∫∫
ϕ∗(x− 1

2 (−θ sinφ+ τ cosφ))ϕ(x+ 1
2 (−θ sinφ+ τ cosφ))

× ei(θ cosφ+τ sinφ)xe−iθα −iτβdθdτdx. (15.89)

The marginals are,∫
P (α, β) dα=

∣∣∣∣ 1√
2π cosφ

∫
ϕ(x)e−i(βx−sinφx2/2)/ cosφdx

∣∣∣∣2 , (15.90)∫
P (α, β)dβ=

∣∣∣∣ 1√
2π sinφ

∫
ϕ(x)ei(αx−cosφx2/2)/ sinφdx

∣∣∣∣2 . (15.91)

Example. Linear Motion. In quantum mechanics, D is the momentum operator
when the Planck constant is taken to be one. For a free particle, the position
operator changes according to

X(t) = X +D t (15.92)
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where X is the position operator at time zero and where we have taken the mass
to be 1. Hence it is of interest to consider

A = X +D t1, B = X +D t2 (15.93)

where A and B are the position operators at two different times, t1 and t2. The c
matrix is now

c =

(
1 t1
1 t2

)
(15.94)

with determinant
det(c) = t2 − t1. (15.95)

The characteristic function is

M(θ, τ) =

∫
ϕ∗(x− 1

2 (θt1 + τt2)) e
i(θ+τ)xϕ(x+ 1

2 (θt1 + τt2)) dx (15.96)

which gives the distribution

P (α, β)=
1

4π2

∫∫∫
ϕ∗(x− 1

2 (θt1 + τt2))ϕ(x+ 1
2 (θt1 + τt2))

× ei(θ+τ)xe−iθα −iτβdθdτdx. (15.97)

This distribution satisfies the marginals,∫
P (α, β) dα=

∣∣∣∣ 1√
2πt2

∫
ϕ(x)e−i(βx−x2/2)/t2dx

∣∣∣∣2 , (15.98)∫
P (α, β)dβ=

∣∣∣∣ 1√
2πt1

∫
ϕ(x)e−i(αx−x2/2)/t1dx

∣∣∣∣2 . (15.99)

Example. X and X +D. We let

A = X, B = X +D. (15.100)

Although this is a special case of the previous example it is illustrative to do it
from scratch by two different methods. The commutator is

[X,X +D] = [X,D] = i (15.101)

and using Eq. (15.53) we have

eiθX+iτ(X+D) = ei(θ+τ)(X+τ/2) eiτD (15.102)

and further
eiθX+iτ(X+D)ϕ(x) = ei(θ+τ)(x+τ/2) ϕ(x+ τ). (15.103)
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Therefore

G(X,B) =

∫∫
σ̂(θ, τ)ei(θ+τ)(x+τ/2) eiτDdθ dτ (15.104)

and for the operation on a function we have

G (X,B)ϕ(x) =

∫∫
σ̂(θ, τ)ei(θ+τ)(x+τ/2) ϕ(x+ τ) dθ dτ (15.105)

=

∫∫
σ̂(θ, τ − x)ei(θ+τ−x)(x+τ)/2 ϕ(τ) dθ dτ. (15.106)

Expressing this in terms of the symbol one obtains

G (X,B)ϕ(x) =
1

2π

∫∫
σ

(
x+ τ

2
, ξ

)
e−i(τ−x)[ξ−(τ+x)/2] ϕ(τ) dτ dξ. (15.107)

We now obtain the same result by the method of Sec. 15.4.1 leading to Eq.
(15.64). The eigenvalue problem is

{θx+ τ(X +D)}u(λ, x) = λu(λ, x) (15.108)

or {
(θ + τ)x− iτ

d

dx

}
u(λ, x) = λu(λ, x). (15.109)

The eigenfunctions normalized to a delta function are easily obtained

u(λ, x) =
1√
2πτ

ei[λx−(θ+τ)x2/2]/τ (15.110)

and the calculation of η(x′, x) in Eq. (15.65) yields

η(x′, x) = δ(x′ − τ − x)ei(θ+τ)(τ/2+x). (15.111)

Therefore

eiθX+iτ(X+D) ϕ(x) =

∫
η(x′, x)ϕ(x′) dx′ (15.112)

=

∫
δ(x

′ − τ − x)ei(θ+τ)[τ/2+x] ϕ(x′) dx′ (15.113)

= ei(θ+τ)(τ/2+x)ϕ(τ + x) (15.114)

giving

G(X,B) =

∫∫
σ̂(θ, τ)ei(θ+τ)(x+τ/2) eiτDdθ dτ (15.115)

which is the same as Eq. (15.104).
For the characteristic function we have

M(θ, τ) =

∫
ϕ∗(x− 1

2τ))e
i(θ+τ)xϕ(x+ 1

2τ) dx (15.116)
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which leads to the distribution

P (α, β) =
1

2π

∫
ϕ∗(α− 1

2τ) e
−i(β−α)τϕ(α+ 1

2τ) dτ (15.117)

which can be written as
P (α, β) = W (α, β − α) (15.118)

where W (α, β) is the Wigner distribution of α and β.

