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Preface

The concept of associating ordinary functions with operators has arisen in many
areas of science and mathematics and it can be argued that the earliest instance
was Leibniz’s attempt to define a fractional derivative. Up to the beginning of
the twentieth century, many isolated results were obtained and culminated with
the remarkable contributions of Heaviside and the efforts to put his methods on a
sound mathematical footing. These developments were mostly based on associating
a function of one variable with one operator, the operator generally being the
differentiation operator.

With the discovery of quantum mechanics in the years 1925-1930, there arose,
in a natural way, the issue that one has to associate a function of two variables
with a function of two operators that do not commute. This has led to a wonder-
fully rich mathematical development that has found applications in many fields,
including pseudo-differential operators, time-frequency analysis, quantum optics,
wave propagation, differential equations, image processing, radar, sonar, chemical
physics, and acoustics, among others. The earliest proposal for associating an or-
dinary function of two variables with an operator was that of Born and Jordan
(1925), and subsequently Weyl (1929) and others proposed other rules. There are
an infinite number of ways to associate a function of two ordinary variables with
a function of two operators because ordinary variables commute while operators
generally do not. The rules became known as rules of association, correspondence
rules, or ordering rules.

Independently of these developments Wigner, in 1932, and Kirkwood, in 1933
devised a classical-like joint distribution where one can calculate operator aver-
ages in the standard probability manner, that is, by phase-space integration. No
connection was made between these distributions and correspondence rules until
Moyal in 1949 saw things clearly. He derived the Wigner distribution using the
Weyl correspondence. Subsequently it was realized that for every correspondence
rule there is a corresponding phase-space distribution. Now the field of correspon-
dence rules and phase-space distributions are intimately connected. Remarkably,
around the same time as Moyal, a similar development occurred in the field of
time-varying spectral analysis whose aim was to understand signals with changing
frequencies, human speech being the prime historical example. It was realized by
Gabor and Ville that one can define time and frequency operators and make a

xi



xii Preface

mathematical analogy with the quantum case.

I have aimed to present the basic ideas and results of correspondence rules
in a straightforward elementary manner and have included many examples to
illustrate the ideas developed. I have strived to make the mathematics accessible
to a wide audience and I have avoided delving into advanced formulations such as
group theoretical considerations. The level of rigor and terminology are those of
the original contributors and standard in mathematical physics and engineering.

I would like to thank Man Wah Wong for his friendship and for encouraging
me to write the book. I express my deep appreciation to Livia Cohen, Lorenzo Gal-
leani, Barnabas Kim, Patrick Loughlin, and Jeruz Tekel for reading the manuscript
and for their many valuable suggestions. I thank the Office of Naval Research for
support of my research.



Chapter 1

Introduction and Terminology

This book deals with correspondence rules or rules of association. The fundamental
idea is to associate a function of ordinary variables with an operator. While in later
chapters we deal with arbitrary operators, in the main portion of the book we deal
with the operators X and D where,

(1.1)

X — {x in the x representation

idp in the Fourier representation,

Do 14 in the x representation (1.2)
B p in the Fourier representation. '
The fundamental relation between X and D is the commutator
[X,D]=XD—- DX =i. (1.3)

Depending on the field, these operators may be appropriately called position and
spatial frequency, or position and momentum, and in time-frequency analysis they
correspond to the time and frequency operators.

One of the basic reasons for considering these particular operators is that
we can use them to evaluate expectation values of functions in the Fourier or x
representation without leaving the representation. In particular, suppose we have
a function, f(z), and a “state” function ¢(x); then

/ F(@) | o) de = / () (X) B(p) dp (1.4)

where @(p) is the Fourier transform of ¢(z),

-~ 1 —ixp
20) = o= [ wle)e e (1.5)

L. Cohen, The Weyl Operator and its Generalization, Pseudo-Differential Operators 9, 1
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2 Chapter 1. Introduction and Terminology

Therefore, we say that f(z) in the x domain is associated with or represented by
the operator f(X) in the Fourier domain and we write

JX) 5 f(@) (1.6)

where <+ indicates the association. Furthermore, suppose we have a function of p,
g(p), in the Fourier domain, then

/mmmwfw:/wumwmwwz (1.7)

and we say that g(p) in the Fourier domain is associated with ¢g(D) in the x
domain,

9(D) < g(p). (1.8)

The right hand side of Eq. (1.7) is sometimes called sandwiching because the
operator, g(D), is in between ¢*(x) and ¢(x).

The basic advantage of Eq. (1.7) is that if we want to calculate the expecta-
tion of g(p) as defined by the left hand side we do not have to first calculate $(p).
We can remain in the x representation and use the right hand side to calculate it.

1.1 The Fundamental Issue

In the above discussion we had no difficulty in associating a function of one variable
f(z) or g(p) with its corresponding operator. But what if we have a function of
two variables, for example zp?, then what will the association be? It could be,
for example, XD?, DX D, or D?>X, among others; all of these associations are
proper in the sense that they reduce to zp? if we just think of the operators as
ordinary variables. However, all these choices are different because X and D do
not commute. Formulating such associations for a general function a(x,p) is the
fundamental aim. There have been many rules proposed, among them the Weyl,
Standard, and Born-Jordan. In the next chapter we study the Weyl rule and
subsequently other rules. In Chap. 4 we present a general method that handles all
rules in a unified manner.

Furthermore, suppose we did have an association for the function a(z, p) with
an operator A(X, D). Then, what is the generalization of Egs. (1.4) and (1.7)? We
will see that the proper generalization is that for a state function p(z) we have
to introduce a joint function, C'(x,p) called the generalized distribution function
which will allow us to write

/go*(:r)A(X7D)g0(x) dr = //a(m,p)C(w,p) dz dp (1.9)

As we will see in Chap. 5 this is the generalization of Egs. (1.4) and (1.7) and
reduces to them when the symbol is a function of = or p only.
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1.2 Notation and Terminology in Different Fields

Generally speaking there are five fields where these methods have been used.
They are quantum mechanics, pseudo-differential operators, time-frequency anal-
ysis, wave propagation, and image processing. We review here some mathematical
conventions and contrast the differences in terminology used in various fields.

“Symbol”, “classical function”, “c-function”, and “ordinary function” are terms
used in different fields to signify the same thing, namely an ordinary function,
a(z, ), of two variables « and £. This is the common notation used in mathematics,
while in quantum mechanics it is position and momentum signified by a(q,p),
and in time-frequency analysis one generally writes a(t,w). In the case of wave
propagation and image processing one usually uses a(z,k) where x and k are
respectively position and wave-number (spatial-frequency). We will use (z, p).
“Association”, “correspondence rule,” “rule of association,” “quantization,” and
“ordering rule.” These words and phrases all mean the same thing, namely the
association of an operator A(X, D) with an ordinary function, a(x,p). The two
variables, z and p, are generally conjugate variables. Conjugate generally means
that their corresponding operators do not commute. For the Weyl case, the asso-
ciation is symbolized by

A(X, D) < a(x,p). (1.10)

We call A(X, D) the Weyl operator. When we study other correspondences we use
AV(X, D) < a(x, p) (1.11)

where the superscript denotes the particular correspondence, in this case the Weyl
rule. Similarly for other cases, as, for example

ABY(X D) & a(z,p) (1.12)
will denote the Born-Jordan correspondence.

The state function, signal, and image. Generally speaking the state function is an
ordinary function upon which the operator operates. In engineering it is called the
signal and in image processing it is called the image. In acoustics it is the pressure
wave and in electrodynamics it may be the electric or magnetic field. The term
state function comes from quantum mechanics where it represents the state of
the physical system at hand. This is in contrast to the operators which represent
physical observables. The state function may be square integrable or not and can
be a distribution in the delta function sense.

Phase-Space and quasi-distributions. By a phase-space function we mean a func-
tion of the two variables x and p. For example the symbol a(z,p) is a phase-
space function. The Wigner and other distributions are also phase-space functions
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and are called distributions. The terminology “distribution” comes from usage in
physics and chemistry and are densities in probability theory. The phase-space
distributions we consider in this book are generally not manifestly positive and
that is why they are sometimes called quasi-distributions, but we will simply use
the term distribution.

Fourier transform pairs. The Fourier transform of the symbol, a(z,p), will be
denoted by a(f,7) and the normalization is taken so that

a0, 7) = ﬁ / / a(, p) =0 g dp, (1.13)

a(z,p) = / / a0, 1) TP dg dr. (1.14)

However, due to conventions in different fields we define Fourier transform pairs
for the state function by

-~ 1 —izp
20) = o= [ ele)e (1.15)
(@) = % [ e an, (1.16)

and similarly for higher dimensions. The advantage of this convention is that it
keeps the symmetry between the two domains in the sense that

/ (@) dz = / B(0) dp (1.17)

and also keeps the symmetry in Eq. (1.4) and (1.7).

Commutator and anti-commutator. The commutator of two operators A and B is
standardly denoted by

[A,B] = AB — BA (1.18)

and the anti-commutator by
[A, B]+ = AB + BA. (1.19)
The D operator. We will occasionally use D, = %%, etc., otherwise D is under-

stood to be D,.

Integrals. Integrals without limits imply integration over the reals,

[~



Chapter 2

Operator Algebra

An operator transforms one function into another. One writes and says that A
operates on f to produce g. We generally assume that operators are linear which
means that for any two functions, f; and fs,

Alfi+ f2) = AL + Afo. (2.1)
When we say that two operators are equal
A=B (2.2)
one means that for an arbitrary function, f(z),
Af = BYf. (2.3)

For example, the two operators D?>X D and X D3 —2iD? are equal, because indeed
when they operate on an arbitrary function they give the same answer. Specifically

D*xDf(z) = (xD?® — 2iD?) f(x). (2.4)

If we wanted to verify this we could write it explicitly in terms of derivatives,

1 d 1 @ 18
ﬁ@x%f(x) = (ngdxg - QZZ.QdIQ> f(z) (2.5)

and carry out the differentiation of both sides to verify the identity. One can also
do it in the Fourier domain and verify that indeed

p*Xp f(p) = (Xp* - 2ip®) f(p) (2.6)
or explicitly
PipF) = (iep* - 20p? ) F(p) (2.7)
dp dp . .
L. Cohen, The Weyl Operator and its Generalization, Pseudo-Differential Operators 9, 5
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6 Chapter 2. Operator Algebra

However, a much better way is to manipulate the operators algebraically by using
the commutation relation, DX = XD — 4. In particular

D?XD =DDXD = D(XD —i)D=DXD?—iD? (2.8)
= (XD —1i)D? —iD?* = XD? — 2iD?. (2.9)

Of course, in manipulating operator equations, attention must be paid to the fact
that operators generally do not commute.
We now give some basic definitions and results regarding operators.

Inverse. The inverse of an operator, A~!, is an operator such that
A'A = AA =1 (2.10)

where [ is the identity operator. The inverse of the product of two operators is
given by
(AB)"'=p~ta . (2.11)

Adjoint. The adjoint of an operator is another operator, denoted by Af, which
forces the equality

/g*Afdx = /f {ATg}* da (2.12)

where g and f are any two functions. The adjoint of a product of operators is
given by
(AB)" = BTAT. (2.13)

The adjoint is sometimes called the Hermitian adjoint.
Hermitian operator. If the adjoint of an operator equals the operator
A=A, (2.14)

one then says that the operator is a self adjoint or a Hermitian operator. For a
Hermitian operator Eq. (2.12) becomes

/ g Afdr = / f {Ag) dx (2.15)

which may be taken as the definition of a Hermitian operator. The basic opera-
tors X and D are Hermitian operators. Hermitian operators play a particularly
important role for many reasons that will be discussed in subsequent sections, but
the most important is the eigenvalues of a Hermitian operator are real and the
eigenfunctions are orthogonal and complete.
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Ezxpressing an arbitrary operator in terms of Hermitian operators. An arbitrary
operator, A, can be written as

A=A+ AN+ Li(A- AY)/i. (2.16)

One can readily prove that both (A+ A") and (A— A") /i are Hermitian. Eq. (2.16)
shows that we can express any operator as a sum of a Hermitian operator plus
i times a Hermitian operator. This is the operator analog of writing a complex
number in terms of its real and imaginary parts.

Product of two operators. The product of two Hermitian operators is generally not
Hermitian. However, writing AB as

AB = 3[A,B], +%[A, B]/i (2.17)

expresses AB in terms of the commutator and anti-commutator. Moreover [ A, B]
and [ A, B] /i are Hermitian.

Unitary Operator. An operator U is said to be unitary if its adjoint is equal to its
inverse,

Ut = vt (2.18)

Unitary operators are discussed in Chap. 7 but we mention here that the impor-
tance of being unitary is that when it operates on a function, normalization is
preserved in the sense that

/ (@) Pdz = / U f() Pde. (2.19)

An operator of the form 4
U =¢e4 (2.20)

is unitary if A is Hermitian and conversely. This is sometimes known as Stone’s
theorem.

Functions of operators. There are many ways to define functions of operators and
we mention two of them. One way is via a power series. A function f(A) of the
operator A shall mean that we expand the ordinary function f(z) in a power series

f@)=> faa" (2.21)
n=0
and then substitute A for x,

FA) =" fnA". (2.22)
n=0
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A second way is by way of the Fourier transform of f(x). Define

Y 1 —ixp T
fio) = —= [ f@ye i aa, (2:23)

we then define f(A) by

f(4) = %27 / F(p) v dp. (2.24)

2.1 Exponential Operator

The exponential operator, e, where A is an operator, plays a fundamental role
in correspondence rules and in many other branches of science and mathematics
[95]. We discuss here some of its basic properties and further developments will
be discussed as needed.

Differentiation of (). If A(#) is an operator that depends on a parameter 6,
then

d A(6) /1 (1—5)A(6) dA A(6) /1 A(6) dA (1—s)A(6)
— = 8 —ef = 8 — 8 . 2.2
75 € ; e 2 € ds ; e 2 € ds (2.25)

A special case that often arises is the differentiation of eA+?B with respect to 6

but where A and B are operators that do not depend on 6. In this case

1
%eAJreB :/ o(1-5)(A+0B) g (s(A+0B) o (2.26)
0

Also of interest is the evaluation of Eq. (2.26) at zero,

d
4 A+oB

1
= [ 794 Beitd 2.27
(& (& S. .
df o0 /0 (2.27)

2.2 Manipulating D™ X" and X" D"

In manipulating expressions involving X and D the following relations are useful,

min(m,n)
DX = —k R (M) () xR pmek 2.2
(i) k(k)(k) (2.28)

k=0

and

min(m,n)
xtpm = 3 ik (Z) (ZZ) DMk xn—k, (2.29)

k=0
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These expressions were first derived by McCoy [55]. A few other important rela-
tions are

[X,D"] = inD"* (2.30)
[X",D] = inX""* (2.31)
D) = (3 4:1(0)) = (OF@). (2.32)

In Eq. (2.32) we have put parentheses around 1-L f(z) to emphasize that the
differentiation is only on f(x) and not on the function that [D, f(z)] operates on.
That is, for an arbitrary function g(z),

D, f@late) = (G55 alo) (2.33)

2.3 Translation Operator

7D g the translation operator in the 2 representation

e Pf(x) = flz+7). (2.34)

The operator e

This is readily proven. Since
) >, (ir)" D" 2 7 dn
e pa) = 3 U py oS T gy (2.35)

which is precisely the Taylor expansion of f(xz+7) and therefore Eq. (2.34) follows.
Since D is Hermitian, 7D is Hermitian for real 7, the translation operator is hence
unitary. For translation in the Fourier domain we have

09X ~ o —~
e "X B(p) = 5 p(p) = P(p +0). (2.36)
Some other relations that are useful regarding the translation operators are
'™V f(z)p(x) = [P f(2)][ePp(2)]. (2.37)
Also, ' »
[P 2] = 1eP (2.38)
and more generally
[P, g(2)] = lg(z +7) — g(2)]e ™. (2.39)

The adjoint of the translation operator is given by

(emPY = 7D, (2.40)



10 Chapter 2. Operator Algebra

This can be proved in the following way. We have
[oetiae= [g@iarnin= [g@-nf@d
= /f(ac) [e_iTDg(x)]* dx (2.41)

which shows Eq. (2.40).

2.4 The Operator e¥X+i7D

The simplification and disentanglement of the operator eA+5 is very important

and also very difficult. We will be discussing this in detail in a later chapter;
however, fortunately, there are some special cases where simplification is possible.
When the two operators, A and B, both commute with their commutator

[A,[4, B]] = [B,[A, B]] =0, (2.42)

then

GATB _ o~ 3[ABl AB _ ([A,B] B A (2.43)

This is a special case of the Baker-Cambell-Hausdorf formula. See Eq. (15.50).
Of particular interest is the operator e?X+9P with real § and 7. The relevant
commutator is
[(60X,iTD] = —ifr (2.44)

and using Eq. (2.43) we have

ei@X—i—iTD — ei@T/Q ei@X ei‘r'D — e—i97‘/2 eiTD eiGX. (245)
Therefore for an arbitrary function, f(x), we have
€i9X+iTDf(x) — ei97/2 ei@X eiTDf(fL') — ei07/2 eiGa‘ f(.’l? 4 7_). (246)

In addition,

10X gitD _ —ifT jitD X (2.47)
and ) ) ) ) .
eZTD ez@X _ 626‘7 e'LOX ez‘rD' (248)
Also, o L ,
XD fa)g(a) = [P [P g (a)]. (2.49)

Characteristic function operator. It is convenient to define the characteristic func-
tion operator for the Weyl correspondence

MO, 1) = XD, (2.50)
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The reason why this is called the characteristic function operator will become
clear in Chap. 5. It often arises that one has to evaluate the product of two such
operators M (0, 7" )M (0, ). Explicitly

MO, 7)M(,7) = ¢ X+ D i irD (2:51)
— 10T /2 07 /2 LibT i(0+6))X Li(r +7)D (2.52)

But using Eq. (2.45) we have that
QHO+0)X Ji(T'+7)D _ —i(6+0")(1+7")/2,i(0+6") X +i(r+7') D (2.53)

and therefore we obtain

cal 1 . a1 ’ L
619 7'/2 e107'/2 6107' 61(0+0 )Xez('r +7)D

= 0T /2 gifT/2 gifT (—i(6+6)(THT)/24i(6+6NX+i(r+T)D (9 54)
giving
oi0' X+im' D i0X +irD _ i(07'0'7)/2 i(0+0") X +i(r+7)D (2.55)
or
MO, 7YM(0,7) = O MO+ 0 7+ 7). (2.56)
For future reference we also write
QIOX+iTD ji6' X+iT'D _ Li(6'r—07")/2 ,i(0+6") X +i(r+7)D (2.57)
One also has
MO =07 =T M@, ') = O 0D2 M9, 7). (2.58)

Also of interest is the commutator

X +7'D,0X +7D] = 0'7[X, D]+ 07'[D, X] =i(0'r — 07"). (2.59)

The adjoint of ¢?®X+7P The adjoint of the characteristic function operator often
arises. We designate it by M (0, 7) and we now show that it is given by

MO, 7) = M(=0, —7) = 70X 17D, (2.60)
To prove this consider

/g*eiGX-i-i‘erdx — /g*(x)eiGT/Qeiewei‘er(‘r) dr = /g*(x)eiGT/26i9$f(,’E + T) dr.
(2.61)
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A straightforward change of variables results in

/g*€i9X+iTDfdx _ /f(x) [am/%qexg(x 3 T)}*dx (2.62)
= /f(x) [eie'r/Qe*wxe*”Dg(x - 7')} " dr (2.63)
= /f(x) [e*wX*”Dg(x)]* dz (2.64)

which proves Eq. (2.60).

Generalized characteristic function operator. In later chapters, and particulalry in
Chap. 4, we will study the generalized characteristic function operator given by

ME(0,7) = &0, 1) OXFTITD (2.65)
where ®(6, 7) is a complex function called the kernel. The adjoint of this operator

is

MO, 7) = ®*(0, 1) e OXTITD (2.66)

2.5 The Operator et Ae¢H

The operator e¢ Ae=¢H comes up often in many fields and is particularly impor-
tant in quantum mechanics. An expansion for this operator is

et Ae™H = A+ ¢[H, A + %52 [H,[H,A]] + %«53[H7 [H,[H, Al +---. (2.67)

The reason the operator is fundamental in quantum mechanics is because it is the
formal solution to the Heisenberg equation of motion for an operator. Heisenberg’s
equation of motion for a time independent Hamiltonian operator, H, and for an
operator A that does not explicitly depend on time is,

dA
i i[H, A]. (2.68)
The formal solution of this equation is
A(t) = ™M A(0)eH (2.69)

as can be readily verified.
An example of Eq. (2.67) is the simplification of e??P Xe =P Since [D, X| =
—i the series truncates after the second term and we have that

ePPXe PP = X — (i) = X + B. (2.70)
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Repeated Commutator. Expressions such as [H, [H, [H, A]]] are called repeated
commutators and appear often. A convenient notation to denote them is [H, A],
where n indicates the number of repetitions of the commutator. Eq. (2.67) may
now be written as

1
€H 4 ,—EH _
e~ Ae =A+ ilnlgn[H’ Aly,. (2.71)

An explicit expression for the repeated commutator is [86]

[H, A], = n ")~k EEAHE, (2.72)
(1)

Also, we note that
[H,Aln+1 = H[H, A),, — [H, A],H. (2.73)

2.6 Phase-Space Operator Formulas

In dealing with operators in phase-space one comes across integrals that can be
written in an operational form that allows one to manipulate operators in very
advantageous ways. We list some of the important ones:

i) If f(0,7)and a(f, 7)are arbitrary functions then

//f(@,r) a0, ) et dh dr = f (1%, 1;})) a(z,p) (2.74)

where the normalization in the Fourier transform, a(6,7), is as in Eq. (1.13).
ii) For any two functions f(6,7)and F(x,p),

1 i0(z' —x)+iT(p' —p) roo 7t .0 .0

— (o' ~p) — 1 (iZi L) Pa,p).