Example. X and D2. Consider the case where

A = X, B = D2. (15.119)

This does not fit into our special cases discussed in Sec. 15.4.1 since

[X,D2] = 2Di (15.120)

but we can do it using the general theorem given in Sec. 15.4.1. We solve the
eigenvalue problem

{ θX + τD2 } û(λ, p) = λ û(λ, p) (15.121)

in the Fourier domain

{ iθ
d

dp
+ τp2 }û(λ, p) = λ û(λ, p). (15.122)

The eigenfunctions are

û(λ, p) =
1√
2πθ

e−i(λp−τp3/3)/θ (15.123)

and using Eq. (15.65) we have

η(p, p′; θ, τ) = δ(p′ − p+ θ)e−iτ(p3−p′3)/3θ. (15.124)

According to Eq. (15.64), we then have

e i(θX+τD2) ϕ̂(p) =

∫
η(p, p′; θ, τ) ϕ̂(p′) dp′ (15.125)

=

∫
δ(p′ − p+ θ)eiτ(p

3−p′3)/3θ ϕ̂(p′) dp′ (15.126)

= eiτ(p
2−θp+θ2/3) ϕ̂(p− θ) (15.127)

= eiτ(p
2−θp+θ2/3) eiθX ϕ̂(p) (15.128)

and therefore

G(X,B)ϕ̂(p) =

∫∫
σ̂(θ, τ)eiτ(p

2−θp+θ2/3) ϕ̂(p− θ) dθ dτ (15.129)
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and

G(X,B) =

∫∫
σ̂(θ, τ)eiτ(p

2−θp+θ2/3) eiθX dθ dτ. (15.130)

Evaluating the characteristic function, Eq. (15.45), one obtains

M(θ, τ) =

∫
ϕ̂∗(p)eiτ(p

2−θp+θ2/3)ϕ̂(p− θ) dp (15.131)

=

∫
ϕ̂∗(p+ 1

2 θ)eiτ(p
2+θ2/12)ϕ̂(p− 1

2θ) dp (15.132)

and the distribution works out to be

P (α, β) =
1

2π

∫∫
ϕ̂∗(p+ 1

2 θ)ϕ̂(p− 1
2 θ)δ(p2 + θ2/12− β)e−iθα dp dθ. (15.133)

Furthermore, for the expectation value of a symbol, we have

〈σ(α, β〉 =
∫∫

σ(α, β)P (α, β)dαdβ (15.134)

=
1

2π

∫∫∫
σ(α, p2 + 1

12θ
2)ϕ̂∗(p+ 1

2 θ)ϕ̂(p− 1
2 θ)e−iθα dp dθ dα.

(15.135)

Example. X and Scale. The scale operator, C, is

C = 1
2 (xD +Dx) =

1

2i

(
x
d

dx
+

d

dx
x

)
(15.136)

in the spatial domain, and has the property

eiτCϕ(x) = eτ/2ϕ(eτx). (15.137)

The commutation is readily evaluated,

[X,C] = iX (15.138)

and this fits the case given by Eq. (15.57) with ξ = i. We therefore have

eiθX+iτC = eiθμX eiτC eiθX (15.139)

with

μ =
(1− τ) eτ − 1

τ
. (15.140)

Now consider

eiτC eiθXϕ(x) = eτ/2eiθe
τxϕ(eτx) = eiθe

τxeτ/2ϕ(eτx) = eiθe
τxeiτCϕ(x) (15.141)
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and therefore we have
eiτC eiθX = eiθe

τxeiτC . (15.142)

Substituting into Eq. (15.139), we have

eiθX+iτC = eiθ(μ+eτ )X eiτC . (15.143)

The operator corresponding to the symbol is

G(X,C) =

∫∫
σ̂(θ, τ) eiθ(μ+eτ )X eiτC dθ dτ (15.144)

and further for the operation on a function,

G(X,C)ϕ(x) =

∫∫
σ̂(θ, τ) eiθ(μ+eτ )X eτ/2ϕ(eτx) dθ dτ. (15.145)