[ Hem)e (@' g dodrda'dy’ = f (im0 ) Flap)
(2.75)

iii) For any two functions g(z) and h(z,p),

glz+ i 9 h(z,p) = i//g(az:’) 0=z p— L0) df da’ (2.76)

29p ) P = o0 P2 :
= l//g(x’) =P (2 ) dp da’. (2.77)

T

iv) If we have two phase-space functions a(x,p) and b(z, p) then

.0 .0 .0 .0 .0 .0
f (Zﬁx’zap> a(z,p)b(z,p) = f (Zama +za—xb,za—pa +28pb> a(z,p) b(x, p).
(2.78)
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In Eq. (2.78) the meaning of % is that it operates only on a(z,p) and similarly
for the other partial derivatives.
v) If f(x,p) is a real function then

.0 .0 10 10
[ atant (igpig e dean= [sens (550750 ) ale) doas.
(2.79)
vi) For any function of two variables, say a(z, p),

10 0

]_ NN
;//a(x' +a,p +p)e®®P da’ dp’ = exp {2“‘%%} a(z,p). (2.80)

vii) For any two functions a(z,p) and f(x,p)

i i -
‘ ( t3p s 833) fwp) = [[a0.7) £+ /2.0 020 do .
(2.81)

2.7 Transforms and the Representation of Functions

The writing of a function in different domains is a fundamental idea that has been
developed over the last few hundred years but is particularly crucial in many phys-
ical theories and quantum mechanics in particular. Perhaps the first idea along
these lines is the Taylor series but certainly the most important historically, is
the expression of a function in the Fourier domain. However, there are an infinite
number of domains that one can express a function in and in fact any Hermitian
operator generates a domain, as we will now discuss. The remarkable historical
event that necessitated the development of the expansion of functions in a different
domain was the discovery of quantum mechanics. We will describe why this is so
later but we first discuss some of the standard reasons. First is that the function
may be more simply characterized in another representation and hence gives con-
siderably more insight into the nature of the function. Thus, for example, a messy
function in one domain may have a simple expression in the Fourier domain or the
Hermite function representation, etc. Secondly, if we want to construct functions
with certain characteristics which are described in a certain domain, then clearly
we should do the analysis in the representation of that domain and then transform
back to the working domain. For example if we want a function that has spatial
frequencies only in a band, then clearly the function should be constructed in the
frequency domain and then transformed back to the spatial domain.

Representation of functions in domains. Any Hermitian operator generates a do-
main or representation as we now discuss. One solves the eigenvalue problem for
the operator and that results in either continuous or discrete eigenvalues. We write
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these two cases as

Au(\, z) = du(\ z) continuous spectrum, (2.82)

Auy(x) = Mun () discrete spectrum, (2.83)

where A or A, are the continuous or discrete eigenvalues respectively and where
the u’s are the corresponding eigenfunctions. In writing Eqs. (2.82) and (2.83) we
have assumed that the operator is expressed in the x representation; however the
eigenvalue problem can be solved in any representation. The eigenfunctions thus
generated are complete and orthogonal and that allows one to express any function
in the representation defined by the operator. We deal with the continuous case
and discrete case separately.

Continuous case. By complete and orthogonal one means that the eigenfunctions
satisfy

/mw@m@mw:ﬁu—m, (2.84)
/ u (N, ') u(\, ) dX = 6(z —2’). (2.85)

Eq. (2.84) is called delta function normalization and Eq. (2.85) is called the closure
relation. Any function can be expanded as

o(z) = /F()\)u()\,x) dA (2.86)

where the inverse transformation is given by

ﬂMz/w@MQme (2.87)

The function F'()\) is called the transform of f(x) and may be considered as the
representation of the function in the A representation.

Discrete Case. If the spectrum is discrete the eigenfunctions are orthogonal and it
is standard to normalize them so that

/ufn(x)un(x) dx = Opm (2.88)

Also, one has that

Zufl(x')un(x) = 6(z' —x) (2.89)

where the summation runs over all the eigenfunctions. Any function can be ex-
panded as

p(x) =Y cntin (@) (2.90)
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where the coefficients ¢,, are given by

Cn = /ui(x)(p(z) dx. (2.91)

The set of coefficients {c,} can be thought of as the function in the w,, represen-
tation or as the discrete transform of the function.

Functions of operators operating on an eigenfunction. A particulary important
result is that if we have a function of an operator, f(A), then

F(Au\ z) = fN)u(A ) (2.92)

where u(\, z) are the eigenfunctions of A. This can be proven as follows. Using
Eq. (2.22) for the definition of a function of an operator

= i fnA" (2.93)
n=0
we have
F(AuNz) =" fad™u(N\ ) =Y A "u(h2) = FNu(X, @), (2.94)
n=0 n=0

This allows one to evaluate the operation of f(A) on an arbitrary function, ¢(x).

Using Eq. (2.86) we write
(@:/mex@w (2.95)

where the transform, F'(\), is given by
F(\) = /@(x)u*()\,x) dx. (2.96)
Therefore,
ﬂmﬂw:/Fwﬂmmx@wz/fQﬁmmx@w. (2.97)
If we further substitute for F(A) then
// Vf (N u(\, ) dhdz’ (2.98)
which can be written as

F(A)p(x) = / (&) (@, z)de’ (2.99)
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where
r(a',z) = / w*Ou ) FO)u(A, 2) dA. (2.100)
If the eigenfunctions are discrete as in Eq. (2.83) then
f(A)un<x) = f()‘n)un(x) (2'101)
and
/Z ul (2") f(en)un(z) p(a')dx’ (2.102)
= /gp(x')r(x’,z)d:c’ (2.103)
where now -
r(z’ z) = uh (@) f(An)un(2). (2.104)
n=0

u(\, ) = L i (2.105)

and hence for any function f(D) we have
f(D)er® = f(X)etre, (2.106)

Furthermore, suppose we have a function, p(z), then, using Eq. (2.99) and Eq.
(2.100)

f(D)p(z) = %//go(x’)f(k)e*“(w'”) dA\dz’ (2.107)
\/ﬂ/ ) f(@' — x)da’ (2.108)

where, as usual, the Fourier transform is given by

7 1 —idx
f(z) :E/f()\)e AT N, (2.109)

2.8 Delta Function

We will be using the delta function freely and it is worthwhile to list some of its
basic properties. The fundamental representation of the delta function is

Sz —¢€) = %/ eFWE=8 gy (2.110)
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and its basic property is that, for a function f(x),

/ T @) — &) dr = £(6). (2.111)

If the integration is one sided in Eq. (2.110) then
i
r—§

where the integration implies taking the principle part. The delta function has the
following symbolic relations:

/ GV gy — 1 §(x— &) + (2.112)
0

§(z) = 6(—x), (2.113)
xd(xz) =0, (2.114)
f@)o(z — &) = f(§)o(x - &), (2.115)
§(&x) = £ 16(x), £>0, (2.116)
|t gbla = 9 do = (1" £(6) 2.117)
A particularly important relation is that
1
d(g(x)) = ; m(s(fﬂ — ;) (2.118)

where z; are the zeros of g(z) and ¢'(z;) is the derivative g(x) evaluated at the
zero’s. By a symbolic relation we mean that if both sides of the relation are mul-
tiplied by an arbitrary function and integrated from —oo to oo, an identity is
obtained. For example, when we say that 6(x) = §(—z) what it means is that for
an arbitrary function f(x),

/ F(@)5(x) dz = / F@)(—2) da. (2.119)
Two other important representations of the delta function are
1 d?
and p
= — 2.121
() = =-() (2121)

where n(x) is the step function

n(z) { (1) 558 (2.122)
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We point out that

xd(x — &) =&0(x — &) (2.123)
and hence 6(x—¢) are the eigenfunctions of x, with eigenvalues &, which range from
—00 to co. In fact it was to solve the eigenvalue problem for x as exemplified by
Eq. (2.123) that Dirac invented the delta function. In quantum mechanics this is
paramount because x is the position operator and the eigenvalues are the measur-
able quantities. What Eq. (2.123) shows is that the measurable values for position,
the eigenvalues £, are continuous since £ may be any real number. Therefore one
says that position is not quantized.

2.9 Intensity, Probability, and Averages

The transform F()\) as given by Eq. (2.87) gives an indication of how important a
particular value of \ is for the function ¢(z). In particular, one takes the density
or intensity of A to be | F(A)[2 In the discrete case one takes |c,|* to be the
intensity for A,,. In quantum mechanics | F'(\) |? is the probability distribution for
A and if the spectrum is discrete then |cn|2 is the probability for obtaining A,,.

For this interpretation to be consistent one has to show that intensity is
preserved. In particular for the continuous case we have

/|<p(x)\2da: =/\F(>\)|2d)\. (2.124)

This is easily proven. Now consider the average defined by

(\) = /)\|F()\)|2 dA. (2.125)

It is a remarkable fact that (A) can be calculated in the x domain directly by way
of

(\) = /(p*(m)Ago(:v) dx (2.126)

and furthermore for a real function, g(\), its average is

/( )FN)PdA = / (x) dz. (2.127)

For the discrete case we have
/|g0(x)|2dx =3 Je? (2.128)

and

A) = Z An lenl® = /Lp*(m)Agp(x) dx. (2.129)
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Furthermore (g(\)) is given by
GO = S 90w el = [ " @glA)pla) da (2130)

The proof of these important statements will be given in Chap. 12.

Probability interpretation. Suppose we assume that |o(z)|? is the probability for
x and that it is appropriately normalized so that

/Isﬁ(fﬂ)\2dx =1 (2.131)

Notice now that we also have
/\F(/\)F d\=1 (2.132)

and therefore |F(\)|? can be interpreted as the probability of measuring A. This
is the probabilistic interpretation of quantum mechanics where p(z) is called the
wave function or state function and the \’s are the numerical values for the physical
quantity represented by the operator A. For the discrete case we have that

D lenl =1 (2.133)

and then we say that |cn|2 is the probability of obtaining A, . Since A, are discrete
one says that the numerical values possible for the physical quantity represented
by the operator A are quantized.

Notice that the left hand side of Eq. (2.127) and Eq. (2.130) are the standard
definitions of averages in standard probability theory for the continuous and dis-
crete case respectively. That these quantities can be calculated by the right hand
side of the respective equations is something that is proved and we will do so in
Chap. 12. What is remarkable is that these methods of calculating averages arose
naturally in quantum mechanics.

2.10 Simplifying Functions of Operators

An important issue is the consideration of a function of operators, say H(X, D),
where one requires the simplification of G(H (X, D)) where G is another function.
For example, suppose we want to simplify (X + D)". In our notation H(X, D)
= X+ D and G(H) = H". There are many ways to do this and brute force, using
the commutation relation, often works. We give here one method [14, 95] that
depends on solving the eigenvalue problem

H(X,D) u(A\z) = Au(A, ). (2.134)
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The solution to this eigenvalue problem gives rise to a complete set of eigenfunc-
tions, as given by Eq. u(), ) and hence for any function f(x),

o) = / u(h 2) P (V) dA (2.135)
with
FO) = / w0 2) f(z) da. (2.136)
Now consider
G(H(X,D))f(x) = G(H(X, D)) / () F(\) A (2.137)
_ / G(H(X, D)) u(), 2) F(\) dA (2.138)
- / GO ulh,z) F(\) dA. (2.139)

Substituting for F'(\) we have

G(H(X, D)) f(x) = / / GOV u* (v a) u(h, @) f(a!) da dA (2.140)
which can be written as
G(H(X, D))f(x) = / K(o!,0)f(2') da’ (2.141)
with
K, z) = / GOt (O, 2) u(h, 2) ). (2.142)

If the spectrum is discrete then the same steps lead to Eq. (2.141) where now

K(z',2) = Z G(An) ul (2") up (). (2.143)

Example. Suppose we seek the simplification of e?®X 7P as was discussed in Sec.

2.4. As per Eq. (2.134) we have to solve the eigenvalue problem
(0X + mD)u(A, z) = Mu(\, x) (2.144)

or explicitly in the x representation,

<9x - iTCZC) u(\ z) = M\, z). (2.145)
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The solution normalized to a delta function is

u(z) = L iw—622/2)/7

2rT

For a function, ¢(x), the transform, F'()), is then

F()\ 71 (Az—0z? /2)/de

v ] 210

and the inverse transformation is

1 i(Ae—022/2)/
xr) = e TdA.
o(x) Nor= )
According to Eq. (2.142) we have
eiGX'HTD /K (@', z)p(z") dx’ dX
with
K, z) = /eM w O\ 2) u(\, x) dX da’
_ L/ id i 02" 2) /7 iAa—02/2)/7 gy
2nT
_ 5(33/ s $)ei9(x’2—x2)/27—-
Therefore

ei6X+i'ngO(x) — /5(36/ R l‘)eie(xefx?')/”(p(x/) dz’
— €i9(7—2+27-;c)/27'90(7_ + l.)
— €i07/26i0x<p(7_ +1‘)
_ 61207—/2ei93:ei7—D@(x).

Hence, we can write
ez@X-HTD — ez@T/ZezGXezTD

which is Eq. (2.48)

2.11 Rearrangement of Operators

(2.146)

(2.147)

(2.148)

(2.149)

(2.150)

(2.151)

(2.152)

(2.153)

(2.154)
(2.155)
(2.156)

(2.157)

If we have a function of operators G(X, D) we may want to rearrange it so that
all the D factors are to the right of the X factors or the other way around. A
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procedure that can be used is the following [14, 95]. Write Eq. (2.140) as

(X, / / GOA Julh, 2)p(a’) da’ dA (2.158)
//G A2+ x)u\, x)p(x’ + z)dx’ dX (2.159)
/ / GO u (2’ + 2)u(h 2) e Po(z) da’ dA (2.160)

and therefore we have
G(X,D) //G a2+ X)u(h, X) e P da’ dA. (2.161)
If the spectrum is discrete then

Z G(A 2 4 X) un(X) e P da’. (2.162)

Notice that in Eq. (2.161) all the X factors are to the left of the D factors.
Therefore one way to evaluate the integral in Eq. (2.161) is to replace X and D
by ordinary variables, say x and p,

Z G(\ (' + ) un(z) P da’ (2.163)

do the integral and then arrange the expression so that all the x factors are to
the left of the p factors; then substitute X and D for x and p respectively. This
procedure will be illustrated in subsequent chapters. Here we give one example.
Suppose we want to expand

G(X,D) = (X + D)" (2.164)

and rearrange it so that all the X factors are to the left of the D factors. That
can be done by brute force using the commutator relations but one would soon
be entangled in laborious algebra. We now show how that can be done using the
above method. The eigenvalue problem is

d
<:c — Zda:) u(Az) = Au(A, x) (2.165)
and the solutions are )
u(\, 7) = —— iQr=2"/2), 2.166
(i) = = (2.160)

Therefore using Eq. (2.161) we have
G(I p) 1 // A" e —i(A(z'+2)—(z'+2)%)/2) z()\a: z2/2) 6iz'p dz' d\ (2167)

// A7 =it A=z —p)+iz?/2) g1 g\ (2.168)
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which simplifies to

G(z,p) = (\/\j?n /(iy—i— %(w +p) e dy. (2.169)
Now, the Hermite polynomials, H,(x), are
[nf forl ek (2.170)
k' (n — 2k)!

where [n/2] is the greatest integer function. Pertinent to our considerations is that

H,(z) = 27; /(x +iy)e Y dy. (2.171)

Therefore we have

.\ n/2
1 1
G(x,p)=| = H,(—(z + 2.172
@i =(3) Halsletn) 2.172)
and o
2k
oo [ /2 10/2) (—1)kn] (2\5) .
’ 2 k!(n — 2k)! ' '
k=0
Expanding (x + p)"~2* in a binomial series one finally obtains that
[n/2] n—2k k ol
: n—2k—1, 1
_— . 2.174
kzo Z(?z) Wl (n — 2k — )" P (2.174)

Now all the x factors are to the left of the p factors and we can write

[n/2] n—2k k
n!
X,D)=(X +D)" —X"‘Q’“_lDl. 2.175
6.0 =008 =3 3 (3) ey 2179
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The Weyl Operator

3.1 The Weyl Correspondence

There are a number of ways one can define the Weyl operator but we choose the
standard one and indeed it is the way Weyl did it [89]. The fundamental idea is
to associate an operator, A(X, D), with the ordinary function, a(z,p), called a
symbol or c-function. We express the Weyl association symbolically by

A(X, D)  a(z, p). (3.1)

As discussed in Chap. 1 the two variables, x and p are ordinary variables while X
and D are operators where

T in the x representation
igy In the Fourier representation
and
D_ %d% in the x representation (3.3)
p in the Fourier representation.
They satisfy the basic commutation relation
[X,D] =i. (3.4)

The Weyl rule is the following. For a symbol, a(z,p), define its Fourier transform
by

1 ) )
a(f,r) = m//a(gc,p) e~ WT=ITP dy dp (3.5)

in which case

a(z,p) = / / (0, ) e 4o dr. (3.6)

L. Cohen, The Weyl Operator and its Generalization, Pseudo-Differential Operators 9, 25
DOI 10.1007/978-3-0348-0294-9_3, © Springer Basel 2013



26 Chapter 3. The Weyl Operator

The Weyl operator, A(X, D), corresponding to, or associated with, a(x,p) is
defined by the substitution of the operators X and D for  and p in Eq. (3.6),

A(X,D) = / / a8, 1) XL 4o dr. (3.7)

We call A(X, D) the Weyl operator. Simplification of A(X, D) is possible in a
number of ways. One is the disentanglement of *X+7P as we discuss now and
the other is using the rearrangement procedure that will be discussed in Sec. 3.4.
Since

eiOX-i—iTD _ ei07'/2 eiQX ei‘rD — e—i97/2 ei'rD eit9X (38)
we have that
A(X,D) = / / a0, 1) /% 0% P gh dr (3.9)
and
A(X,D) = / / a(0,7)e”07/2 &P 09X qg dr. (3.10)

Equivalently, substitute Eq. (3.5) into Eq. (3.9) or into (3.10) to obtain
1 ) )
A(X,D) = ﬁ////a(x,p) WX =a)+i1(D=D) 49 dr da: dp (3.11)
7T

1 ) ) )
= F////a(x,p) e07/29(X=2) iT(D=P) 49 dr da dp. (3.12)
7T

It is important to appreciate that in the above equations both X and D are oper-
ators. Whether we use the pair (z, D) or (X, p) depends on whether we operate on
functions of = or functions in the Fourier domain. The examples below will illus-
trate these different situations. Furthermore, A (X, D) can operate on functions
expressed in any representation.

3.2 Operation on a Function

We now consider the operation of the Weyl operator on an arbitrary function,
o(x), and use A[yp] to signify it,

Alp] = A(X, D) ¢(). (3.13)

Of course A[y] is a function of x and often it is written as Afp](x) but we will
simply write A[p] for the sake of notational clarity, as the dependence on the
variable will be clear from the context. We have

A(X,D) p(z) = / / a0, 7) /% &% oD p(2) df dr (3.14)

= / / a0, 7) e/ e p(x + 1) df dr (3.15)
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where in going from Eq. (3.14) to Eq. (3.15) we have used the fact that €™ is
the translation operator as given by Eq. (2.34). Substituting Eq. (3.5) for a(6, 1)
and doing some straightforward simplifications results in

- %//a (Y@ +7),p) =P (1) dr dp. (3.16)

Also,
1 .
= %//a (x+37).p) e "P o(1 + z) dr dp. (3.17)

3.3 Operation in the Fourier Domain

We now operate on functions in the Fourier domain. Using Eq. (3.10) we have
Alpl = A(X, / (0,7)e"07/2 1P 09X B(p) df dr (3.18)

= //6(9, 7)e"0T/2 P B(p — 0) df d. (3.19)

Straightforward substitutions give

=5 / / Lp+0)) e %P 3(0) dw db (3.20)
o

and

o1 i(0—p)w ~
Alp] = %//a(;v,p—i— 10) 0= (0 + p) dz db. (3.21)

That Eq. (3.20) and (3.16) are consistent with each other can be readily proven.

3.4 Operational Form

We now discuss a powerful procedure for calculating the Weyl operator. First, we
describe a rearrangement procedure for operators that allows one to manipulate
operators as ordinary functions. For any operator A(X, D) define R(z,p) by

R(z,p) = rearrange A(X, D), so that all the D operators
are to the right of the X operators; then replace X, D by z,p. (3.22)

The rearrangement is achieved by using [X, D] = i. We point out that R(z,p) can
be the sum of rearranged factors. The concept of replacing a function of operators
by a function of ordinary variables is a powerful way to manipulate operators and
will often be used. After one manipulates R(x,p) it must be then converted back
to an operator and that is done by placing all the = factors to the left of the p
factors and then substituting X, D for x, p. The ideas and methods were devised
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by Feynman in 1948 although the first instance of these types of calculations
were introduced by McCoy in 1932. Feynman developed a general algebra for such
manipulations.

In Eq. (3.9), €% €7D is already in the form where the D factors are to the
right of the X factors and therefore

R(z,p) = / a(0,7)e?7/% €% &P p dr (3.23)
= / a0, 1) €% 05 €197 P df) dr (3.24)
= ei%ap/ a0, 1) e TP 49 dr. (3.25)
Hence,
Rea.p) = exp [ 020 ] (o) (3.20
x,p) = exp 5 90dp a(x,p). .

The way Eq. (3.26) is used is to evaluate the right hand side and after the evalu-
ation one puts all z factors to the left of the p factors and then substitutes X, D
for x, p. Often the best way to evaluate R(x,p) is to expand the exponential and
then operate term by term. In particular,

oo

n 2n
R =Y 0 (5) gogmaten (3:27)

2i ) Ox™Op™

n=

Examples of these types of manipulations are given in the next section. Eq. (3.26)
could have been obtained directly by way of Eq. (2.11), which we repeat here: for
any two functions f(0,7) and a(d,7),

10 10
20x+z‘rp
/ f6,7)a0,) dodr = f <Z 9 7 8p> a(x,p). (3.28)

Taking f(0,7) = €*7/2 in Eq. (3.28) we immediately obtain Eq. (3.26).

3.5 Examples

We now give a number of examples chosen to illustrate the methods and to give
insight into the nature of the Weyl operator.

Example. a(z,p) = pz. Calculating the Fourier transform of px as per Eq. (3.5)

we have
2

-~ 1 —i0x—iT (9
a(d, 1) = m//xpe 02=p o dp = —8087_5(9)6(7). (3.29)
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The Weyl operator, Eq. (3.9), is then

07/2 i0X _itD
// {8987 7‘)} e e e do dr (3.30)

_ 3937 oi07/2 i0X iTD - (3.31)
giving
A(X,D) =XD — %z (3.32)
Using the commutation relation XD — DX = i results in
A(X,D)z%(XD—kDX). (3.33)

Therefore, for the symbol xp, the Weyl operator symmetrizes X D. However, this
is not generally true for other symbols.
Alternatively, consider using Eq. (3.26),

1 0? 1 02 1.
R(z,p) = exp 2% 9zop a(z,p)= |1+ % 9xdp rp=ap—5i.  (3.34)

Now, we put the x factors before the p factors and then substitute X, D to obtain
A(X,D)=XD—1i (3.35)
which is the same as Eq. (3.32).

Example. a(z,p) = 2%p. The Fourier transform is

- _ L 2 —i0x—iTp _ 63
a(,7) = / / z?pe do dp = —iz75-6(0)3(7) (3.36)

and therefore the Weyl operator is given by

A(X,D) //{ 5209, )5(7’)} 0712 90X D 49 dr (3.37)
T

01/2 60X ’LTD
829876 e . (3.38)
giving
A(X,D) = X?D —iX. (3.39)
We can obtain the same result using Eq. (3.27). In particular,
19 1 o9
(14 = _ 2p = 22p — i A4
Riw,p) < + 21 0xdp 4 Ox20p? ) rp=rp-w (3.40)
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which gives the same operator as Eq. (3.39) when (X, D) is substituted for (x,p).
Clearly for this case using Eq. (3.40) is simpler.

Example. a(x,p) = 2"p™. To obtain the Weyl operator for
a(z,p) =z"p™ (3.41)

we use the method given by Eq. (3.27). We have

> 1 /1\" 9%
— n,m
R(z,p) = Z 7 (22> 73$k5pkx D, (3.42)
k=0
Using
k 1" n—=k <
O g _JRG)EE k=n (3.43)
Oxk 0 k>n
we obtain
min(n,m) 1 k n m
R(z,p)= > (22) k'(k> (k>1:"kpmk (3.44)
k=0

and therefore

min(n,m) k
1
e <2> k'<2) <7Z)X”_’“D’”_’“. (3.45)
(3
0

Similarly one can also show that

min(n,m) Nk

n,.m ? n m m— n—

Py <2) k!(k)<k>D kxn-k, (3.46)
k=0

Using Eq. (2.28) and (2.29) can be converted into

1 n
xnpm o 27 Z <TZ) xn—lpmxl (347)
=0
and
1 <& (m
"™ T (l >Dm‘lX”Dl. (3.48)
=0

These results were first derived by McCoy in 1932 [55].

Example. a(x,p) = é(x — 2')d(p — p’). The delta function association will play an
important role in generalizing the Weyl transform. We symbolize the association
by

As(X,D) < 6(x—a")o(p—1p). (3.49)
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The Fourier transform of 6(z — 2')d(p — p’) is

. 1 o 1
alf,r) = m//é(mfx’)é(pfp/)e We=iTP oy dp = yrcl e’ =iTr" (3.50)

and using Eq. (3.9), the Weyl operator is

As(X.,D) = / (0,7) 7% X TP dg dr (3.51)
_ 47]_2//6_101 —iTp’ 197’/2 u9X ZTDdedT (352)

giving
As(X,D) = /5 Lr b X —a)e 7P dr. (3.53)

Since the X factors are to the left of D factors we can immediately evaluate Eq.
(3.53) to obtain Rs(X,D):

Rs(x,p) = 71r 2 =) ('), (3.54)

The operation on a function, ¢(z), is
As(X,D) o(x) = % / S(hr 4 — ') (e + T)dr (3.55)
= %6_%(30/_30)1)/90(2%, — ). (3.56)

We can use the delta function association to define the operator for an arbi-
trary symbol. We first write

awp) = [ [8la 2600 p)ae’ ') da'dy (357)
and then in general
A(X / As(X,D) o(x) dx'dp’. (3.58)

To show the consistency with our previous result substitute Eq. (3.56) into Eq.
(2.37) to obtain
1 i ’
A(X,D) p(x) = f//e_%(”” O (22" — x)a(a’,p') da'dp. (3.59)

™

Making the transformation 7 = 22’ — & we obtain

A(X,D) // (2(z+7),p) P @) o(1) dr dp’ (3.60)

which is the same as Eq. (3.16). Thus the delta function association fixes the
association for a general symbol.
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3.6 Inversion: From Weyl Operator to Symbol

We now address the question as to how to obtain the symbol from the Weyl
operator. Given an operator, A (X, D), we rearrange it by the procedure described
in Sec. 3.4 to get R(x,p). In particular, using Eq. (3.23), we have

R(z,p) = //3(9, 7) €07/219% ¢iP g dr. (3.61)
Taking the inverse Fourier transform we obtain,
_ 1 o
a0, 7)e’/? = j//R(z,p)eflezf”p dx dp (3.62)
47

or )
@0, 7) = gge 0" / / R(z, e~ 4z dp. (3.63)

7r

This shows how to get the Fourier transform of the symbol from R(z, p). To express
it in terms of the symbol directly we have

1 S . .
a(z,p) = ﬁ//R(x’,p’)e_w‘” —iTP' o =i07/2 0T g dr da dp (3.64)

which evaluates to

1 : ’ /

a(z,p) = f//R(x/’p/) e2i(a' =) (0" =p) go! dp' (3.65)
T

or

1 / / 2ix’p’ / /

a(z,p) = - R(z' +x,p +p) e P da' dp'. (3.66)

An alternative form can be obtained by just solving Eq. (3.26) for a(x, p),
10 0
a(zr,p) = exp {_228;[8;)] R(z,p). (3.67)

That Eq. (3.66) and (3.67) are indeed the same is a special case of Eq. (2.80).

Example. A (X, D) = (XD + DX). We first rearrange A (X, D) so that all the
X factors are to the left of the D factors. That results in

R(z,p) = zp— i. (3.68)
Then, using Eq. (3.16), we have
10 0 1.
a(x,p) = exp {_2183:8;0] (xp — 51) (3.69)

16 1 ot 1.
- (1 20 0xdp 43362(9}?2) (b =0 = o (370
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which is consistent with the first example of Sect. 3.5. Alternatively using Eq.

(3.65) we have
/ / 21 =0) (" =p) gt gy (3.71)

/ / )2 @ =)W =p) ga ! (3.72)

which evaluates straightforwardly to xp.

Example. A (X, D) = D?X D. Using the commutation relation to rearrange D?X D
so that all the = factors are to the left of the D factors we have

A(X,D)=D?XD = D(XD —4)D = DXD? —iD? (3.73)
= (XD —i)D? —iD* = XD? — 2iD?. (3.74)

Therefore
R(z,p) = ap® — 2ip*. (3.75)

Using Eq. (3.67) we obtain

10 0 3 a3

—exp |- — —2 .
olop) =exp | <5720 | (o 20 (3.76)
= ap® — Lip®. (3.77)

Alternatively one can use Eq. (3.66),
a(z,p) // o+ 2)(p +p)® =2 +p)?) €27 da' dp’ (3.78)
= xp° — 2ip? + f//x’(p’ +p)? 2P dz’ dp. (3.79)
7

Straightforward evaluation of the last integral gives

]_ . o

;//:C’(p/ +p)3 ezQ:r Py’ dp/ _ 72%1)2 (3.80)
and therefore

a(x,p) = xp® — 2ip® — Zp* = p® — Jip? (3.81)
which agrees with Eq. (3.77)

Alternate Approach. We now give another viewpoint for getting an inversion for-
mula. Kim and Scully [42] argue that if we operate on a complete set of functions
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that should fix the operator and hence one should be able to obtain the corre-
sponding symbol. The simplest complete set is the delta function and hence we
consider, in Eq. (3.16), the case

p(z) =d(z —2") (3.82)

giving
Ald(z —2")] = / / (L@ +7),p) €@P 5(r —2")drdp (3.83)
= %/a (3(z+2"),p) el@=2"p g, (3.84)

Knowing A[d(z — «")] for all 2", one should be able to obtain the symbol, a(z, p).
Multiply Eq. (3.84) by e~"* and integrate with respect to x:

L1 1 goe}) . 1
/A[é(x —a")]e™ "dx :27//(1 ((z+a"),p) e " =P dpdy (3.85)
m

1 : " 1 . "
= 7//a (z,p) et Ce=2P7 20@=20P g,y (3.86)
T

—2i(z" —x

Now multiply by " "¢ D" =r") and integrate with respect to da’dp”:

/A x—a")]e” "z gip"a" _21(””_”/)(””_p/)dxdm”dp” (3.87)

//// T p 1p”x” 21’(£”—x’)(p”—p')e—ip”(21—z”) eQi(m—m”)p dpdmdm”dp”.

Straightforward evaluation of the right hand side of Eq. (3.87) leads to wa (2/,p’) .
Therefore

1 "o : " ’ 1 ’
= 7///A[6(x — g/ w2 =2 )P =P gy dp” . (3.88)
7

One can simplify further by integrating with respect to dp” giving

a’,p') = 2///A[5(x — 2oz + 2" — 22")e¥ " P dpda” (3.89)
= 2///A[5(sc —2")d(z + 2" — 22")e¥ P dpda”. (3.90)
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Example. A(X,D) = XD.

1 " o0 7 ’
a(z’,p') ;///(xDé(m—x”) —ipe g =20 =2 0" =0 g dp (3.91)

= i///30(5/(35 — a)em W w2 =2 =N ) qrdp ap’ (3.92)
i

d .1 s 1T . 1 ! 11 ’
- ’%/// (dx[xe”” ]_> e e T T ) duda dp”

(3.93)

_ ///[p”l‘” + ’L _2i(x/,_x,)(p/l_pl)dw”dp”. (3.94)

The two integrals involved evaluate to

1 1" ’ ]-
f///p//m//efm(z —a")(p" —p Vda"dp" = p'a’ + — (3.95)
. 21
l///ie_Qi(a://_m/)(p//_p/)dx//dp// :Z (396)
T
and therefore
1 1
a(x',p') = px+2 +Z—p$-—% (3.97)

It is instructive to also derive the result by way of Eq. (3.89)

= g// 26 (x — 26 (x + 2" — 22")e2 " P qpda (3.98)
i
2 d " / 2i(z" —z")p’ ”
=-3 —xé(m + 2" —22")| gy et P dxdx (3.99)
= ///[ 6z + 2" = 22") | pmur + 15(96 —a)| 2= =70
(3.100)

We note that

d 1 / 1 d 11 /
— - o = - 101
dxé(x—i—x 22" | p=a 4d;v”6(x x') (3.101)
and hence
2 1 d 1 I
o', p') = —;/// [4$"dx”5(x” —a') + 55(3:” —a')| 2@ =T gy
(3.102)

which evaluates to a (2, p’) as given by Eq. (3.97).
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It is of interest to show Eq. (3.101) as such expressions often occur. We have

%5(56 o =20 )|y = %% / elote" =20y (3.103)
= % / ye@" e =20y, (3.104)
_ %%din / yel22" =22y gy (3.105)
= %dj/é(%c” —22") (3.106)
= 1L ). (3.107)

3.7 Adjoint

The Hermitian adjoint of an operator, designated by Af(X, D), is defined as the
operator that makes the following true for any two functions ¥ (z) and ¢(x):

/ W (@)A (X, D) () dz = / (@) { Al (z, D)) d. (3.108)
If we take the adjoint of A in Eq. (3.7) we have
AT(X,D) = / / [a(0,7) X +7P1" dg dr. (3.109)

But by Eq. (2.60) we have

[6(9,7') eiQX-'riTD]T =g* (9’ 7_) e—ieX—iTD (3-110)
and therefore
AN(X,D) = //a*(e,T) e 0X=D 49 dr (3.111)
and
AT(X,D) = / / a*(—0, —1) XD qg dr. (3.112)

3.8 Hermiticity
Of particular importance is the question as to when the Weyl operator is Hermi-

tian. The reason that Hermitian operators are important is that their expectation
value, as defined by

(A(X,D)) = /go*(x)A (X, D) p(z)dz (3.113)
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is assured to be real. In addition, in quantum mechanics and time-frequency analy-
sis operators represent physical quantities and the numerical values of the physical
quantities are the eigenvalues of the operator. Hence, one has to have real eigen-
values since measurable quantities are real. The way to ensure that the eigenvalues
of an operator are real is to insist that the operator be Hermitian.

An operator is Hermitian if its adjoint equals the operator itself. If we com-
pare Eq. (3.112) to Eq. (3.7) we see that if we take a*(—60, —7) =@a(f, ) then the
two expressions are equal. But this is precisely the condition for the symbol to be
real

a*(—0,—71)=1a(0,T) for real a(z,p) (3.114)

and so we have
AT(X,D) = A(X, D) for real a(z, p). (3.115)
Therefore for real symbols the Weyl operator is Hermitian.

It is of some interest to prove the Hermitian property directly. The definition
of a Hermitian operator, A (X, D), is that for any two functions, ¢ and v,

[# @A ey de = [ o) (AKX, D) v} s (3.116)
Substituting Eq. (3.16) into the left hand side of Eq. (3.116) we obtain
/w*(x)A(X,D) o(r)de = %///w*(m)a (%(m + T),p) eP@=7) o(7)dr dpdex.

(3.117)
A few manipulations lead to

[ o@Dy a
= %///90(1”) {a* (3(z+7),p) e D w(ﬂ}* dr dp dz. (3.118)

If the symbol is real then the right hand side is exactly equal to the right hand
side of Eq. (3.116) and hence A (X, D) is Hermitian.

3.9 The Algebra of the Weyl Operator

We now discuss some basic properties of the Weyl operator [91].

Linearity. The Weyl association is linear in the sense that if

a(z,p) « A(X,D), (3.119)
b(xz,p) + B(X,D), (3.120)
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then
a(z,p) + b(z,p) + A(X,D)+ B(X,D). (3.121)

Unit Association. The Weyl association associates the unit operator with the num-
ber 1:
11 (3.122)

where [ is the unit operator.

Translated symbol. It often arises that we have to calculate the Weyl operator
corresponding to

at(xap) :a(xi'rxp*p/) (3123)
where ' and p’ are constants. We denote by A; the Weyl operator that corresponds
to ay,

At (X, D) < a(z,p). (3.124)
The Fourier transform of a;(z,p) is given by
1 . . SN AP
a(0,7) = ﬁ//a(:ﬂ — a2 p—p)e TP dy dp = 70T TITPG(9, 7). (3.125)
T
Substituting into Eq. (3.9) gives
A, (X,D) = / / e~ 0T =ITPG(9, 7)eT/? 19X TP df dr (3.126)
- / / a9, 7)e07/? X =) it (D=1) g 47 (3.127)
and hence
Ay (X,D) =A(X -2 ,D-Y). (3.128)

The Scaled Symbol. Suppose we consider the scaled symbol

as(x,p) = a(nz, up) (3.129)

where i and p are positive constants and we wish to obtain the corresponding
Weyl operator. We denote it by

As (X, D) < ag(z,p). (3.130)
The Fourier transform of ag(z,p) is

_ 1 o
as(0,7) = m//a(nm,up)e OT=iTP o dp (3.131)

1 . .
= m//a(x,p) e~ W=/ dy dp (3.132)
T
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and therefore

as(0,7) = ma(a/ﬂﬁ/ﬂ)- (3.133)
Substituting this into Eq. (3.9) we have
1 , . )
As (X, D) = ” / / a(0/n,7/p) €72 X P qg dr (3.134)
1 ~ inudr/2 i0nX _iTuD
= m//01(0,7')67“ /2 X oiiD g (3.135)
If we take
np =1 (3.136)

then

1 . . ,
As (X, D) = m//&(@n’) e07/2 X oD gy dr — A(nX,D/n).  (3.137)

Complex Conjugate of the Symbol. Suppose we have the function a(x,p) and the
corresponding Weyl operator A(X, D) and wish to obtain the Weyl operator for
the complex conjugate of a(x,p). We use the notation A, (X, D) for the operator
that corresponds to a*:

A, (X, D) < a*(x,p). (3.138)

The Fourier transform of a* is given by
a*(0,7) =a(—6,—1) (3.139)
and therefore the Weyl operator of a* is
A(X, D) = / / (=0, —7) €9XHTD 4 g (3.140)
or

A.(X,D) = //a(am) e XD dgdr = A(-X,-D). (3.141)

Derivative of the Symbol. We now obtain the Weyl operator for the derivative of
a symbol. We use the notation a, for the derivative with respect to x,

acl.p) = ~-ala,p) (3.142)
and the associated operator is denoted by

Az (X, D) <> az(x,p). (3.143)
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The Fourier transform of a,(z,p) is

a —ifx—iT -~
%a(e T) =a,(0,7) = 12 // [ ] e Pdrdp =ifa(f,7) (3.144)
and therefore
, o P
A, (X,D) =i / 0a(0, ) e?7/2 X D 4o dr = SxAX.D). (3.145)

One must be careful with the meaning of %A (X, D) : the order must be preserved
in the differentiation.
Now consider the derivative with respect to p. Using similar notation as above
and writing
Ap (X, D) > ap(z, p) (3.146)

the Fourier transform of a,(z, p) is

aap 0,7) =ay(6,7) = 2 // { ] 0Py dp = ira(6, 7). (3.147)
Hence,
A, (X,D) = i//TE(G, 7)e?7/2 97 D 49 dr (3.148)
giving
0
A,(X,D) = 6—DA(X D). (3.149)

Derivative of a Function. We aim at expressing the Weyl symbol operating on the
derivative of a function in terms of the Weyl symbol of the function. We have

A [ai@(x)] = % / / a(3(x+7),p) P %(p(r) dr dp. (3.150)

An integration by parts leads to

A{gxw(x)} :f%// {;Ta(;(x+7,p)} @~ p(r) dr dp
s o [[aGernm) { grerenbonaran @asy

774 (3(z+7)p) = 72 (3(z+7),p) (3.152)

We can set

and we then see that

A 5o0t)| = =44, el + ipAle] (3.153)
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where 5
a/:v(xap) = %G(J},p), (3154)

A, QW// {a (A(z +T),p)} eP==T) (1) dr dp. (3.155)

Therefore, the Weyl operator operating on the derivative of a function is minus
one half of the Weyl operator of the derivative of the symbol on the function plus
ip of the Weyl operator.

3.10 The Wigner distribution

In subsequent chapters we develop the relation between operator correspondences
with so-called quasi-probability distributions. Here, we just show, by way of expec-
tation values, the direct relation between the Weyl operator and the Wigner distri-
bution. Consider a symbol a(z,p) and the corresponding Weyl operator A (X, D).
Let us for the moment accept the idea that the expectation value of an operator
in a state () is given by the inner product of ¢ with A (z, D) ¢,

(A(X,D)) = /go*(x)A (X, D) ¢(z) dx. (3.156)

Using Eq. (3.16) we have
/cp (2)A(X,D) ¢ // % :17+T),p) etp(z=7) o(7)dr dpdx.

Making the transformation
T =T — LT, T T+ 3T, (3.158)

we obtain that

/cp (x)A(X,D) ¢ /// 2,p) e P p(z + 1) dr dpda.

(3.159)
If we define W (z, p), the Wigner distribution, by

1 .
W(z,p) = o /@*(w —17)e T p(z+ ir)dr (3.160)

we can write Eq. (3.159) as

/ap (2)A(X,D) dx—// x,p) W(z,p)dpdx. (3.161)
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It is important to appreciate that in Eq. (3.161), the left hand side deals with
operators while the right hand side deals with ordinary functions only. Moreover,
the right hand side is reminiscent of the expectation value of a (z,p) taken with
the probability density W (z,p). This is a very important interpretation and was
the original motivation of Wigner [93]. As we discuss in later chapters W (z,p) is
not manifestly positive and hence can not be a proper probability density and that
is why it is often called a quasi-probability distribution. Nonetheless Eq. (3.161)
is the basis of what is commonly known as the phase-space representation of
quantum mechanics and also plays a fundamental role in time-frequency analysis.
The reason is that even though W (x, p) is not a proper probability distribution it
can be manipulated as if it was.