Using the fact

(μ+ eτ ) = (eτ − 1)/τ =
2

τ
eτ/2 sinh(τ/2) (15.146)

Eq. (15.145) simplifies to

G(X,C)ϕ(x) =

∫∫
σ̂(θ, τ)ei[2θxe

τ/2sinh(τ/2)]/τ eτ/2ϕ(eτx) dθ dτ. (15.147)

The characteristic function is

M(θ, τ) =

∫
ϕ∗(x) eiθX+iτCϕ(x) dx (15.148)

which, after using the above relations, gives

M(θ, τ) =

∫
ϕ∗(e−τ/2x)e2iθx sinh(σ/2)/τϕ(eτ/2x) dx (15.149)

and for the distribution, one obtains

P (x, c) =
1

4π2

∫
ϕ∗(e−τ/2x′)e2iθx

′ sinh(τ/2)/τϕ(eσ/2x′)e−iθx−iτcdθ dτ dx′

(15.150)

=
1

2π

∫
τe−iτc

2 sinh τ/2
ϕ∗
(
e−τ/2 τx

2 sinh τ/2

)
ϕ

(
eτ/2

τx

2 sinh τ/2

)
dτ.

(15.151)

Example. X and 1/D. We now consider the operators X and 1/D where 1/D can
be thought of as the inverse frequency. We define

A = X B = R = p0/D (15.152)
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where p0 is a scaling factor. The commutator of X and R works out to be

[X,R] = − i

p0
R2. (15.153)

To evaluate eiθX+iτR, we use the method described in Sec. 15.4.1, where we have
to solve the eigenvalue problem

(θX + τR)û(λ, p) = λû(λ, p). (15.154)

Explicitly [
iθ

d

dp
+ τ

p0
p

]
û(λ, p) = λ û(λ, p) (15.155)

and the solution is

û(λ, p) =
1√
2πθ

e−i(λp−p0τ ln |p| )/θ. (15.156)

Substituting into Eq. (15.65), one obtains

η(p, p′) = eip0τ ln(p/p′)/θδ(θ + p′ − p) (15.157)

which gives

eiθX+iτRϕ̂(p) = ϕ̂(p− θ) exp

[
i
p0τ

θ
ln

p

p− θ

]
. (15.158)

Hence

G(X,R)ϕ̂(p) =

∫∫
σ̂(θ, τ) exp

[
i
p0τ

θ
ln

p

p− θ

]
ϕ̂(p− θ) dθ dτ. (15.159)

The characteristic function is

M(θ, τ) =

∫
ϕ̂∗(p)eiθX+iτR ϕ̂(p) dp (15.160)

which evaluates to

M(θ, τ) =

∫
ϕ̂∗(p+ 1

2θ) exp

[
i
p0τ

θ
ln

p+ 1
2θ

p− 1
2θ

]
ϕ̂(p− 1

2θ) dp. (15.161)

The distribution is given by

P (x, r) =
1

4π2

∫
ϕ̂∗(p+ 1

2θ) exp

[
i
p0τ

θ
ln

p+ 1
2θ

p− 1
2θ

]
ϕ̂(p− 1

2θ)e
−iθx−iτr dθ dτ dp

(15.162)
which simplifies to [19, 70, 73, 8]

P (x, r) =
1

8πr3

∫ (
p0y

sinh y/2

)2

e−ip0yx/rϕ̂∗
(
p0
2r

yey/2

sinh y/2

)
ϕ̂

(
p0
2r

ye−y/2

sinh y/2

)
dy.

(15.163)
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15.5 The eiθAeiτB Correspondence

For the operator association, we take

G(A,B) =

∫∫
σ̂(θ, τ)eiθA eiτBdθ dτ (15.164)

and for the operation on a function, we write

G(A,B)ϕ(x) =

∫∫
σ̂(θ, τ)eiθA eiτBϕ(x) dθ dτ. (15.165)

Often the operation of eiθA eiτB ϕ(x) can be carried out explicitly as in some of
the examples we consider. However, a general result can be obtained in terms of
the eigenfunctions of A and B. Set

A v(a, x) = a v(a, x), (15.166)

B u(b, x) = b u(b, x), (15.167)

and suppose that the eigenfunctions are connected by

u(b, x) =

∫
T (a, b)v(a, x) da (15.168)

where T (a, b) is called the transformation matrix and is given by

T (a, b) =

∫
v∗(a, x)u(b, x) dx. (15.169)

Also,

v(a, x) =

∫
T ∗(a, b)u(b, x) db. (15.170)