Fourier Domain. The expectation value of an operator can be evaluated in any
domain and in particular for the Fourier domain we have

[¢@Aa@.D) cwids = [ @AXD T dp. (3102

Using Eq. (3.20) we write

/w (P)A(X,D) ¢ —///A* Lp+0)) e’ %P 5(0) dw df dp.
(3.163)
Making the transformation

p — p+30, 0—p— 10, (3.164)

we obtain

A~k o 1 Sk —i0x
/w (p)A(X,p) 3(p)dp = g//w (p+30)a(z,p)e """ @(p — 36) da db dp.
(3.165)
which we write as

/go (p)A(X,D) ¢(p)dp = // x,p) W(x,p)dxdp (3.166)

where now

1 Sk —i0x
W(z,p) = ﬂ/w (p+30)e™ " 5(p — 36) do. (3.167)

That this expression of the Wigner distribution is the same as the one defined by
Eq. (3.160) can be verified directly.
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3.11 Product of Weyl Operators, Commutators, Moyal
Bracket

The consideration of the product of two operators is important because the product
will define the commutator of the operators and it is the commutator that enters
in fundamental laws such as Heisenberg’s equation of motion and the uncertainty
principle. Suppose we have two symbols a(z,p) and b(z,p) with corresponding
Weyl operators,

A(X, D) = / / (0, 7) e9XHD g g7 (3.168)
B(X,D) = / / b(0,7) XD qp dr. (3.169)
We consider the product of these two operators,

A(X,D)B(X,D) = / / / / a0, 7)e®X TP B 7 XHTD g dr 46’ dr'

(3.170)
Note that the order of multiplication is important since, in general, A(X, D) and
B(X, D) do not commute. We call the product C(X, D),

C(X,D) = A(X,D)B(X, D). (3.171)

We now ask, what is the symbol that corresponds to C(X, D)? That is, we seek
the symbol ¢(z,p) associated with C'(X, D),

c(z,p) & C(X, D). (3.172)

We want the symbol, ¢(z,p), that corresponds to C'(X, D) as given by

C(X,D) = / / a6, 1) XD qg dr. (3.173)
Using Eq. (2.57)
GIOX+iTD Li0' X+iT'D _ i(0'r—07") /2 ,i(0+6") X +i(r+7)D (3.174)
Eq. (3.170) becomes
C(X,D) = A(X,D)B(X, D) (3.175)
_ ////a(a’T)g(0/77_/)ei(()"rfe'r')/Zei(0+0')X+i(‘r+r’)D 40 dr o’ dr’
(3.176)

= / / / / a0 — 0,7 — )00, 1) TN 2OXHTD 4y 47 qy
(3.177)
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Comparing with the general form, Eq. (3.173) we see that
c,7) = / / a0 — 0,7 — )b, 7)) T2 g6’ qr (3.178)
Taking the inverse Fourier transform we obtain
c(z,p) = ////6(977')3(9/,7/) MO T=0m)/2i (04002 +i(m 0P g0 dr a9’ dr.
(3.179)
Substituting for a(6,7)and b(¢’,7") we have
1)° e
C(I,p) — <47T2> // a(a?/,p/) b(x//’p//)ez(G T—0T1 )/261(9+9 Yx+i(t+7")p
x e 10 —irp" o=ib'a" —ir'D" g0t qot ay! dp' df dr do’ dr'! (3.180)
1 . ’ . S
_ i(T+T —iT —iT
= R//a(m’,p’)b(x”7p”)e( pe=iTe! o =iT'P
X 6(1/2+x—2")5(1' /2 — x + 2" )dx' dx" dp’ dp” dr dr’ (3.181)
which gives

1 . 1" ’ ’ 1" 1 ’
clesp) = =5 [ [[ [ ala' oty pla gy O e D g

(3.182)
By simple change of variables one can write a variety of forms for ¢(z, p):

1 . / " ’ " 1" ’
C({L'7p) _ p///‘/ a(x/’p/) b(ir//’p//)em[m(p —p")+z' (p" —p)+a” (p—p")] daz’ dz"! dp/ dp//

(3.183)
= % / / / / a(a +a',p+p') ba", p" )X @ =)= @ =) qot qo dp' dp”
(3.184)
= %//// a(z+2',p+p)blz+2",p +p”)e%[$l””_p/$”] dax’ da” dp' dp” .
(3.185)
3.12 Operator Form
We now show interesting operator forms for ¢(x, p),
c(z,p)=a (w + %gp,p - ;6(1) b(z, p) (3.186)
and
c(z,p) = exp [; (81 gpb ;%aiaﬂ a(z,p)b(x, p). (3.187)
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In Eq. (3.187) the meaning of T is that it operates only on a(z,p) and similarly
for the other partial derivatives. To prove Eq. (3.186) we start with Eq. (3.179)
and rewrite it as

c(z,p) / / / / (6,7)b el tiTp i et/ A1 (0=0/2) 49 dr dp’ dr’ (3.188)
= / / / (0, 7) 0TI Y 1) e AT AHT0=002) g g qy dr' (3.189)

/// (0,7) Olet 53 ) (=5 5) §(o 1) TP 40 dr do' dr
(3.190)

and considering = + -2 and p — i% as if they were ordinary variables we have

2 8p 2 0.
q. (3.186).
To prove Eq. (3.187) write Eq. (3.179) as

c(z,p) = / / / / TR G (g, 7)Y (Y ) TP Y dr B’ dr (3.191)

to obtain

X [ (@, 7')etd =i P} d dr dg’ dr’ (3.192)
and therefore Eq. (3.187) follows.

Star Notation. Common notation to indicate that ¢(z, p) is composed from a(z, p)
and b(x, p) by the procedure just described is the star notation. One writes

cav(,p) = a(z, p) * b(z,p). (3.193)
Note that the order of a(z,p) and b(z,p) in a(z,p) x b(x, p) is important.

Commutators. We now obtain an expression for the symbol that corresponds to
the commutator of A(X, D) and B(X, D) defined by

[A,B] = AB — BA. (3.194)
The symbol corresponding to AB is

2% 2%~ 9% 95 a(z, p)b(, ) (3.195)

and for BA we have

Cba(x7p) = 6_5(m67m,_874bm)a(1-7p)b(x7p). (3196)
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Hence for the commuter we have

[AvB] A4 Cab(‘rap) - Cba(‘rap)
= [ttt o) e 3 ok ) (e, p)b(ep)  (3197)

giving
1190 0 o 0
A B 27 sin = _—— b 3.198
(A.B] ¢ 2isin [axa o apa] aw bz p),  (3199)
< : 3 o 0 9 0 :
a result first obtained by Moyal. The operator, smé [ B Opp aTbaT)J , is com-

monly called the Moyal bracket.
For the anti-commutator, using the same procedure, leads to

i(o 9 _ 9 90 _i( o6 o8 0 0
[A,B]y = AB+ BA [e? N N (G aib)} a(z,p)b(z, p)

giving

[A, B+ < 2cos% [

0 0 o 0

Oxy Opy Oz 3%} a(z,p)b(x, p). (3.199)

Other forms. In addition, if we use Eq. (3.186) we have

[A7B] s Cab('rvp) - cba(xvp)

I I A VPR SR I A Y
-\ 28p’p 20z ) 0P . 28p’p 20z ) “ 0P
(3.200)

and

[Aa B]Jr = cab(xap) + Cba(l',p)
i 0 i 0 i 0 i 0
=a (ac—i— ia—p,p— 28:&) b(xz,p) +b (m—i— 58—p,p— 28:0) a(z,p).
(3.201)



Chapter 4

Generalized Operator
Association

Besides the Weyl correspondence there are many other rules that have been pro-
posed and we study them in Chapter 6. In this Chapter we develop a general
formalism where all associations can be characterized in a simple way. This al-
lows one to study all of them with a unified approach and to see the relationships
between them [13, 48].

4.1 Generalized Operator

We define the generalized correspondence operator associated with the symbol
a(x,p) by
A®(X,D) = / / a0, 7)®(0, 1) XD dp dr (4.1)

where ®(6,7) is a two-dimensional function called the kernel. The kernel char-
acterizes a specific association and its properties. The general notation we use is
that the capital letter in A® signifies the operator corresponding to the lower case
symbol a(z, p) and the superscript ® indicates the particular rule or kernel we are
considering. The Weyl case is obtained for ¢ = 1.

For convenience we repeat here the definition of the Fourier transform of the
symbol, a(6, 1),

1 o
alf,7) = R//a(x,p) e~ WT=ITP dy dp (4.2)

and the symbol is given by a(z,p):

a(z,p) = //6(9, ) 0T HITP 4f dr. (4.3)

L. Cohen, The Weyl Operator and its Generalization, Pseudo-Differential Operators 9, 47
DOI 10.1007/978-3-0348-0294-9_4, © Springer Basel 2013
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Using Eq. (2.45),

GOXHITD _ i07/2 Li0X iTD _ ,—i07/2 jitD ,i0X (4.4)

we have that
A® (X, D) = / / (0, 7)B(0, 7) €7/ 19X (7D g g7 (4.5)
= //6(9, T)P(0,T) e 0T/2 giTD 10X g9 4. (4.6)

In terms of the symbol, one obtains

1 . . ) ) .
A®(X,D) = o / / / / a(q,p) ®(0, 1) e 0a=iTPHI0T/2 G0X iTD g (- dg dp (4.7)

1 , . )
- ﬁ////a(q,p) B0, 7) 072 0 X=D T(D=P) 4o dr dgdp  (4.8)
T

which may also be written as

1 ) . . )

A®(X,D) = o / / / / a(q,p) ®(0,7) e 0971P OXHTD 49 dr dgdp  (4.9)
78
1

= ﬁ////a(qap) (0, 7) OX=DHT(D=P) 49 dr dg dp. (4.10)
4.2 Operational Form

For the operator A® (X, D), we define R® by the same procedure we used for the
Weyl rule,

R®(z,p) = rearrange A®(X, D), so that all the X factors are to the left
of the D operators; then replace (X, D) by (z,p). (4.11)

As with the Weyl case the rearrangement is achieved by using [X, D] = i. Applying

this procedure to A(X, D) as given by Eq. (4.5) and noting that the X operators
are already to the left of the D factors we have

R®(x,p) = / / (0, 7)®(0, 7) €97/26%% P df dr. (4.12)

Using Eq. (2.74), R®(x,p) can be written in the following operator form,

> _ 199 19 19
R (x,p) eXp<2i8m8p ® i0x’ i Op a(w,p). (4.13)
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The way one uses Eq. (4.13) is to evaluate the right hand side first, then put all
the z factors to the left of the p factors; then substitute (X, D) for (z,p). Since
the Weyl case is when ® = 1 we have that

<18 10

i3] _
R (z.p) = i0x’ i 0p

where RY (z, p) is the rearrangement operator for the Weyl case.

4.3 The Operation on a Function

We now consider the operation of A® (X, D) on an arbitrary function, ¢(z). Using
Eq. (4.5) we have

A®[p] = A% (X, D) p // 0, 7)®(0,7) e07/2 %% p(x+7)dfdr  (4.15)
where we have used the fact that e/ Pp(z) = ¢(x + 7). Equivalently,
= / / a0, 7 — 2)®(, 7 — x) @2 (1) df dr. (4.16)

Writing A® (X, D) in terms of the symbol one obtains

! 2//// (q+ 2 ) e~ 0@ §(9, 7 — 1) (1) dr dq dp db
vI§

(4.17)
and,
Ao = 15 [[[[atara s r/2p e 86,0 ot +0) drdg dp?i;g)

In addition,

| = ﬁ////a (q,p) e” 0T/ D=L &(9, 1) o(7 + x) dr dgdp df. (4.19)
T

Notice that a(f, 7 — z)®(0, 7 — x) e?(7+2)/2 is a function of 7 — z and 7 + z
and hence we may write

A* (X, D) p(z) = /kq’(T +x,7—x)o(r)dr (4.20)
with

E® (2, 7) = / a(0,7)®(0,7) /% do (4.21)

1 L
= ﬁ///a(q + 1z,p) e~ WIITPH (0, ) dg dp db. (4.22)
0
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Fourier domain. For the operation on a function in the Fourier domain we use Eq.

(4.6)
A%[p] = A(X, / 0, 7)D(0,7)e~07/2 P X B(p) dO dr.  (4.23)
Using .
X 3(p) = §(p - 0) (4.24)
we have
AP = / / a0, 7)®(0,7)e /2 P B(p — 0) do dr. (4.25)

In terms of the symbol, straightforward substitution gives that

1 . ’ .
A=z [[[ [ (o0 + 252) @tp — 6,007 0P (o) do r v
7I8

(4.26)

4.4 From Operator to Symbol

We now describe how starting with the operator A% (X, D), one can obtain the
corresponding symbol, a(x, p). Inverting Eq. (4.12) we have,

6(9,7’)@(9,7‘)6197/2 = 4—2/ R®(z,p)e 0%~ dg dp (4.27)
T
which gives
-~ 1 67107—/2 D 71993 iTp
a(f,7) = o0, R®(x,p)e dz dp (4.28)

and from which a(x,p) can be obtained. Furthermore, from Eq. (4.13) we imme-
diately have

B 100,410 10 @
a(z,p) = exp [ 5 B ap] P <Z 9 7 8p> R%(x,p) (4.29)
_ 106 9
p(la 10 ’
i 0z’ i Op

4.5 Kernel From a Monomial Rule

We now consider how one can obtain the kernel for a particular correspondence
rule that is given for the monomial z™p™. That is, suppose we are given

2"p™ < Cpm (X, D) (4.31)
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where C,, (X, D) is the rule associated to the symbol z"p™. We wish to construct
the corresponding kernel ®(6, 7). Often one can see it by inspection but sometimes
not. For example, suppose we have the rule

z"p™ > X"D™ (4.32)

then one can guess that
eié’x—&-in) o ei@X eiTD (433)

and perhaps by comparing with Eq. (4.5) one can see that the kernel is given by
Dg(f,7) =e07/2, (4.34)

However suppose, for example, we have the rule proposed by Born-Jordan
1
" e ZX" ‘pmxt (4.35)

then it is difficult to see what the kernel is.
We now give a general procedure and subsequently use it to calculate the
Born-Jordan kernel. Consider the expansion of

Ot 2 - (i)™
620x+17' Z Z n'm' npm (436)

and take the correspondence of each side

10X +iTD - - ZG
(0, 7)e = Z n,m, Crm (X, D). (4.37)
n=0 m=0
Hence
_ —149X itD
(0,7) = Z% ZO nw Chm (X, D) (4.38)
or

> > 7’9 7’LGX7’L-TD
=) Z n'm' Com (X, D). (4.39)

n=0 m=0

In these equations it appears that the right hand side depends on X and D but in
fact those factors will disappear once the calculation is explicitly done. Whether
one uses Eq. (4.38) or Eq. (4.39) is a matter of convenience and taste.

Monomial from the kernel. We now consider how to obtain the monomial associa-
tion if we are given the kernel. The right hand side of Eq. (4.37) is a Taylor series
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and hence
Com(X. D) = — "™ (g, 7y itX+irD (4.40)
nm bl Zan aenaTm b 0’7— o .
1 an+m ) ) )
= — o 0(0,7) 0/2 X gitD (4.41)
inim 90Ot 0.7 =0
1 aner ) ) )
= — — ( , 7)67167/2 617D610X (442)
im0 oT 0.0 =0

Example. a(z, p) = pz. Suppose one wants to characterize all correspondences that
give

A® (X,D) = 3(XD + DX) « paz. (4.43)
One can show that would be the case if the kernel satisfies the properties
®(0,0)=1 0 (0, 7) 0 o(0,7) 0 (4.44)
= —_— T = A T = U. .
’ ’ o A PP/

Examples are (6, 7) = cos(A07) and e~***™" where ) is a constant.

4.6 Algebra

The advantage of the kernel formulation is that one can readily obtain conditions
on the kernel corresponding to properties one desires in the operator. We now
discuss possible properties one may desire and the corresponding constraints on
the kernel to ensure that requirement is met. Most of the results are easy to prove
and we give them without proof.

Unit correspondence. If we want the correspondence between the number one and
the unit operator I then we must take ®(0,0) = 1. That is

Ie1 if $(0,0) = 1. (4.45)

Linearity. Linearity can be formulated as follows. If we have two symbols a(z,p)
and b(x,p) corresponding to the operators A® (X, D) and B? (X, D),

A% (X, D) < a(z,p), (4.46)
B? (X, D) < b(z,p), (4.47)

then, we want
A% (X, D)+ B* (X, D) < a(z,p) + b(z,p). (4.48)

This is assured for any kernel as long it is not a functional of a(z,p) or b(x, p).
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Symbols of z or p only. Suppose we want to be certain that for a symbol that is a
function of = or p only, the corresponding operator is the same function of X and
D. The respective conditions on the kernel are

a(z) < a(X) if ®(0,7) =1, (4.49)
a(p) <> a(D) if $(6,0) = 1. (4.50)

Translation invariance. Consider the symbol a:(z,p) = a(z — z’,p — p’), then
ar(0,7) = e 0 G0, 7) (4.51)
and substituting into Eq. (4.1) one immediately has
AP(X,D) = A®(X —a/,D —p). (4.52)

Eq. (4.52) is true for any kernel that does not explicitly depend on x or p.

4.7 Hermitian Adjoint

We designate the Hermitian adjoint by A®T(X, D). Since we know that the adjoint
of 0X+iTD jg e=i0X—=iTD we then have that

(Zi(@, 7)P(0, T)ewX“TD)T =a*(6,7)®" (0, T)efwxfiTD (4.53)
and therefore
A®(X, D) = / / a*(0,7)®*(0,7) e~ XD dp dr (4.54)

= / / a*(—0, —1)®*(—0, —7) XD qg dr. (4.55)

If the symbol is real then
a*(—0,—71)=1a(0,1) for real symbols (4.56)

and if we further take
" (—0,—7)=P(0,7) (4.57)

then we see that
A®N (X, D) = A%(X, D) for real symbols and for ®*(—6, —7) = ®(0, 7).

(4.58)
Therefore the generalized operator is Hermitian for real symbols if the kernel

satisfies the condition indicated in Eq. (4.57).
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4.8 Product of Operators

We now address the question of operator multiplication. Suppose we have two
symbols a(z, p) and b(x, p) with corresponding operators,

A®(X,D) = / a0, 7)®(0,7) XD qg ar, (4.59)
B®*(X,D) = / b, ) B0, 7) XL qp dr. (4.60)
We consider the product of these two operators
C*(X,D) = A*(X,D)B*(X, D). (4.61)
Explicitly,
A%*(X,D)B*(X, D) //// XD g (0, 7)
x e XD 49 dr do’ dr. (4.62)

We seek the symbol, ¢(z,p), that corresponds to C* (X, D)

c(x,p) < C*(X, D) (4.63)
where
C*(X,D) = / a0, 7) XD qg dr. (4.64)

We give the results without details as the derivations are similar to the Weyl
case given in Chap. 3. Using Eq. (2.57)

pi0X+iTD i0' X +iT'D _ ez’(@’r—07—’)/2€i(0+9’)X+i(T+T/)D7 (4.65)

Eq. (4.62) becomes

C*(X, D) = A (X, D)B‘D(X D) (46
« eL(G T—071' )/2619X+ZTD do dr do’ dr'. (4.67)

Comparing with Eq. (4.1) we see that

a0,7) //// G 979:))(1)(9 a0 -0, - )00 7)

x e 70712 go' 47’ (4.68)
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Taking the inverse Fourier transform and after some straightforward manipulations
we obtain various forms:

c(@,p) //// 9+9/T+T/)) a(0,7)b(',7)

w (O T=07)/2i(0+0) e +i(r 0D 4o 4 46’ dr! (4.69)
(0 — 0' — )80, 7 5
x /0" T=07" )/2619;“_”17 dfdr do’ dr'. (4.70)

Operator Form. We now give the operational form in analogy to Eq. (3.187) for
the Weyl case. In particular,

9 9 2 9
axaapb 8xbapa

c(x,p) = L(a,b) exp [ ( )} a(z,p)b(z, p) (4.71)

where we have defined

(i 1) 20 T o)
L(a,b) = (I)(l 5 lpi 5 b lpib)’ (4.72)
7 0Ty 1 0xp’ 1 Opa 7 Opp
and we note that
L(a,b) = L(b,a). (4.73)

Commutators. For the commutator and anti-commutator of A(X, D) and B(X, D)
one obtains

a 0 a 0

[A, B] > 2isin = [81:,1 o Mﬁpa} L(a,b)a(z,p)b(z, p), (4.74)
o 0 o 0

[A, B4 ¢ 2cos = {83:“ o 83:1,8])@} L(a,b)a(z,p)b(z,p). (4.75)

4.9 Transformation Between Associations

Suppose we have two different associations characterized by kernels @4 (6, 7) and
®5 (0, 7) corresponding to R®*(x, p) and R®2(z,p), then using Eq. (4.13) we have

by e (L2 0N g (10 10
) e (550 ) 0 (T gmt g alon) (@70

by e (L2 0 g (1010
R (w,p) = ep<228x8p 2 i0x’ i Op a(@,p), (4.77)
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from which it follows that

o (12.12)
1 Ox’ % Op
R**(x,p) = ﬁR%(%P)- (4.78)
0y (7%7?370)

Also one can express the transformation in terms of the k(z,7) in Eq. (4.20)
A%y = /kq>1 (x+7,7—2x)p(r)dr, (4.79)
A®2[p] = /k<I>2 (x+ 7,7 —x)(T)dr. (4.80)

Simple manipulation of Eq. (4.20) leads to

) 1 // I2(26? ) iO(fI:—.’ﬂl) [} / /
2 - = 7 1 7)do . 4.81
k (.’I;, T ) = 9 1( , )6 k (.'L' s ) df dx ( )

4.10 The Fourier, Taylor, and Delta Function
Associations

The kernel formulation can be viewed profitably from different perspectives. The
general idea is that one can expand a symbol in different ways and each one can be
used to obtain the operator corresponding to the symbol. In particular, we consider
three expansions, the Fourier, Taylor (monomial) and delta function expansions
which are given respectively by

//6(0, 7) e +iTP df dr Fourier,
oo
a(z,p) = Z —t {78222;; a(x,p)Lv,p:O} a2"p™  Taylor series (monomial),
n,m=0
//a(m’,p')d(x —2)o(p—p')da’dp’ delta function.
(4.82)

Since all of these associations are linear, if we know the association for e*#*+i7p
or 2"p™, or for §(x — x')d(p — p’) we will get the association for a general symbol.

We write the association for each case as follows,

Ap( X,D) ¢ efrtimp, (4.83)
Ap(X,D) < z"p™, (4.84)
As(X,D) < 8(x)3(p). (4.85)

We now discuss each of the cases.
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Fourier Association. One thinks of e?*1%7P as a symbol with parameters 6 and 7

and associates , ) ) )
Ap( X,D) = &(0,7) ¥ o 0P, (4.86)

Hence, one argues, for a general symbol, expand the symbol in terms of its Fourier
transform

a(x,p) = / / a6, 7) et g dr (4.87)
and therefore
A(X,D) = / / a(0,7) Ap( X,D)dfdr (4.88)
= / / (0, 7)a(d, 1) et dg dr (4.89)
which is Eq. (4.1).

Taylor Series Association. Suppose there is an operator correspondence for z"p™
and denote it by Cy, (X, D),

Ap(X,D) = Com (X, D) > 2"p™. (4.90)

Expand the symbol in a Taylor series

= 1 gntm nom
a(z,p) = Z alml {W a(z,p) a:,p—O} rp (4.91)
n,m=0
and define the operator by
A® (X, D) = L[ Com (X, D (4.92)
7 _n;()n!m! 8x"8pm a(x,p)‘I’p:O HM( ’ ) .

To make this A® (X, D) equal to the form given by Eq. (4.1) one takes

1 an+m

inim 9gnorm

Com(X,D) = o(0,71) WX +irD

(4.93)

0,7r=0

Delta Function Association. We write the correspondence between 6(x)d(p) and
the corresponding operator by As(x,D) as

A2(X,D)  6(2)d(p). (4.94)

Starting with the identity

alz,p) = / / a(a’,p)6(x — 2')6(p — o) da'd’ (4.95)
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we then have
A% (X,D) = / / a(z', pAZ (X — 2/ ,D — p/) da’dp'. (4.96)
Comparing to Eq. (4.1) we see that we must take

AY(X,D) = # / / (0, 7) XD dg dr 5 5(x)5(p). (4.97)

4.11 The Form of the Generalized Correspondence

In our formulation we have taken the correspondence for the exponential to be
6i9z+i‘rp o (I)(Q,T) eiGXJri‘rD (498)

and since e??X+7D ig the correspondence for the Weyl symbol it may appear

that we have elevated the Weyl association to a special status. However we could

have used any correspondence rule as the basic rule. For example suppose we had
defined

A% (X,D) = / / @(0,7)®'(0,7) X P df dr (4.99)

as the generalized correspondence rule where ®(6,7) is the kernel. Then for the
Weyl case the kernel would not be one but it would have been ®'(6, 7) = ¢*7/2,

4.12 The Kernel for the Born-Jordan Rule

In 1926 Born and Jordan [10] gave the following correspondence rule for a mono-
mial, z"p™,

" xX"tpmx*t. 4.100
v n+1 ; ( )
The corresponding kernel was derived in reference [13]. Using Eq. (4.39) we have
(PBJ 9 —z@X—iTDXn—ZDmXE. 4.101
T z:: 0 m=0 z—: 'm' n + 1 ( )

The summation over m gives e!™” and therefore
(I)BJ 0, 7_ Z Z n' 719X*Z"TDX7L*€€’L'TDX€. (4102)

n=0 (=0
But

e—i@X—iTDXn—leiTDXZ — 6i07/2e—i@we—iTDxn—ZeiTDxZ (4103)

— eiG‘r/QefiGaz(x _ T)nféeiTD(x _ T)ZefirD (4104)
= ¢i07/2=i07 (o _ pyn—tyt (4.105)
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where in going from (4.104) to (4.105) we have used the fact that

P (X — r)te™D = X*. (4.106)
Hence we have that

q)B.] 6 _ z9r/2 —ifx _ n—~0, 0 4.107

0.7) 53 e (4107

The remaining summations are elementary resulting in

1
sin 5607
1
507‘

o8I0, 7) = (4.108)



Chapter 5

Generalized Phase-Space
Distributions

Shortly after the invention of quantum mechanics, Wigner [93] and Kirkwood [43]
addressed the issue of quantum statical mechanics in the following way. They de-
vised a distribution function (different ones) aimed to calculate quantum averages
by way of phase-space averaging. It was some time later that Moyal [60] saw the
connection between the Weyl rule and the Wigner distribution. In this chapter,
we develop a formulation where all distributions may be studied in a unified way.
The basic result is that one can define an infinite number of distributions, C(z, p),
so that for a symbol a(z,p) and state ¢(x),

/ *(z) A% (X, D) ¢ dxf// a(xz,p) C(z,p) dx dp (5.1)

where [13]

C(z,p) = I 2/// (g + 57)® 0, 7)e V=Pt dgardg  (5.2)
and where ®(6,7) is the kernel that was discussed in Chapter 4. We call C(z,p)
the generalized phase-space distribution. There are two ways to derive C(z,p). We

give the first here and the second in the next section.
For the generalized association

A®(X,D) = / / A0, )00, 7) XD 4 dr & a(z, p) (5.3)

we showed in Eq. (4.19) that

T 1 2//// (,p) B0, 7)e” A= =TIDT (- 4 3y dr dgdpd. (5.4)
I8
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Multiply by ¢*(x) and integrate both sides to obtain
1 . )
/cp*(x) A% (X, D) s0(1.) dr = 472/ - /L,O*(:U) a (q,p) e~ i0(qg—z—7/2)—iTp
™
X ®(0,7) (T + ) dr dgdp df dz (5.5)
or

[e@atxD)yp@is= o [ [o'@-inatap)

x e~ 0THIOT=ITD & () T oz + $7)dr dqdpdf dz.
(5.6)

For convenience interchange = and ¢ on the right hand side,

[e@at xoyp@de= o [ [oa-inaten)

x e~ 0TI9I § (9 1) p(q + i7)dr dgdpdf du.
(5.7)

Comparing to Eq. (5.1) we see that we must take

1 * —i0x—iTp+i
C(z,p) = R///ga (g—37) g+ 37)2(0,7)e Or—irp+i09 dg dr dg  (5.8)
which is the generalized phase-space distribution.

Fourier domain. Substituting the Fourier transform of the state function

-~ 1 —ixp
20) = o= [ e o 6:9)

into Eq. (5.2) results in

1 o
C(z,p) = m///@(e,f)@*(k + 10) ekt g( — 10y do dr dk. (5.10)

Cross distribution. One can readily prove that for two arbitrary functions ¥ (z) and
o(),

[o@Ac.D)p@) s = [[awn)Costop) drdp (510

if we take

Cye(@,p) = - 2///¢ p(g+ 2700, 7)e 0o mPH09 g dr dg. (5.12)
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5.1 Characteristic Function Approach

We now present an alternate derivation of the generalized distribution, Eq. (5.2).
For two random variables, z and y, with probability distribution P(z,y), the

characteristic function, M (6, 7) is defined as the average of 0=+,
M(0,7) = (ef+imvy — / / GO P (3 ) dar dy (5.13)
and the distribution function is given by
P(z,y) = 2/ M(9,7) e "= 4 dr. (5.14)

Further, by expanding the exponential in Eq. (5.13) one has

= z::o X::O n'm' x"ym> (5.15)

where (2™y™) are the joint moments of the distribution

_ / / 2"y P, y) dz dy. (5.16)

Considering M (0, 7) in Eq. (5.15) as a Taylor series we also have

1 aner

M(6,7) . (5.17)

@) = S Garare -

Now, the characteristic function is an average, the average of e?*+7P and
hence using the association

OTHTE oy (@, 1) X FITD (5.18)
we have
MO, 7) = (B0, 1) X HTDy = <I>(9,T)/<p*(;v) e OXHITD (1) de. (5.19)
Using Eq. (2.46) we have
GOXHITD () — i0T/24+i02 o | (5.20)

and substituting this into Eq. (5.19) one obtains

/go*(x) eOXTITD (1) da = /ap* (x — i7) e p(z + 7) da (5.21)
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and therefore

MO, 1) = @(9,7)/<p*(:£ —17) e p(x + i7)dz. (5.22)

Substituting this into Eq. (5.14) one obtains
Cla,p) = 4% / / M6, 7) e~ =77 4 dr (5.23)
=12 / / / p(g+ 3700, 7) e P09 go dr dg  (5.24)

which is the generalized distribution, Eq. (5.2).

5.2 Marginal Conditions

If we consider C(z, p) a joint density, then integrating out one variable gives what
are called the marginal densities, that is, the density of each variable. Integrating
with respect to p and = one obtains that

[ca@ni=o [[ 200 0@P e dpag, (525)
/ O p) do = % / / B(0,7) [B(k) [2 74P dr dk. (5.26)

If we want the marginals to be |p(x)|? and | §(p) |?, then the constraints on the

kernel are as indicated in the next two equations
[cand=lo@P i a0 -1 (5.27)

/ Cla,p)dz = |32 if (0,7) = 1. (5.28)

5.3 Relation Between Distributions

Suppose we have two distributions, C; and Cs, with corresponding kernels, &
and ®,. From Eq. (5.22) their characteristic functions are

M(0,7) = @1(9,7’)/(,0*(56 — %7’) oz + %7’) e dx, (5.29)

My(0,7) = @2(0,7')/@*(3: —37) (x4 37) e dx. (5.30)
Divide one equation by the other to obtain

(1)2(9,7')

My (6,7) = 3,(0,7)

My (0, 7). (5.31)
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To obtain the relation in terms of distributions, use Eq. (5.14) to obtain

Oy (0,7) e =P dh dr (5.32)

47T2

and further

O (2, p) @ =)+ @' =) 4o dr da’ dp’ . (5.33)

47T2

This relationship can be written as

Cy(x,p) = // go1(z' —z,p" — p) C1(2',p') da’ dp’ (5.34)

with
05(0,7) 901
g (2.p) = / / 2(6,7) ’9“+’71’d9dr. (5.35)
7

Using Eq. (2.74) or (2.75), the relation between Cs(x, p) and Cy(z,p) can be
expressed in operational form,
2 (i 14y)

9
cI)l ( 69:’7’81))

If we take Ci(x,p) to be the Wigner distribution, the kernel, ®, is 1 and we have

CQ(xvp) Cl(xvp)' (536)

.0 .0
Clz,p)=2 (Zax’lap> W(z,p) (5.37)
where @ is the kernel of C(x, p).

Example. In the next chapter we will study a number of distributions, among
them the case called standard ordering where the kernel is

g0, 7) = e 07/2, (5.38)

When this kernel is substituted into Eq. (5.2) one obtains

Cs(ep)= 500" (@) [ & otz + ) dr = o). (5.39)

=" (@)e

The Wigner distribution is obtained by taking the kernel equal to 1, &y (0, 7) = 1,

1 * —ipT
W(z,p) = o /cp (x — %’7’)6 PT ooz + %T) dr. (5.40)
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To illustrate Eq. (5.36) we have that

-9 ;0
@S (Z%,Zafp)

i 0 0
Cs(z,p) = ——— L Cw(x,p) = exp () W (x,p) (5.41)
ow (i2.i4) 2 0z Op
and inversely
10 0
W(z,p) = exp <_23xap) Cs(z,p). (5.42)

5.4 Manifestly Positive Distributions

Consider the kernel
Dsp (0 /h* T)e 0 h(z + I1) da (5.43)

where h(z) is an arbitrary function called the window function. Upon substitution
into Eq. (5.2) one obtains

2

Cspla,p) = ‘\/12? / e~ o(r) h(r — z) dT | . (5.44)

This distribution, called the spectrogram, does not satisfy the marginal conditions
Egs. (5.27) and (5.28). However there are other manifestly positive distributions
which are not bilinear and do satisfy the marginals.

Also, one can express Eq. (5.44) in terms of the Fourier transform of the
window. If we define

o) () e, 5.45
(») TW =/ dz (5.45)
h( e (p) dp, 5.46
(@) \/ 2 / P ( )

then it follows that
Bsr(0.7) = [ F' (o= 107 Ty + 36) dp (5.47)

and
1 B s o 2

Csetep) = | o= [ o 50) - 0)a0) (5.48)
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5.5 Singular Kernels

Many of the relations in this chapter and in Chap. 4 and the specific cases we
consider in Chap. 6 have kernels that are singular. Hence, many of the relations
have to be interpreted and manipulated as generalized functions, that is, by using
delta functions. This issue has been carefully studied by Sala, Palao, and Muga
[75] who have devised methods to handle the singularities.



Chapter 6

Special Cases

In this chapter we discuss a number of associations that have been studied over
the years and we show how they can be studied in a direct manner using the
method we developed in previous chapters. For the sake of clarity we restate the
fundamental formulas for the general association and summarize the basic results.

6.1 Summary

Generalized Correspondence Operator. For the symbol a(x, p) with Fourier trans-
form a(6, 1),

A®(X,D) = / / a0, 7)®(0,7) XD dg dr (6.1)
= / / a0, 7)®(0,7)e?7/2 X P ag dr (6.2)
= / / a0, 7)®(0,7)e 072D X 4p dr, (6.3)

1 o o
A® (X,D) = ﬁ////a(q,p) (0, 7) e~ 0aiTpHi0T/2 GIOX iTD 40 dr dg dp. (6.4)
7r
The Operation on a Function, ¢(x).
A% (X, D) p(z) = //Zi(&, T)®(0,7) e/ % (x4 1) db dr. (6.5)
In terms of the symbol

1 . )
A®lp] = m////a (q,p) e 0 a=2=T/D=1TP &9 1) o( 4 x) dT dgdpdh. (6.6)
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Monomial. If a(x, p) = 2"p™,

n,m 1 gn+m i071/2 i0X JiTD
T p — — W ( ,7')@ e e (67)
anm n 7—m G’T:O
1 8n+m i07T/2 itD _i0X
— 9 —woT 1T (1 68
mim agrarm L0 T)e R P (6.8)

Rearrangement operator. R®(z,p) is defined by

R®(z,p) = rearrange A®(X, D), so that all the X factors are to the left
of the D operators; then replace (X, D) by (x, p) (6.9)

and is explicitly given by

& B 190 0 10 13
R%(x,p) =exp <2i e —ap d pE z'iap a(z,p) (6.10)
and

R®(z,p) = / / a0, 7)®(0,7) e07/2ei0 P df dr. (6.11)

From Operator to Symbol.

1 6—107/2 "
-~ —’L r— ’LTp .12
a0, ) = 7r2<I>07 / R®(x,pe dx dp (6.12)
and,
9 9
o (2%7 o

Generalized distribution.

1 * —i10x—iTp+1
C(x,p) = R///gp (g—i7) (g + 37)@(0,7) e 0o~ mPHiP990 4r dg.  (6.14)

6.2 Standard Ordering

Standard ordering is where
z"p™ - X"D™ (6.15)

and
619z+zrp o ez@X eZTD' (616)
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This ordering corresponds to the kernel
g0, 1) =e07/2, (6.17)

We study this ordering in some detail as it will illustrate the various relations we
have previously derived. Using Eq. (6.2) we obtain

AS(X,D) = / / a0, 1) e P dg dr (6.18)
and for the operation on a function ¢(x), we use Eq. (6.5) to obtain
A% (X, D) p(z) = / / a0, 1) e’ p(x+ 1) do dr. (6.19)
In terms of the symbol we use Eq. (6.6) and after some manipulations we obtain
AS (X, D) p(z) = % / / a(z,p) e TP o(r) dpdr. (6.20)
Also
AS(X,D) = %//a (X,p) e P P dpdr. (6.21)
Consider the rearrangement operator approach as given by Eq. (6.10). We
have that Lo 10 Lo o
g (i@x’ z@p) = exp (228x8p> (6.22)

and therefore
RS(x,p) = a(z,p). (6.23)

This is a simple but powerful result. It says that to obtain the operator merely
take the symbol, a(z,p), rearrange it so that the x factors are to the left of the p
factors and then substitute X and D. In particular, for the symbol

a(z,p) = f(z)h(p) (6.24)
where f(z) and h(p) are any functions, one immediately obtains
A% (X,D) = f(X)h(D). (6.25)
That is, for standard ordering
f(@)h(p) < F(X)h(D). (6.26)
To illustrate the use of the monomial formula, Eq. (6.7), we have that
1 O™ ex i

2
i gororm © 0 C |, (6.27)

= X"D™. (6.28)

Cnm (X, D) =



72 Chapter 6. Special Cases

For the distribution, substitute the kernel into Eq. (6.14) to obtain

Cs(z,p)= \/%—Ww*(w)e”%(p)- (6.29)

This distribution was first proposed by Kirkwood [43], and studied by Margenau
and Hill [51], Mehta [56], Rihaczek [72], and others.

6.3 Anti-Standard Ordering

For anti-standard ordering one takes

D ag(0,7) = e7/2, (6.30)
Using Eq. (6.8)
A4S (X, D) = / / (0, 7) 7P X g dr (6.31)
we see that
ei91+iTp o eiTDe’L'QX (6.32)
and
2"p™ & DX (6.33)

For the operation on a function, substitute Eq. (6.30) into (6.5) to obtain
A (X, D) / (0,7) T (1 4+ 2) df dr. (6.34)

In terms of the symbol we use Eq. (6.6) to obtain

AYS (X, D) ¢ =3 // 7,p) e TP (1) dr dp (6.35)
T
and

A4S (X, D) // (7 + X,p) e P "Pdr dp. (6.36)

For the distribution one obtains

1 )

Cas(x,p)= —p(x)e”P*o" 6.37
as(x,p) mw( ) @*(p) (6.37)

which is seen to be the complex conjugate of Cg(z,p),

Cas(z,p) = Cé(z,p). (6.38)
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6.4 Symmetrization Ordering

If one symmetrizes the standard and anti-standard rules by adding the kernels and
dividing by two we obtain

(I)JWH(O, T) = COS %97‘ (639)

which is often called the Margenau-Hill association because of their study of this
case [51]. Using the same methods as above it is straightforward to obtain that

ei9w+i75 AN % [eiTD ei@X + ei@X eiTD} (640)
and
a"p™ <+ L (X"D™ + D"X"). (6.41)
The operator for an arbitrary symbol is
AMH (X D) =1 / a0, 7) [P X + X P af dr (6.42)
= %/ a(0,7) cos 07X TP qg dr. (6.43)

In terms of the symbol we have,
AMH (X D) // (z,p) +a(z+7,p)e PP dpdr (6.44)

and for the operation on any function we obtain

AMH[ =7 / / (z,p) +a(r,p)e PP u(r)dpdr. (6.45)
T
For the distribution we have

Cru(z,p)= % [Cs(z,p) + Cas(z,p)] = \/% Re {Lp* (x)eipza(p)} . (6.46)

6.5 Born-Jordan Ordering

As early as 1926, Born and Jordan [10], who were two of the inventors of quan-
tum mechanics, addressed the issue of how to write operators corresponding to a
classical function. They proposed the association

m

1
Dm—ZXnD€:
e S

> xmtpmxt, (6.47)
£=0

1
n+1

As we showed in Chap. 4, Eq. (4.108), this corresponds to the kernel

®(0, 7) = sinc30r. (6.48)
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In Section 6.8 on the ZAM kernel, we consider a somewhat more general case.
Therefore, we give here the results for the Born-Jordan rule and discuss the deriva-
tions in the ZAM section. The operator and the operation on a state function are
given by, respectively,

1 e—i‘rp
o) =5 [ {

X+|7|/247/2 )
/ a(q,p)dg e drdp (6.49)

X—|r|/2+471/2
and
B 1 e—iq—p z+|T|/247/2
APP (X, D) p(z) = */ / a(g,p)dq ¢ p(x +7)drdp. (6.50)
22 A (N W P
The distribution is
e~ 7P I+|‘F\/2
Cpy(z,p) / / lr)cp(q + %T)dq dr. (6.51)
T I1/2

6.6 Choi-Williams Ordering

Choi and Williams and Jeong and Williams [11, 39] devised a kernel that has a
number of advantages over the Wigner distribution. The kernel is

Doy (0,7) =e 0T /0 (6.52)

where o is a positive constant. Note that as o — 0o, the kernel approaches one,
which is the kernel for the Weyl case. For the operator, Eq. (6.2), we have

ACW (X, D) = / (0, 7)e= 0T/ aHi0T/2 (i0X (itD g 7 (6.53)

In terms of the symbol,

1 ) . ) ) )
ACW (X7 D) = 472‘//01((]717) e—z9q—z7‘pe—9272/o 6197'/2 ez@X eZTDd9 dr d(] dp
78
(6.54)
_ (q — &= 7—/2) —iTp iTD
= 4772// /7'2/ (¢,p) exp[ PPy e e'"7 dr dqgdp
(6.55)

and for the operation on a function, Eq. (6.14), we have

= 5 Ftan oo | ] ot

(6.56)
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For the distribution we obtain

Covten s ] s 0|95 ] ot
(6.57)

Also, using Eq. (6.10) we have

1 0% 92 190 0
RCW
(,p) = exp { o 0x2 0p?  2i0x 8}9] a(@,p)- (6.58)

Example. Consider the case

a(z,p) = xp. (6.59)
We have Lo s
CW _ - v v _ i
R™Y (x,p)wp = exp [21' 5 ap} Tp=ap— 3 (6.60)
and hence ‘
A" (X,D)=XD - {=1[XD+ DX]. (6.61)

Thus the Choi-Williams association for zp is the same as the Weyl case.