The state function can be expanded in either representation

ϕ(x) =

∫
v(a, x)Fa(a) da (15.171)

or

ϕ(x) =

∫
u(b, x)Fb(b) db (15.172)

with

Fa(a) =

∫
v∗(a, x)ϕ(x) dx, (15.173)

Fb(b) =

∫
u∗(b, x)ϕ(x) dx. (15.174)
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Therefore

eiθA eiτBϕ(x) = eiθA
∫

eiτbu(b, x)Fb(b) db (15.175)

= eiθA
∫∫

eiτbT (a, b)v(a, x)Fb(b) da db (15.176)

yielding that

eiθA eiτBϕ(x) =

∫∫
eiθaeiτbT (a, b)v(a, x)Fb(b) da db. (15.177)

Hence, for the characteristic function we have

M(θ, τ) =

∫
ϕ∗(x)eiθA eiτBϕ(x) dx (15.178)

=

∫∫∫
ϕ∗(x)eiθaeiτbT (a, b)v(a, x)Fb(b) da db dx (15.179)

which simplifies to

M(θ, τ) =

∫∫
F ∗a (a) e

iθaeiτbT (a, b)Fb(b) da db. (15.180)

The distribution is then

P (a, b) = F ∗a (a)T (a, b)Fb(b). (15.181)

Example. (X,D) case. We take

A = X, B = D. (15.182)

The eigenvalue problems

X v(a, x) = a v(a, x), (15.183)

D u(b, x) = b u(b, x) (15.184)

give

v(a, x) = δ(x− a), (15.185)

u(b, x) =
1√
2π

eibx, (15.186)

and for the transformation matrix, Eq. (15.169), we have

T (a, b) =

∫
v∗(a, x)u(b, x) dx =

1√
2π

eiab. (15.187)
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Hence, for a state function ϕ(x), the transforms are

Fa(a) =

∫
δ(x− a)ϕ(x) dx = ϕ(a) (15.188)

and

Fb(b) =
1√
2π

∫
e−ibx ϕ(x) dx = ϕ̂(b) (15.189)

and therefore the distribution is given by Eq. (15.181)

P (a, b) = F ∗a (a)T (a, b)Fb(b) (15.190)

=
1√
2π

ϕ(a) eibaϕ̂(b) (15.191)

which, as expected, is the Margenau-Hill distribution with a = x and b = p.

Example: Scale and X. We take

A = C =
1

2
(XD +DX), B = X. (15.192)

The association is

G(C,X) =

∫∫
σ̂(θ, τ)eiτC eiθXdθ dτ (15.193)

and using Eq. (15.137) we obtain

G(C,X)ϕ(x) =

∫∫
σ̂(θ, τ) eiτC eiθxϕ(x) dθ dτ (15.194)

=

∫∫
σ̂(θ, τ) eτ/2 eiθe

τxϕ(eτx) dθ dτ (15.195)

which simplifies to

G(C,X)ϕ(x) =
1

2π

∫∫
σ(eτx, ξ) e−iτξ eτ/2 ϕ(eτx)dξ dτ. (15.196)

15.6 The eiτA/2eiθBeiτA/2 Correspondence

For this correspondence, we just take the example of position and scale [1, 19, 53]

A = X, B = C = 1
2 (XD +DX). (15.197)

Hence

G (X,C)ϕ(x) =

∫∫
σ̂(θ, τ)eiτC/2eiθXeiτC/2 ϕ(x) dθ dτ. (15.198)
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Using Eq. (15.137) we obtain that

eiτC/2eiθXeiτC/2 ϕ(x) = eiθe
τ/2x eτ/2 ϕ(eτx) (15.199)

and the operation on a function is

G (X,C)ϕ(x) =

∫∫
σ̂(θ, τ) eiθe

τ/2x eτ/2 ϕ(eτx) dθ dτ. (15.200)

For the characteristic function we have

M(θ, τ) =

∫
ϕ(x) eiτC/2 eiθX eiτC/2 ϕ(x) dx (15.201)

=

∫
ϕ(x) eiθe

τ/2x eτ/2 ϕ(eτx) dx (15.202)

which simplifies to

M(θ, τ) =

∫
ϕ∗(e−τ/2x) eiθx ϕ(eτ/2x) dx. (15.203)

The distribution evaluates to

P (x, c) =
1

2π

∫
ϕ∗(e−τ/2x) e−iτc ϕ(eτ/2x) dτ. (15.204)
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spectrogram, 78
standard deviation of an operator,

121
standard ordering, 2, 70
star notation, 45
state function, 1, 3
symbol, 3
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