Example. Now consider the case

a(z,p) = «*p”. (6.62)
First, we have that
I 2,2 4
giving
10 0

R (z,p)z*p? = exp [ ] (x2p? — 1) = x?p? — 2ixp — :—21  (6.64)

2 Oz Ap
and hence

AW (X,D) = X?D*-2iXD — ;- 4. (6.65)

6.7 Weyl Ordering

Although we have derived the main results for the Weyl operator in Chap. 3 it
is of some interest to rederive some of them as a special case of the generalized
method. The Weyl case is obtained by taking

By (0,7) = 1. (6.66)
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From Eq. (6.1) and (6.7) we have

AV (X, D) = / a8, 1) e/ X P gp dr (6.67)
and
T + T i(x—T)
AV (X, D)y 271_ e P o(1) dr dp. (6.68)
Using Eq. (6.7) we have
AW (X D) _ 1 gntm ei97/2 eiGX ei‘l‘D (6 69)
’ inim  9gnor™ 9.r=0 '
1 m
— o> (”Z) DMt X" D! (6.70)
=0
1 n
-0 (Z) xn=tpmxt. (6.71)
=0
The rearrangement operator, Eq. (6.10), gives
Ratep) = e | L aa ) 672
x,p) = ex a(x .
A\Z, P p 27/ axap P
and for the distribution Eq. (6.10) we obtain
1 * —ipT
W{(z,p) = o /<p (x — %7’)6 PT oz + %T) dr (6.73)

which is the Wigner distribution.

6.8 ZAM Ordering

Zhao, Atlas, and Marks [94, 65] proposed a distribution that has many interesting
properties and has found many applications. We consider first a slightly more
general kernel,

O7(0,7) = g(7) || sinc(v671) (6.74)

where ¢g(7) is a function that can control the placement of the so-called cross terms
in the distribution. The Born-Jordan distribution is obtained for g(7) = 1/|7| and
v = 1 and the original ZAM distribution is obtained for g() = 7/ |7|. Substituting
®5(0,7) into Eq. (6.4) we have that the operator is

AL (X //// alq,p) (1) |7| sinc(r07) e~ 0@=X=7/2) imD 49 dr dg dp.

(6.75)
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Using

0
. — T <n<vIT
/sinc('yOT) e"ndp =< It Vil <m <l (6.76)
0, otherwise

with n = ¢— X — 7/2, Eq. (6.75) simplifies to

) X+~v|r|+7/2 )
g(T)e™"™P / a(q,p)dg '™ dr dp. (6.77)

X—=y|7|+7/2

A% (X,D) = g

The operation on a function gives

’ 1 ] | T|+7/2
A (X,D)w(x)Zm g(T)e """ / a(q,p)dq ¢ (x +7)dr dp.
xT

—y|r|4+7/2

(6.78)

Now consider the distribution, Eq. (6.14),
(7, p) = I 2/// (1) |7| sinc(v67) e e(q’w)e’”pgo(q + %T) df dr dq
(6.79)

and using Eq. (6.76) above with n = 2 — ¢ we obtain
1 ) z+y|7| 1 1

Cz(x,p) = — 9(7)6‘”’3/ ©*(q— 37)e(q + 37)dgdr. (6.80)

dmy e

Expectation value. Suppose that we want to find the expectation value of the
symbol a(z, p) which of course is given by

(a(e.p)) = [ Clap)alap) dodp (6.81)
1 ) z+|7] 1 1
=1 /a(:c,p)/g(T)e””’/ ¢* (¢ — 57)p(q + 37) dgdr dz dp.
amy a=17]
(6.82)
However from Eq. (6.78) we also have
(A% (X,D)) = / 1)A% (X, D) ¢(x) dz, (6.83)

(4% (X, D))

) x4y |T|+7T/2
1 go*(m)/g(T)e_”p {/ a(qm)dq} ol +7)drdpdx (6.84)

Ay —lrlr/2

T am // e [ = 37) {/:;:T a(q,p)dq} oz + 37)

dr dp dzx.

(6.85)
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Egs. (6.82) and (6.85) should be the same but it is not obvious that they are. But
indeed it can be shown that

4|7
/ lw*(x - 37) {/_ . a(q,p)dq} oz +37) | da (6.86)
z+|7|
= /a(x,p) /7 . ©*(qg— %T)QO((]+ %T)dqdz (6.87)

which does make them the same.

Born-Jordan: For the Born and Jordan case we take g(7) = 1/|7| and v = % we
obtain Eqs. (6.47)-(6.51).

ZAM distribution. Another particular case is to take g(7) = 1 and v = 3 which
corresponds to the original ZAM distribution and the kernel is

siny0t

~0

Oyam(0,7) = |7| sinc(y07) = (6.88)

The operator is then

1 : —i10(q—z—T1 T
AZAM (X D) = =) /a(q,p)rsmc(’yﬁr) e 0l 12 &P g dr dgdp  (6.89)
1 _ aty|7]/2+T/2 _
=— [P / a(q,p)dq ¢ €7 drdp (6.90)
47T’Y z—vy|7|/247/2
and

ZAM 1 ) z+vy|T|/24+7/2
AP (X D) pla) = o [l (g, g { ol +7) dr dp
™y z—y|T|/2+7T/2

(6.91)
For the distribution we obtain,

=

z+|‘r|/2
Coamtep) = 3= [ [ L Pl e i dadn (692)
T|/2

6.9 Spectrogram

The kernel for the spectrogram type operator is

Dsp(0,7) :/h* (x—i7)e ™ h(z + ir)dx (6.93)
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where h(z) is the window function. We normalize the window function so that

/ () dz = 1. (6.94)

For the operator we have

ASP (X, D) = /// a(0,7)h* (g — A7 )h(g + 37) e709e07/2 10X TP qq df dr.

(6.95)
In terms of the symbol we use Eq. (6.4) to obtain
ASP (X, D) /// a(qg,p)h*(x — q)h(z — g+ 1)e "™ ™Pdrdgdp  (6.96)
and the operation on a function is
A (X, D) p(a) = o [ [ [ala. ) (X = Dh(X ~ g 7)™ ol 1) drda d
(6.97)

We have already considered the distribution in Sec. 5.4. It is manifestly positive
and is given by Eq. (5.44),

2

Csp(x,p) = ‘\/12?/ e PTp(T) h(T —x)dr| . (6.98)

Consider the association for z. Using Eq. (6.7) we obtain
z X — (z), (6.99)

where
(x), = /x|h(:c)|2 dz. (6.100)

That is, in general, x does not go into X. That is the case since the kernel does
not satisfy the marginal conditions, Eq. (5.27) and Eq. (5.28). Similarly

p < D+ (), (6.101)

where

P = /p‘ﬁ(p)‘z dp (6.102)

and where h(p) is given by Eq. (5.45).
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6.10 Gaussian Window

It is of interest to consider the special case of the spectrogram ordering where

ha) = (2)" emostre

™

and using Eq. (6.93) we calculate the kernel to be
(I)G(077_) — €7a7'2/4792/4a

and the distribution is then

(07
Ca(z,p) = \ I8

«

473

2

/ S0(7_) efa(rfx)2/27ip‘r dr

2

/ (7 +x) e /2T gy

For the operator we obtain
AG(X, D) _ //6(9, T)efaf2/4702/4a6i07'/2 eiOX ei‘dee dr.

In terms of the symbol directly

1/2 o
A% (X,D) = (%) ////a(q,p)e‘a(q_X_T/Q)Ze_”p e™P drdgdpdq .

The rearrangement operator becomes

10 0 1 02 a82>

G _ too 1o ao”
Rz, p)z = exp (21’ Ox Op 4adx? 4 Op?

Example. For the association to x we use Eq. (6.13),

10 0 1 9?2 o

c _ 22 _ Y9 29 \,=
R (x’p)x_eXp<2i5$8p 4a Ox? 48p2>x v

and therefore
T < X.

Similarly
p <+ D.

(6.103)

(6.104)

(6.105)

(6.106)

(6.107)

(6.108)

(6.109)

(6.110)

(6.111)

(6.112)

These are consistent with Eqgs. (6.99), and (6.102) since the expectation values,

(x), and (p), for the Gaussian window are zero.
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Example. Now consider the association for z2,

10 0 1 02 a 0?
G 2 2
= —_——— = —— A1
R (z,p)x exp (2@' Ordp 4adx? 4 8p2> * (6.113)
1 o 2 2 1
and therefore
2? e+ X2 — L (6.115)
For p?,
RY(z,p)p® = exp o pPP=p’—% (6.116)
) 4 op? 2 :
which shows that
p® < D* — 2. (6.117)
Example. For zp we have
10 0 1 92 a 0?
RC — - - _ - - _ = 6.118
(2, p)p = exp (21' Ordp 4dadz? 4 8p2> P ( )
10 9 1
- - = = L A1
P <2i oz 8p> KA (6.119)
and therefore
zp +» XD+ 5- = L(XD + DX). (6.120)

Furthermore for z2p? we have

10 0 1 02 «a0? 5 o 5 o
-2 = = B — —Qyp — L L2 an2
eXp(%@x@p 4o Oz? 48p2>xp («°p irp — 3 — 350" — 52°)
(6.121)
and therefore

°p® <> X°D? — L D* — §X% — 2iXD — L. (6.122)

6.11 One Parameter Families

As subclasses of the kernel method, one can devise parameter families. One such
case is to take '
D.(0,7) = eic07/2 (6.123)

as considered by Boggiatto, De Donno, and Oliaro [4]. For ¢ = 0,—1,1 one gets
the Weyl, standard and anti-standard cases respectively. One can also obtain the
Born-Jordan kernel by integrating over c,

1 1
Op0,7)= 5/ ®.(0,7) dc = sincior. (6.124)

-1
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The operator for a general symbol is given by
AY(X,D) = / / Q(0, 1) elcHDIT/20X iTD g g (6.125)

and in terms of the symbol directly one obtains

1 o
A°(X,D) = ﬁ//a (X + Her,p) e e dpdr. (6.126)

For the association of e*+i™P we obtain

ei9;c+i7'p o ei097/2ei9X+i7—D — ei(c+1)07—/2ei7'a: eiTD — ei(c—l)GT/Z eiTDeiTx (6.127)

and the operation on a function gives

> 1 — —i(t—x
Allp(z)] = %//a (x'gT + %qp) e~ T—o)p o(T +z)dpdr. (6.128)
The distribution works out to be

Ce(z,p) = % / e (x — e+ D)z + 21— o)) e P dr. (6.129)

The special cases of standard, anti-standard and Wigner are now readily obtained
by taking different values of c.

6.12 Normal and Anti-Normal Ordering

In normal ordering, one transforms to what is known as the annihilation and
creation operator representation which are defined respectively by

1
a=—(X+1iD); ol =

V2

The inverse transformations are

(X —iD). (6.130)

Sl

—ia al); :La—aT
X=—slatahy D= ). (6.131)

The operators satisfy
[, af] = 1. (6.132)

Note that o and of are not Hermitian. This representation is very important in
many areas of physics and chemistry and particularly in quantum electrodynamics.

The anti-normal ordering procedure is the following. For a symbol a(z,p) :
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i) make the substitution

1 *
\7(5+B ); P:E(ﬂfﬁ ) (6.133)
giving .
oles) = a (5345 o= (8- 5)) (6.134)
Note that

1 - NS I
Bzﬁ(x—&-zp), B _ﬁ(x p)- (6.135)

In Eq. (6.134) we still have ordinary variables. Next,
ii) Rearrange a(z,p) as given by Eq. (6.134) so that

(6.136)

B* factors are to the left of the 5 factors  (normal ordering),
[B* factors are to the right of the f factors (anti-normal ordering).

iii) Replace 3, 3* with the operators a, al respectively.
iv) To express the resulting operator in terms of the X, D operators use Eq. (6.130).

We now obtain the kernel corresponding to the anti-normal case. Consider
the association for ¢?*+i™P_ We follow the above steps to obtain

pifztiTp _ Li0(B+B")/V2HiT(B—B")i/V2 _ ,B(i6+T)/V2 B (i0-7)/V2 (6.137)

Now all the 8* factors are to the right of the 8 factors. Therefore

el +itp  La(if+7)/v2 ot (i6-1)/v2 (6.138)

and in terms of X, D we have

ei0x+i7'p VAN e(XJriD)(i0+7')/2e(X7iD)(i97T)/2. (6139)

Using Eq. (6.139), simplification of the right hand side gives

(X HiD)(i0+7)/2 o (X —iD)(i0-7)/2 _ e—%[92+7' ] i0X+irD (6.140)
and finally
ei0m+i‘rp o e—%[92+72]ei0X+i7D. (6141)

Therefore the kernel is o
Ban(0,7) = OHTI/A (6.142)

We see that this is a special case of the spectrogram with a Gaussian window, Eq.
(6.103), and with o = 1. A similar calculation leads to

N (0, 7) = e/, (6.143)
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The important properties of these correspondences is that for symbols of the
form a;(x — ip)as(x + ip) the correspondences are
a1(x — ip)ag(z +ip) <> a1 (X —iD)ax(X 4+ iD) (normal ordering) (6.144)
and

a1 (z—ip)az(x+ip) > az(X+iD)ay (X —iD) (anti-normal ordering). (6.145)



Chapter 7

Unitary Transformation

Our aim in this chapter is to study how the various results we have derived change
under a unitary transformation. Of particular importance is that the generalized
operator and distributions keep their functional form. Unitary transformations are
important for many reasons but certainly among the most important is that many
equations of evolution for a field can often be expressed as a unitary transformation
on the initial field. By a field we mean a function of two variables; for example the
temperature, electric field, pressure field, are functions of both space and time. To
illustrate with a specific example, suppose we consider the following equation of

evolution
i—p(x,t) = f—z o(z,t) + zp(x, t) (7.1)
ot ’ Oz ’ ’ ’

where we have to find ¢(x,t) given ¢(z,0). The solution can be expressed as

p(z,t) = eiit(f%ﬂﬁ) o(z,0). (7.2)

_it(— 22
That is, the operator, e ”( B “’), operating on the initial field gives the field

at a later time. More generally, if we have an equation of evolution of the form

i%gp(:c,t) = Hop(z,t) (7.3)

where H is a time independent Hermitian operator, then the solution is
50(1’, t) - eithSD(xv 0) (74)

as can be readily verified by differentiating and seeing that it leads to Eq. (7.3).
The basic property of the operator, e *#* is that it is unitary, a concept that we
now explain.

A unitary operator, U, is an operator that satisfies

vltv=1, U =U"! (7.5)

L. Cohen, The Weyl Operator and its Generalization, Pseudo-Differential Operators 9, 85
DOI 10.1007/978-3-0348-0294-9_7, © Springer Basel 2013
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where UT and U~ are the adjoint and inverse operators respectively. There are
two types of associated transformations, the transformation of an operator and
the transformation of functions.

The unitary transformation of an operator from A to A’ is defined by
A =UTAU. (7.6)
This transformation is often called a similarity transformation.
Unitary transformation of the state function from ¢ to ¢’ is defined by
o =Ulp=Up. (7.7)

A basic property of a unitary transformation is that the eigenvalues of A’ and A
are the same. To see this consider

Aula, z) = au(a, x). (7.8)
Multiply from the left by Ut and let u(a,z) = U/ (a, ),
UTAUY (a, x) = aUTUW/ (a, z). (7.9)

Since UTU = 1 we have
A (a,z) = au'(a, ) (7.10)

which shows that the eigenvalues of A and A’ are the same and that the eigen-
functions of A’ are u’ where

u'(a,x) = U u(a, 2) = Ulu(a, ). (7.11)

A unitary transformation preserves the inner product of two functions. That
is, for two functions ¢ and o,

/@T@zdm - /@T'eﬁédx- (7.12)

For the case where ¢; = @9 a unitary transformation preserves the norm

/|<p|2d$c:/\<p’|2 dr. (7.13)

7.1 Unitary and Hermitian Operators
A unitary operator can always be written in the form

U=eH (7.14)
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where H is a Hermitian operator. Conversely, if H is Hermitian, then U is unitary.
The minus sign in the exponent is inserted for convenience and for historical
reasons. Therefore we can write a unitary transformation of an operator and state
function respectively as

A = g (7.15)
¢ = e (7.16)

A fundamental formula for simplifying and evaluating Eq. (7.15) is that for any
two operators A and H and real number &,

et Ae™H = A+ ¢[H, A + %52[H, [H, A]] + %@[H, [H,[H,A]|] +---. (7.17)

7.2 Unitary Transformation of the Generalized
Association

We now consider the transformation of the generalized association under a unitary
transformation on X, D [6, 7]. Take

X' =U'XxU; D'=U'DU, (7.18)

and suppose the corresponding ordinary variables are (a/,p’),

X &2, (7.19)
D 9. (7.20)
Inversely, we have
X=UX'Uf, D=UDU". (7.21)
Define the generalized operator correspondence for X', D’ by
A* (X', D) = //a(H,T)tl)(@,T)eigX,Jr”D/ dbdr (7.22)
- / / (0, 7)B(0, 1)V X UHITUTDU goq (7.23)
and consider
QOUTX U+irUTDU  _ UT(i0X +irD)U (7.24)
-y % (Ut (i6X +irD)U)". (7.25)
n=0

Using the fact that Ut = U~! we have that

(Utx +D)U)" =U'(0X +7D)"U (7.26)
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and therefore
GOUTX U+itUTDU  _ 7t ,i0X +irD 1 (7.27)

Substituting this result into Eq. (7.23) we obtain
A®(X',D")=U'A® (X,D) U (7.28)
which shows that if X and D transform by a unitary transformation, then so does

the general correspondence. In Eq. (7.28) one understands that a substitution
using Eq. (7.21) is made on the right hand side.

7.3 Transformation of the Generalized Distribution

In a subsequent chapter we discuss the issue of obtaining joint distributions for
arbitrary operators. Here we just consider the case where the two operators X’
and D’ are unitary transformations of X and D as given by Eq. (7.18). One can
express the distribution of (z’,p’) in terms of the distribution of (x,p) as we now
show.

The characteristic function for X’ and D’ for a state ¢(x) is

My (0,7) = ®(0,7) / ©* ()X D" o(2) da (7.29)

and using Eq. (7.27) we have

Map(0,7) = 0(0,71) / o*(x)UT X TP Up(x) da (7.30)
=®(0,7) /(U(p(x))* XD (1) da (7.31)
— (0, 7) / o () X +7D (2 da. (7.32)

Comparing this with Eq. (5.22) we see that it is exactly the characteristic function
of z,p except that we are in a state ¢’(z) given by Eq. (7.16). Therefore we can
immediately write

C(«',p") = 47;2 /// ©*(q—37) ¢ (q+ 57)®(0,7) e~ 0" —iTp"+iba g0 g qg.
(7.33)
This is an important result because it allows one to immediately write distributions
for new variables if their corresponding operators are connected to X and D by a

unitary transformation. All one has to do is change the state function by way of
Eq. (7.7)
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7.4 Examples
Example. Translation operator. Take
U= P (7.34)
where £ is a real number. We have that
Ul =yu=t = P (7.35)
and the transformation of a function is
¢(x) = e " Pop(a) = plz —0). (7.36)
The operators X’ and D’ are
X' =U'XU=e"PXe*P =X 4, (7.37)
D' =U'DU = D. (7.38)
For the generalized correspondence operator we have
A®(X', D) = e P A% (X, D) P (7.39)
The distribution of 2’ and p’ is then, according to Eq. (7.33)
C(x',p) 4 —5 /// — 57 -0 plg+ %T —0)®(0,71) e_i‘%/_”p/“quq dr do.
(7.40)
Example. U = e~ *2° We take
U= e D, (7.41)
For the X’ operator we have
X' = P’ X D" = X 4 it[-2Di] = X + 2tD (7.42)
where we have used Eq. (7.17) and the fact that
[X,D? = 2iD. (7.43)
For the D’ operator it is clear that
D' = tD*pe~itD® = p. (7.44)
The transformation of a function is given by
¢ (z) = e 0% p(z)= \/‘W/ ) exp [ W] da’ (7.45)
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which can be proven in the following way. Write

20) = <= [ ela)e i da, (7.46)
o) = —= [ 2w ean (7.47)
Now
I pla) = <= [ B)e ey (7.48)
== [ e e ey (7.49)

where in going from Eq. (7.48) to Eq. (7.49) we have used =D’ ¢izP = ¢=itp” gizp_
In Eq. (7.49) substitute for @(p) to obtain

. 1 . . ,
e_ztD2g0(x) _ %// SO(xl) e—zthez(w—ac )p dp dz’ (7.50)
which gives Eq. (7.45). The distribution is hence

1 o
C(a'p) = R/// ®(0,1) QD/*((]—%’T) <p’(q+%7') e~ W0 —iTrH94 4o dr df. (7.51)



Chapter 8

Path Integral Approach

The path integral approach for obtaining correspondence rules arose out of the
work of Feynman and Kac where they showed that the Green’s function for
Schrédinger’s equation can be written as the sum of a functional over all paths
from one time to another. It is beyond our scope to discuss the path integrals but
we give here the end result as to the viewpoint of the formulation as it applies to
correspondence rules [15, 27, 54, 40, 57, 85]. There are two separate approaches,
corresponding to configuration space and phase-space.

8.1 Configuration Space

The basic idea is that we can express the operation on a function as

A® (X, D) p(z) = / k@, 2 )o(a) da’ (8.1)

where k(x,2') can be calculated with the classical symbol by summing over all
paths. If the paths are parameterized by a Fourier integral, it turns out that one
can write k(x,2’) as

k(z,2') = 5 /a(x,x',p) e~ i@ =2)p gy (8.2)

where a(z,2’, p) is an averaging function taken over the path. By taking different
discretizations to a(z,z’, p) one obtains different correspondence rules. For exam-

’
Ttz

ple a(z, z’, p) can be approximated by % [a(x,p)+a(z’,p)|ora ( 5 ,p) , among

others. The only constraint is that

lim /. a(z,2’,p) = a(x,p). (8.3)

L. Cohen, The Weyl Operator and its Generalization, Pseudo-Differential Operators 9, 91
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We now express this formulation in terms of the methods developed in Chap.

4 where we showed that

401000 = g f[fo (0

X ®(0,2 —x) (' )dx dq dp do.

Comparing with Eq. (8.2) we see that

x,m 4 2/// < JE+3§ ,p) e—i0a—i(z'—z)p ‘I)(@,:L" o

and further

T

Example. Weyl rule. The kernel is 1 and we have that

et (o

,p) e~ dq do

which gives

Also,

Example. Symmetrization rule. The kernel is
®(0,7) = 5 cos 307

and substituting this kernel into Eq. (8.5) we obtain that

kz,2') = — /e_i(ll_x)p a (z,p) +a(a',p)] dp.

™

Also,
a(x,2',p) = 5 a(x,p) +a(z',p)].

) e—iOq—i(r’—r)p

,p) e W19, 2" — x)dgdf.

(8.4)

(8.6)

(8.10)

(8.11)

(8.12)
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8.2 Phase-Space

One can also define the operator by
A% (X,D) = /a(w’,p’)A(X —a',D—p')dx' dp (8.13)

where A can be calculated over phase-space paths. Comparing with Eq. (4.97) we
have

1 , N /
AX —2',D—p')= @//é(ﬁ,f) WX =a)+ir(D=p") g9 g7 (8.14)
1 . . N ’
= 4—2//<1>(9,7) ¢07/2i0(X=2") im(D=") g4 7 (8.15)
T

Since all the X factors are to the left of the D factors we can define the rearrange-
ment function Ay by

1 . . ’ . ’
Ag(zx—2',p—p) = ﬁ//elgT/Qew(z_“ )ei™(P=P) ®(9, ) df dr (8.16)
m
or .
Ag(z,p) = ﬁ//ew(”ﬁme”p@(ﬁj) df dr. (8.17)
m

Eq. (8.17) can be inverted to express the kernel in terms of Ag,
o0,7) = e‘iaT/z/ Ag(z,p)e” %= dz dp. (8.18)
Substituting into Eq. (8.13) we obtain that
A® (X, D) = %////a (2, p)) Ap(x —a',p —p)e P P dr da’ dpdp’ (8.19)
and

Acp[ga] = %////a (o', p") Ar(z — a',p fp')efi'rp o(T + ) drds’ dpdp’. (8.20)

Example. Weyl rule. The kernel is 1 and we have

1 . .
Ag(z,p) = H//e“”“f/?)e”? do dr (8.21)
1 )
—- TP
o /5(7/2+x)e dr (8.22)
= Lo-2iap (8.23)

™
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Using Eq. (8.20) we have

//// 2, p) e~ 2i(z—a")(p—p") o —iTp o(T + ) drda’ dpdp’ (8.24)
27r7r

which evaluates to

1 (x + 1), e~ Hr—2)p o(T)drdp 8.25
271' 2

which is the result for the Weyl case given in Eq. (3.16).

Example. Standard ordering. For standard ordering the kernel is ®g(6,7) =
e~7/2 and therefore

Ag(x,p) = L//ew””e”p dfdr = 6(x)d(p) (8.26)

472

and substituting into Eq. (8.20) we have
A%[p] = Zi////a (', p")6(x — 2")o(p — p)e P o(t 4 x) dr da’ dpdp’ (8.27)
i
;//a (z,p) e (T + 2) dr dp (8.28)
i

which is the same as Eq. (6.20).



Chapter 9

Time-Frequency Operators

The fundamental idea of time-frequency analysis is to understand and describe how
the frequency content of a signal is changing in time [20, 18]. By a signal one means
a function of time, for example the electric and magnetic fields, pressure, voltage
etc. Time functions are called wave forms or signals. We shall denote the signal
by s(t). Examples of man-made signals whose frequencies are clearly changing in
time are music and human speech where indeed it is the changing frequencies that
are the essence of the signals. The symbol, a(t,w), now is a function of time and
frequency. From a mathematical point of view, the methodology that has been
developed in the previous chapters can be totally carried over to time-frequency.
We define the time and frequency operators by 7 and W where,

t in the time representation
i5- in the frequency (Fourier) representation,
%% in the t representation
W= . | . (9.2)
w in the Fourier representation.

The fundamental relation between 7 and W is the commutator,
[TV =TW-WT =i. (9.3)
The spectrum of a signal, 5(w) , is defined by

> 1 —itw
S(w) = \/—277/ s(t)e dt (9.4)

1 ~ itw
()= <= / S(w) € dw. (9.5)

The Fourier transform of the symbol is defined by

with

~ 1 —i0t—i
a0, 7) = — [[alt,w)e BTt du (9.6)
4dm
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96 Chapter 9. Time-Frequency Operators
and the symbol, a(t,w), is given by

alt,w) = / / a0, 7) P dg dr. (9.7)

Thus, the correspondence from the notation of the previous chapters to that of
time-frequency is

T, p—tw (9.8)
X,D—-T,W (9.9)

e(x), B(p) = s(t),s(w) (9.10)
a(z,p), A%(X, D) = a(t,w), A2(T,W). (9.11)

Furthermore we point out that the (z, p) case that we have considered thus far can
be called space- (spatial) frequency analysis. However, there is one fundamental
difference in that signals in nature are real, and hence one has to consider how to
write a complex signal corresponding to a real signal. This is discussed in Sec. 9.3

9.1 Time-Frequency Association Rules

In total analogy with the development of Chap. 4 we define the time-frequency
symbol to be any function of time and frequency a(t,w) and the corresponding
operator associated with that symbol by

A®(T, W) = / / a0, m)®(0,7) TV d dr. (9.12)
Since ‘ ‘ . . ‘ ‘ A ‘
619T+1TW _ 6197/2 ezOT el‘rW — 67107'/2 e’LTW ezGT (913)
we have
A%(T, W) = / / a0, 7)®(0,7) €7/ 0T W 4 dr (9.14)
= / / a0, T)®(0,7) e OT/2 W T qg dr. (9.15)

In terms of the symbol,

1 o . .
A®(T, W) = 4—2////(1(15, w) (0, ) e WtTiTwHi0T/2 GOT W 49 dr dt dw.
™
(9.16)
The operation on a signal is

A (T, W) s(t) = / / a0, 7)®(0,7)e?7/2 e s(t + 1) df dr (9.17)
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and in terms of the symbol we have

A st = g [fffeos 5] e
(9.18)

x &0, 7 —1t)s(r )deqdwdH
and also
A% (T (
~ i //// (t',w) e TR (9, 1) s(r 4 t) dr dt dwdd.  (9.19)
For the operation on a function in the Fourier domain one obtains
(9.20)

AP (T, W) 3w / 0,7)B(0,7)e” 07/ 1™ §(w — 0) d dr

and in terms of the symbol one has

A% (T, W) 3 42//// (t,w' + 2(w+0)P(w—0,7)
(9.21)

e~ 0= 59 df dr dt dw'.

For the rearrangement operator one defines

R®(t,w) = rearrange A®(T, W), so that all the T factors are to the left
of the W operators; then replace (7, W) by (¢,w) (9.22)

giving
R (t,w) = / / (0, 7)B(0, 7) 10712101 g7 4o e (9.23)
which can be written in the following form,
10 0 10 10
o
= ——— = . .24
B2t w) = exp (2i8t8w>q)(i8t’i3w> alt,w) (6:24)

For two different associations characterized by kernels ®,(¢,7) and ®3(60,7) cor-

responding to R®!(¢,w) and R*®?(¢,w) we have

Dy (12 10
R (t,w) = (; (; ot ;ag)R%(t w). (9.25)
1(25’?%)
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9.2 Time-Frequency Distributions

The developments in Chapter 5 can now be re-written for the time-frequency case.
One can define an infinite number of time-frequency distributions, C(t,w), so that
for a symbol a(t,w) and a signal s(t),

/ “(t) A® (T, W) s(t)dt // t,w) C(t,w) dt dw (9.26)

where
o(t,w) 1 2/// s(q+ 37)®(0, 7)e IOt dodr dg. (9.27)
T

C(t,w) is called the generalized time-frequency distribution. In terms of the Fourier
transform of the signal it is given by

C(t,w) = # / / S5 (k+ 10)5(k — 30) (0, 7)e IR qo dr dk. (9.28)
Also, the characteristic function is
M0, 7) = (D0, 7) T+ = @(9,7)/5*(15) e OTHTW 5(t) dt (9.29)
which evaluates to

MO, 1) = @(9,7)/5*@ —1r)e st + A7) dt. (9.30)

9.3 Complex Signals and Instantaneous Frequency

In our previous development, the state function could be any complex function and
indeed in quantum mechanics the state function is inherently complex. However
in signal analysis, signals are inherently real and dealing with real signals leads to
difficulties. For example, for real signals the energy density spectrum, which is the
absolute square of the spectrum, is symmetric and hence the average frequency is
zero which is unsatisfactory. Therefore one seeks to define a complex signal that
corresponds in some sense to the real signal at hand. In addition, if we did find a
way to define the complex signal, then one can define instantaneous frequency by
the derivative of the phase.
The general approach is to seek a complex signal of the form

z2(t) = sp(t) +is;(t) (9.31)
where one insists that the real part, s, is the real signal at hand

sp(t) = s(t). (9.32)
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Obviously there is an infinite number of ways to write z(t), since the imaginary
part, s;(t), is thus far arbitrary. Gabor gave a procedure to fix s;(t), and the
resulting complex signal is called the analytic signal. We point out that other
definitions have been given. A detailed discussion of these issues can be found in
references [25, 20, 50, 68].

The Gabor procedure [32, 20] is as follows. For a real signal, s(t), the spec-
trum, $(w), has both positive and negative frequencies; define the complex signal,
z(t) , whose spectrum is composed of the positive frequencies of $(w) only. Hence

(1) = 2 / T (W) et dt (9.33)

where the factor of 2 is inserted so that the real part of z(t) will be s(¢). In
Eq. (9.33) substitute for s(w) to obtain

=25 / / = dudt’. (9.34)

Using a basic property of the delta function,

/ e dy = 1 §(t— ) + — (9.35)
0 t—t
we have
= l ! Yy i ’
A(t) = W/s(t)[wé(t t)—s—t_t,]dt (9.36)
giving

() = s(t) + - / ) gy (9.37)

0 t—t
The second part of Eq. (9.37) is the Hilbert transform of s(¢) and one writes

Hls(t)] = / ) gy (9.38)

T t—t

The integration in Eq. (9.38) implies taking the principle part. Therefore, we can
write the analytic signal as

2(t) = s(t) +iH[s(t)] = 2z-(t) + 1 2(¢) (9.39)

where
z(t) = s(t);  z(t) = H[s(t)]. (9.40)

Having defined the complex signal one writes

2(t) = A(t) e*® (9.41)
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and defines the amplitude and phase of a signal by

A(t) = (/22 + 24 o(t) = arctan z;/z,. (9.42)

This allows one to then define the instantaneous frequency by

d

—o(t). (9.43)

will) = G

9.4 Time-Frequency Space-(Spatial) Frequency

Having defined time-frequency distributions and space-(spatial) frequency distri-
butions, it is natural to consider symbols and distributions of the four variables
a(z,p,t,w) and state functions that are fields, that is functions of space and time,
p(xz,t). We give just an outline how this can be carried out for the Weyl case. We
define the Fourier transform of the state function by

Z)b(pv w) = 27 §0(1'7 t) efi:vpfitw dt d.’E, (944)
™

1 [ o
oz, t) = %/ ?(p,w) P dw dp, (9.45)

and for the four-dimensional symbol, a(x, p,t,w), we define

(0, 7,0,7) (4 2) //// a(z, p, t,w)e” eriTep =017 go iy dt dw,
77

(9.46)
a(z,p,t,w) = ////6(096, Tuy 0, T)ew””“‘pewt“m dl, dr,, db dr. (9.47)

The four-dimensional operator is then
AX,D, T, W) = / / / / (04, 7y, 0,7) 0 XFITD OTHITW g dr dfdr (9.48)

and the operation on a function is given by

(X D 7— W l‘ t /// emee 7_ lemTI/Q-‘rZ@T/Q 19 x+i0t
X o(x + Tzt + 7) db, dr, dO dr. (9.49)

The four-dimensional Wigner distribution is

W(x,p,t,w) < ) // - fo, é’]’) cp(:ch%TI,tJr%T) e~ TP 7y
(9.50)
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and this definition assures that

// o (x, ) A(X, D, T, W) p(z,t)dxdt

= ////a(:r,p,tw)W(;v,p, t,w) dx dp dt dw. (9.51)

Furthermore with these definitions the appropriate marginal conditions are satis-
fied in that

[Wptw)do =W pio), (952)
/W(Z’7p, t,w)dp = W(t,w;x), (9.53)

where W (x, p) and W (t,w) are Wigner distributions in the variables indicated and
in this case defined by

1 )
W (z,p;t) = /go*(m — %Tx,t) olr + %Tw,t) e =P dr,, (9.54)

T on

1 )
W(t,w;x) = /gp*(a:,t — i) p(z,t+ir)e ™ dr. (9.55)

27



Chapter 10

Transformation of Differential
Equations Into Phase Space

Suppose we want to obtain the Wigner distribution of a function ¢(x) which is
the solution of a linear differential equation

ar dn—l
(@) | . e(x)
dxm

Cha de ()

dzn—1 A + aop(x) = f(z). (10.1)

n

One could solve for ¢(z) and then substitute into the Wigner distribution

1 . .
W(z,p) = o /<p (z— %7‘)6 Po(x + %T) dr. (10.2)
In this chapter we show that one can bypass solving the differential equation for
©(z) and obtain the corresponding differential equation for the Wigner distribution
directly [29, 30]. The main reason one wants to do that is that in phase-space, the
nature of the solution is often revealed much more clearly than in x or p space.

10.1 Transformation Properties of the Wigner
Distribution

Suppose we have a Wigner distribution of ¢(z). Then, what is the Wigner dis-
tribution of ¢'(x) or the Wigner distribution of g(x)¢(x), where g(z) is some
function? In this section we derive such properties as they are important to obtain
the differential equation for the Wigner distribution. It is convenient to define the
cross Wigner distribution of two functions ¢ and 1 by

1 * 1 —1 1
WWww = % /QO (x — 57—)6 1Tp¢(x =+ 5’7—) dT. (103)
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For the sake of neatness we use the following notation for differentiation:

d d"
() = — = —_ . 10.4
¢la)=—olz), @ 7on P() (10.4)
Consider W, 4/,
W = € ©*(z — l7')6*"”’£1/1(:z: + ir)dr (10.5)
eV T on 2 Oz 2 '
= 2 o (x — l7')67””é¢(a: +ir)dr (10.6)
2 2 or 2 '
2 0 * 1 —iTD 1
=2 [ D e gy o+ hr)ar 0
1 0 * 1 - * 1 —iTp 1
=5 %ga (x —57) + 2ipp™(x — 57)| e Y(x 4 57)dr (10.8)
and therefore
W%w/ = leﬂﬂ + QipW%w. (10.9)
Also, it is clear that
0
%W@J/) = W%w/ + th’ﬂﬁ‘ (10.10)
From these two equations we obtain
10 .
Wow= |55, ) Wew = A:Woy (10.11)
and
10 .
Weyr = 392 +ip | Wy = BeWo g (10.12)
where we have defined
10 10
A, = —— —ip, B, = —— +ip. 10.1
2 0x P 2333—'_“9 (10.13)

Combining Eq. (10.11) and Eq. (10.12) we have

Wyt pom = A"B™ Wy (10.14)
and N
nnpn 1 82 2
Wsa(n)7tp(n,) =A"B Wap,tp = Z@ —|—p W%’#P' (1015)

Suppose we have the cross Wigner distribution of ¢(x) and ¢ (x) and wish to
obtain the cross Wigner distributions of g(z)y(z) and ¢(x), or ¢(x) and g(z)y(x),
where g(z) is an arbitrary function. Using the above methods results in

Wep(2,p) = g% (Ex)Wo,u, (10.16)
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We.gu(@,p) = g(Fz)Wop (10.17)

where 5 1 g
w5y (10.18)

E, = -
2i Op

.
o
10.2 Ordinary Differential Equations

th

We consider ordinary differential equations of n** order, with constant coefficients

d"p(x) d" () d(z)
an, dn + anflw BN GIW + app(z) = f(x). (10.19)

We write the equation in polynomial notation

P(D)p(z) = f(x) (10.20)
where ;
D=— 10.21
dx ( )
and
P(D) = a,D" + an D" + -+ a1D + a. (10.22)
Taking the Wigner distribution of both sides of Eq. (10.20) we obtain
Wp()p,p()e(7,0) = Wy r(2,p) (10.23)

where Wy ¢(x,p) is the Wigner distribution of the forcing term

Wy f(z,p) /f T)e P f(x+ i) dr. (10.24)

Using the results described in the previous section one obtains the differential
equation for the Wigner distribution

PH(A)P(B)W o(x,p) = Wy f(2,p) (10.25)

where A and B are given by Eq. (10.13). Explicitly

(10 . 19 B
F (2855 - Zp) P (2 oz Zp) We o (z,p) = Wy f(x,p). (10.26)

This equation is in general a partial differential equation of twice the order of the
original differential equation, that is order 2n. In Eq. (10.25),

P(A) = ap A" + a1 A" 4+ a1 A+ ag (10.27)

and
P*(A)=a A" +a A" 4t alA+a). (10.28)
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That is, in P*(A) only the coefficients are complex conjugated.
If the driving force is zero then

P*(A)P(B)W, ,(z,p) =0 (10.29)
For this case the equation simplifies to two equations
P*(A)W, o(x,p) = P(B)W, ,(x,p) = 0. (10.30)

Example. Consider the equation
d®p(z) dp(x)

A 4w 4 Beol) = f(a) (10.31)

Using the above procedure one obtains

o 3 0? 0
s + a3 53 + arg 3 + arg— +ao| Wo oz, p) = Wy s(x,p) (10.32)

where,
ap = (wi — w?)? + 4p’w?, (10.33)
1
m =W +e?),  a = @+ 2d) (10.34)
1

as = 51, aq = 1/16. (10.35)

While Eq. (10.32) is clearly more complicated than Eq. (10.31) it turns out that
the solution to Eq. (10.32) is simple and very insightful [29, 30].

10.3 Non-Constant Coefficients

For an ordinary differential equation with non-constant coefficients,

@) 2D @) E ) ) B ()t = 1) (10.30)
we again rewrite it in polynomial notation
P(D,z)p(x) = f(x) (10.37)
where now
P(D,z) = ap(2)D" 4 ap_1(x)D" ' + ... + a1 (2)D + ag(z). (10.38)
A similar derivation that led to Eq. (10.25) leads now to
P*(Ay, E;)P(By, Fp )Wy u(t,w) = Wy f(t,w). (10.39)

Partial differential Equations. One can also transform partial differential equations
into phase space equations but we do not do so here [29]. We point out that indeed
in Wigner’s original paper, he transformed the Schrédinger equation into a phase
space equation for the Wigner distribution.



Chapter 11

The Eigenvalue Problem in
Phase-Space

Suppose we have a correspondence between the symbol a(x,p) and the Weyl op-
erator A (X, D),
a(z,p) + A(X,D). (11.1)

If a(z,p) is real, then A (X, D) is Hermitian and we can then consider the eigen-

value problem
A(X, D)uy(z) = Aup () (11.2)

where A, and u, (2) are the eigenvalues and eigenfunctions respectively. Since the
operator is Hermitian, the eigenvalues are real and the eigenfunctions are complete
and orthogonal. In Eq. (3.16) we showed that for an arbitrary function

A(X, D)uy(z) = //6(9, ) e07/2 %y, (x4 1) dO dr (11.3)

1 r+T —ip
— T . 114
271_//&( 5 ,p) e Un (T + x)dr dp ( )

Hence, the eigenvalue problem becomes

1 .
2—//@ (x;T,p) e~ un (T + ) dr dp = Mpun(x) (11.5)
™

or

/ / a0, 7) e/ ey, (x + 7) df dT = \yup(z). (11.6)

This can be thought as an integral equation for w, ().
We now formulate the eigenvalue problem in phase space. In Eq (11.6) let
x — x + 7'/2, then multiply by s-uj(z — 7//2)e™"" 7, and integrate with respect

L. Cohen, The Weyl Operator and its Generalization, Pseudo-Differential Operators 9, 107
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to dr’ to obtain

1 . ) ) ,
2—///1@(3: — 7' /2)e T PE(0, 7) e07/2 0T Dy, (1 4 77 /2 + 7) dO dr dr!
T
1

=g / @ =7 2un(z + 7' /2)e P dr’ (11.7)
s
The right hand side is the cross Wigner distribution
1 ,
Win (2, p) = by /uZ(x —7/2up(x+7/2)e”"Pdr (11.8)
s

and therefore

%///6(0,7’)112(:0 — 7)) un(z+7'/2+7)
x e Pe0T/2 0T 2) 40 dr dr' = Ay Wi (2, p)  (11.9)
which after a few straightforward transformations gives
/ Win(z 4+ 7/2,p — 0/2)a(0,7) €T 40 dr = X\, Wi (2, p). (11.10)
Recalling the properties of the translation operators we have that
/ Win(x +7/2,p — 0/2)e"TPdg dr = eit(et385) +ir(r=5 77 Win(z,p)

(11.11)
and therefore

//a(e,f) (et 535) v (p=332) W (2, p)df dr = Ay Wi (2, ) (11.12)

giving
i 0 i 0
2 gl = = . 11.1
(o4 5o 550) Winlon) = AWin(on). (1113
Example. Consider the case
a(z,p) =p (11.14)
then Eq. (11.13) becomes
10
/ —— / = ' 11.1
pWan (z,p) + % 97 Wi (z,p) = AWy (11.15)

where we have substituted A, X' for k, n since the eigenvalues are clearly continuous.
The solution is

1 . ,
Wi (z,p) = Q—e“—A T5(p—N/2 — N/2). (11.16)
T
This can be verified directly by finding the eigenfunctions, namely
L ia
x) = e 11.17

and substituting into Eq. (11.8)
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11.1 General Kernel

To obtain the eigenvalue equations for a general kernel we start with the general-
ized correspondence rule, Eq. (4.15),

A(X, D) un(z // )e07/2 0Ty, (x4 7) d dr (11.18)
and therefore the eigenvalue problem becomes
/ / a0, 7) (0, 7)e?/2 0%, (x + 7) dO dT = Myup(z). (11.19)

In Eq. (11.19) let  — g + 7'/2, then multiply by

2
1 -’ i .n/
(2W> ui(q—1'/2) e O rmiTrri0a g9 1) (11.20)

and integrate with respect df’ dr’dq to obtain that

() [[a0.mmi0a e e mraaw, e0,0)
x 07/2 0T Dy (g 4+ 7' 2+ 7) B dT dO' dr'dg = Xy Cin (2, p)  (11.21)

where
1 o
Cin(z,p) = m///@(@ﬂ')ui(q— %T)un(q—i—%r)e_wm_”p“eq dodrdq. (11.22)

Furthermore using

. 1 C . iE/,p/ ez&x +itp’ i
o~ bryunla -+ 4r) = 5 [[[ R gy (1129

or in general

Crn(2’, D) i0(x'—(q'+4q)/2)+i(a—q")p’ !
(s (i i dods' dp  (11.24
ui(q')un() 27r/// 0,9—q) wdp (124

a straightforward but somewhat lengthy manipulation of Eq. (11.21) leads to

2
1 -0’ ’ s ! / . ! . ’
(27T> / 6(9,7') 61«9 (z' —x—7/2) eir (p —p+9/2)ckn(m/’p/)619w +iTp

(0, 7)(0, 1)

df dr do’ dr’ dgdz’ dp’ = A\, Crn(z,p). (11.2
PO+, 7 +71) T T egax dp Chn(,p). ( 5)
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Using the same type of steps that led to Eq. (11.13) leads to

1.0 108 1
( > // i )‘I’(li gz;v zlap;) i0' (a' —z) it'(p’ p)A(g )
2w z o7 + 3 9z’ 7 Op! ?81)’)

x (e ) T~ 45) Gy (!, p!) O dr O dr’ de'dp’ = Ay Cin ()

(11.26)
which gives
(1 £, 18)0(3 5%, 152) % 9
i 0z’ i Op i Oxy’ i Opg 1 ?
) 5 10 f) a<x+,p—> Crn(2,p) = AnChn (2, p).

If one takes & = 1 then the Wigner case is obtained and these equations reduce
to the ones of the previous section.

Example. For the kernel _
oA5(0,7) = 72 (11.28)

which is the anti-standard ordering rule, we have that

(0,7 (0, 7) —i0'r)2 —ior' )2
O, TN, 7) _ _ivrsa—ior 11.29
SO+ 0,7+ 1) ¢ c ( )
and hence
P(Lo 1oypl o 1.0
(11 %m i af)a (; 8;u i ?Paa) = exp |:Z ( 9 9 + o a>:| . (11.30)
®(i 0, 1000 700, T 05 2\0w Opa 0o Op

Eq. (11.27) then becomes

0 9 9 g 13 _ EQ AS _ AS
P |: (8x apa + al'a 8p>} “ (l‘—f— Qap’p 28x> Ckn (xap) - Anckn (J?,p)
(11.31)

and for Eq. (11.26) we have

2
i 6(9,7') eiG'z' eir'p’eiex'JriTp'
2r

X C’,‘é1 (' +z+7,p +p)dodrdd dr’ dz'dp' =\, Ckn (z,p). (11.32)



Chapter 12

Arbitrary Operators: Single
Operator

In this chapter we study the operator
M(0) = el0A (12.1)

where A is an arbitrary Hermitian operator and 6 is real. We use calligraphic M (0)
for the operator as we will use M (#) for the characteristic function which is an
ordinary function. We call M(6) the characteristic function operator because its
expectation value will be a proper characteristic function in the sense that it yields
a proper probability distribution. By a proper probability distribution, we mean
that it is manifestly positive and normalized to 1. Also, instead of probability one
can think of intensity and the same considerations apply. The basic idea is that
the expectation value of M(0) in a state ¢(z),

M) = [ & @MB)p() ds (12:2)

will define a proper characteristic function and associated probability distribution.

12.1 The Probability Distribution Corresponding to an
Operator

Suppose we have a probability distribution, P()), of the random variable A; then
the characteristic function is defined by

M(9) = / e P(\)d\ = (') (12.3)

L. Cohen, The Weyl Operator and its Generalization, Pseudo-Differential Operators 9, 111
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and conversely knowing M (#) we obtain the probability distribution by way of
Fourier inversion

1 .
P\ = — / M(9) e~ d.0 (12.4)
2w
The moments are given by
n 1 47

If the moments are known, the characteristic function can be constructed by way
of

M) = () =Y (’z,)n (. (12.6)

The characteristic function is an average, the average of €*, and hence for

a state (x) we take
M(0) = /Lp*(x) 4 () da. (12.7)
The state function is normalized to 1,
/ lo(x)|?de = 1. (12.8)
Applying Eq. (12.4) the probability distribution is
P(\) = %/M(&) e dp (12.9)

= %//gp*(x)eimgo(x)e*i” dx db. (12.10)
™

There are two cases to consider, corresponding to when the spectrum of A is
continuous or discrete.

Continuous case. Since A is Hermitian, the eigenvalues are real and the eigenfunc-
tions are complete. We write

Au(\, z) = du(A, x) (12.11)
and expand the state function as
o(z) = /F()\)u(A,x) dA (12.12)

where
F\) = /(p(x)u*()vx) dA. (12.13)
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The characteristic function, Eq. (12.7), is then

0) = / F*Nu*(\, 2)e P F(\Yu(N, z) dhdN dzx
/F* N FNYu(N, z) dXdN da
= /F*(/\) ONEN)S(A = N) dhdN

= / |[F(A)]? e dA.

Therefore, the probability distribution is clearly

P = ‘/ (A x) dx

which is manifestly positive.

which evaluates to

2

Discrete case. For the discrete case we write
Auy () = Mun (2)

and expand the state function, p(z), as

= Z Cn Up ()
n=0

where

Substitution into Eq. (12.10) gives
= Z |en |2t
n

Further, using Eq. (12.4) we have
1 )
P(\) = — [ M(0)e *do
N =5 [MO)e

1/ 2 i\, ,—iOX
=— g len| e e dl
27 ~

giving

= leal?6(An = V).
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(12.14)
(12.15)

(12.16)

(12.17)

(12.18)

(12.19)

(12.20)

(12.21)

(12.22)

(12.23)

(12.24)

(12.25)

Therefore, the only values which are not zero are the A,,’s and the probability for

obtaining A, is
2

P = [eal? = \ [ui@ow e

(12.26)
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12.2 Expectation Value

We now calculate the expectation value of A\. By the usual definition, it is given
by

(A) = /)\P(A)d)\ = /)\\F(A)|2d>\. (12.27)

However, one can also obtain it from the characteristic function, Eq. (12.5), by
way of

(\) = %%M(G) lo—o- (12.28)

Using Eq. (12.7) we have,

10 10 N
A\ = ;%M(G) |9=0 =235/ ¢ (z)eo(x) dx |0=o (12.29)

A = /(p*(:t)Ago(x) dx. (12.30)

Thus we have two dramatically different expressions for the expectation value, Eq.
(12.27) and Eq. (12.30). Similarly for any function f(\),

G0 = [FNIFOF = [ @r@e@ . 23

Quantum mechanics and the Born interpretation. In 1926, Born gave what is now
accepted as the proper interpretation of the formalism of quantum mechanics,
namely that it is probabilistic theory. The above method of calculating proba-
bilities is what is called the Born interpretation and is one of the fundamental
ideas of quantum mechanics. In quantum mechanics, observables are represented
by operators and the numerical values that can be measured are the eigenvalues
of the operators and the corresponding probability is given by Eq. (12.18) or Eq.
(12.26)

12.3 Examples

Linear Combination of X and D. Consider the operator made up of a linear com-
bination of X and D,
A=aX + BD. (12.32)

The operator is Hermitian for real o and 3. Solving the eigenvalue problem

(aaz - w;;) u(\ z) = M\, z) (12.33)
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gives

1 )
u(\, ) = N eiho—aa®/2)/8 (12.34)

where we have normalized to a delta function. Hence, we have the following trans-
form pairs:

O\ e~ i(Az—az?/2)/B 4 12.35
o) \/F / ) (12.35)
i(Az—azx®/2)/B gy 12.36
wlz) = \/ﬁ/ 1230
For the characteristic function, using Eq. (12.7), we have
_ <620A (1237)
:/W @X+8D) (1) de (12.38)
:/ga (i0%aB/2 LiadX 98D () d (12.39)
=/90 eif*aB/2 giabz (1 1 9B) dx (12.40)
giving
The distribution is then
1 .
T
1 * —1 —Qax
_%//%’ (x = 568) ™0 p(a + 108)dbdw (12.43)
which simplifies to
1 . 2 2
‘ YemiOe—a/2/B gl | p())2 (12.44)

V27

and is consistent with the general result, Eq. (12.18).

Spatial Frequency Operator. If in the above we take « = 0 and 8 = 1, then A is
just the spatial frequency operator,

A=D. (12.45)

From Eq. (12.34) we have that the eigenfunctions are

u(\, ) = L i (12.46)
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which of course leads to standard Fourier analysis. For the characteristic function
we have

M(6) = (P) = / 0" (x)e"Po(x) da (12.47)
= /@*(x)w(m +0) du. (12.48)
The distribution is then

=5 /M Ye~0rdh = // oz +0)e " dx do (12.49)
i

which simplifies to

(12.50)

0 =| g [ o]

In spectral analysis, this is called the energy density spectrum.

Example. o X + 8D?. We solve the eigenvalue problem in the Fourier domain. We
write

. d ~ ~
{za% + Bp* Y a(\p) = A a(\,p). (12.51)
The solutions, normalized to a delta function, are
1 .
i\ p) = ﬁe—l(w—ﬂpg’/?’)/a (12.52)

and therefore for any state function in the Fourier representation @(p),

1 ~ , 3

P(p) = N / F(\)e Q=87 /3) /gy (12.53)
yiyes
1

F\) = )eiAp=Bp*/3) /e gy, (12.54)

V2o

The eigenfunctions (A, p) can be written in the position representation as

1 .
u(Ax) = E/@(A,p)e”’wdp (12.55)
_ 1t
2o

which after some straightforward manipulations leads to

e~ iOp=Bp*/3)/agive g, (12.56)

1 e al/3
u(A, ) = W/o cos [ép‘3 + G173 (x — A/ a)p| dp. (12.57)
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This can be written in terms of an Airy function which is defined by

Ai(z) = %/0 cos (%t?’ + xt) dt

and satisfies the differential equation

. :
@AI(LL‘) — zAi(z) = 0.

Therefore we have that

ol/3

1
u(A,x) = a1/651/3Ai (ﬁl/:‘ [z — )\/a]) .

Example. Scale Operator. Consider the operator

C=34(XD+DX)=XD - Li=DX + %i
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(12.58)

(12.59)

(12.60)

which is sometimes called the dilation operator. The eigenvalue problem is

Cu(c,x) = culc,x)

or

(Lo Y ule,n) = cule,)
5 dmx xda; u(c,x) = cule, x).
The solutions normalized to a delta function are
1 iclnx
ule,x) = ‘ z >0

S Vor Vi

and satisfy

/0OO wt (¢, 2)ule,z) de = 6(c — &),

/u* (¢, 2 )u(e,x)de = §(x — a'), z, 2’ > 0.

Hence, the transformation equations between the x and ¢ are

1 eiclnw
o(z) = m/F(c) 7z dc; x>0,

—iclnz

F(c) = \/% /000 @(x)eﬁdz.

on an arbitrary function, ¢(x), is given by [19]

The operation of ¢

ewcw(x) _ GQ/QQD(SQ.T)

(12.61)

(12.62)

(12.63)

(12.64)

(12.65)

(12.66)

(12.67)

(12.68)
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and therefore the characteristic function is

MO = [ @) ¢ pla) do= [T 7@ P o) da

which simplifies to

Hence

00722\ o (02 ) e~ 10°
271_// Yo(e”/“x)e dx df

which reduces to

e—ic Inx

B \%/f”‘”’ﬁ

Example. Inverse Frequency. Consider the operator R defined by

Po
R=—
D

(12.69)

(12.70)

(12.71)

(12.72)

(12.73)

where pg is constant. We call R the inverse frequency operator and use r to signify
the inverse frequency values. The eigenvalue problem in the Fourier representation

is

Llatrp) = rirp)
The solution, normalized to a delta function, is
~ Po Do
u(r,p) = g&p —po/T) = g(?(r —po/P)

and one can expand @(p) as

with
Fr) = [ 6033 () dp.
Substituting Eq. (12.75) into Eq. (12.77) we obtain that

5 ~ Po Po .

By = [ 600 2250 — /) dp = Y50 ).
The distribution, according to Eq. (12.18), is then

P(r) = |F()? = 5 [3(p0/m)]*

(12.74)

(12.75)

(12.76)

(12.77)

(12.78)

(12.79)
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It is of interest to calculate the characteristic function
_ % Opo/p _ 0po/p | 2
MO = [ 3@ Ew) do= [ a (1250)

giving
1 , .
P(r) = 27//6191)0/17 |$(p)\2 e dp df (12.81)
T

which evaluates to the P(r) given by Eq. (12.79).



Chapter 13

Uncertainty Principle for
Arbitrary Operators

The uncertainty principle was first given by Heisenberg and justified in a heuristic
manner. The formulation in terms of standard deviations was derived by Weyl
for the X, D case and by Robertson for the case of two arbitrary operators. The
uncertainty principle involves the relationship of the standard deviation of two
operators when calculated with the same state function. Since we are calculating
the standard deviations with the same state function it is not surprising that
there should be a relationship between the two standard deviations. But what is
surprising is the form that the relationship takes and the fact that the commutator
of the two operators appears in a fundamental way.

13.1 The Standard Deviation of an Operator

The average and average square of a Hermitian operator are, respectively, given
by

) = [ '@ ap() s (13.1)
(4%) = /<P*(w) A% p(a) dx = / |Ap(z)]” da, (13.2)

and the variance is defined by
oh = (A%) —(4)° (13.3)

which can be written as

0,24 = /gp*(ﬁC) (A— <A>)2<p(x) dx :/|(A_ <A>)<p(ac)|2dx, (13.4)

L. Cohen, The Weyl Operator and its Generalization, Pseudo-Differential Operators 9, 121
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Alternate expressions. Suppose we break up the quantity Ap/¢ into its real and
imaginary parts,
A A A
Ap _ (@) N Z-(S”) (13.5)
¥ Y /r Y /I
and consider the expected value
) = [ @) p(a) da (13.6)
A
- / 2 fota? da (13.7)

[( ) i(%2) ] et as 155)

But for Hermitian operators (A) is real and we therefore must have

w= [ (‘ff)R (@) d. (13.9)

Similarly, using Eq. (13.4) we have

o = / o(2) (A= (A))? o) du (13.10)
- / |{A— (A)} @) |7 du (13.11)

dx (13.12)

2
dz (13.13)

and therefore

= (‘Z‘f) e dr + [ | (ff)R - <A>]2|<p(m)l2 de. (13.14)

Similarly, ) )
<A2>/{<il;p>l + (’?;O)R} lp(z)|? d. (13.15)

It is important to appreciate that the above results are based on taking the oper-
ators to be Hermitian.

Example. Consider the case where we take the state function to be

QO(.T) — (04/71')1/4 e—aw2/2+iﬁx2/2+i'~/z (1316)
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and we consider (D) and 0%. We have

Dy(x) . ) .
= —i(—ax +ifx + iy 13.17
() ( ) (13.17)
and therefore
D D
(</’> = Ba +; (“0) = ax. (13.18)
Y /)R Y Jr

Using Eq. (13.9) we have

(D) = / (Bz +) ()2 dz = (a/m)? / (Bz+y)e =4 (13.19)

Now consider

osz(?f) (@) dz + /[@0)3 (D >r|¢(9€)l2 dr (13.20)

— [P le@P dz + [ 5oty 7 P lpl@)l de (13.21)
— (a/m' P + ) [ 4 e do (13.22)
giving
B a2+52
0% = e (13.23)

13.2 Schwarz Inequality

The Schwarz inequality is that for any two complex functions f(x)and g(z)

2

/\f(x)\Q dr % /|g(x)|2 o > ’/f*(x)g(x) do (13.24)
A simple proof is to use the identity
Jis@ P [1a@ @ - | [ @ o 2
— 4 [[ 1@ 9) - 1@ 9() * dway (13.25)

which is readily verified by direct expansion. Since the right hand side is manifestly
positive, Eq. (13.24) follows.
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13.3 Uncertainty Principle

The uncertainty principle involves the standard deviation of two operators. Since
the standard deviation does not depend on the average, there is no loss of generality
if we consider operators whose means are zero. For two such operators, A and B,
the standard deviations are

o2 = (42) :/|A¢(x)|2dx, (13.26)
op = (B?) :/|Bgo(x)\2d:v. (13.27)
Multiply these two expressions
o202 = / [Ap(2)|? dz / Bo(x)? da. (13.28)
Letting
f(z) = Ap(z), (13.29)
g(z) = By(x), (13.30)

and using the Schwarz inequality, Eq. (13.24), we have

2

b = [1a@) [ do x [1Bo(e) do > ] J1ac@) Bota)da

(13.31)
2
‘/ x)A By(x) dx (13.32)
That is
020 > |(AB))?. (13.33)

Now, AB is not Hermitian and therefore the expected value is not real, but using
Eq. (2.17) we can write

AB=1[A B], +4[AB]/i (13.34)

where §[A,B], and 5; [A, B] are Hermitian. Therefore both (3[4, B],) and
(3 [A, B]) are real and hence,

(AB)> = |(1[A,B], +i% [A, B[ (13.35)
(1A,BI )+ 1114, B)P. (13.36)

—

Therefore

ohor > L1(1A,BL)) + 1114, B]) (second UP). (13.37)
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If the first term is dropped we have
0%0% = 5 [([A, B])? (13.38)

” oaos > S|([A B]) (first UP). (13.39)

We have called Eq. (13.39) the first uncertainty principle because that is the most
commonly used one. Eq. (13.37), the second uncertainty principle, is of course

stronger.
The equation that minimizes the uncertainty product, c0p, is given by
(B—=(B)) ¢(x) = A(A = (4)) »(z) (13.40)
where B
A=A ~ b (13.41)
20%

Note that in general A may be complex since [A, B] is not Hermitian.

It is important to appreciate the following. The right hand side of the uncer-
tainty principle in, % [([A,B])], is in general state dependent. The only case for
which it is not is when [ A, B] is a constant. However, even in that case, if we use
the uncertainty principle as given by Eq. (13.37) then it is state dependent. The
example below will illustrate the issue.

The (X,D) Case. For the X and D case, [X, D] = i, and therefore
oxop >3 (first UP). (13.42)

This is one of the most renowned results both in quantum mechanics and signal
analysis.

13.4 Examples

Example 1. Consider the uncertainty principle for X and D where the state func-
tion is given by Eq. (13.16),

olx) = (04/71')1/4 e—o?/2+iBa® /2+iva (13.43)

We first give the exact value for oxop. It is straightforward to verify that

1

X) = 2 = — 13.44
< > ) Ox 20/ ( 3 )
a? + B2
(D) =7 (D*)= ——+7, (13.45)
2 2
o2 = X5 (13.46)

20
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Therefore
oxop=3\/1+ 5 (exact) (13.47)

and indeed oxop > %
The spectrum of ¢(x) is calculated to be

3(p) = ﬁ(;/a_w) o= (=)?/2(a—if) (13.48)

Now consider |@(p)|?and |¢(z)|?
(@) P = (a/m)/? e, (13.49)
|6(p) [P = W e/ (@457 (13.50)

and we see that no matter how we adjust o and 3, | @(p) |? and |¢(x)|? can not
both be made arbitrarily narrow. The uncertainty principle is a reflection of this

fact.

Now consider the uncertainty principle as given by Eq. (13.37). We have to
calculate ([ X, D], ). Using the fact that

XD+DX=XD+XD—i=2XD—i (13.51)

we have

(IX,D],) = /(p*(x) <2$%jx - z) o(x) (13.52)
= —i(a/m)'/? / [2z(—az + ifz + i) + 1] e da (13.53)

which evaluates to

([X,D],)= g (13.54)

Therefore if we use the uncertainty principle given by Eq. (13.37) we have

o%oh > L|([X.D],)|" + L [([X, D)) (13.55)
= i (1 + ﬁi) (second UP) (13.56)

which is the exact answer.

Example. X and D?. We now consider the uncertainty between X and D? for the
state function given by Eq. (13.16). The commutator is

[X,D? = 2Di (13.57)
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and therefore
0%, > (D) =42 (first UP). (13.58)

Notice that if we take v = 0 then ag(o%g > 0 which is vacuous. We now calculate
the exact 0% 0%,. Straightforward calculation yields

(D*) =0} +7°, (13.59)
(D) = 4"+ 6920} + 30D, (13.60)

where op is given by Eq. (13.46). Therefore

2 2 2 2
obe = (D')=(D*)" = dy’0h + 20, =2 (a al )(a A

o 4o

72) (exact)
(13.61)

2 2 | ;2
0%0%; = <1 + §2> (a 426 +72> exact (13.62)

giving

for the exact uncertainty product. To reconcile with Eq. (13.58), the first term can
be dropped since it is manifestly positive

2

0% 0hs > (1 + )72 > 42 (13.63)

a?
Now consider the second uncertainty principle. We have that
[X,D?), =2XD?* —2Di=2D*X +2Di (13.64)
and direct calculation gives

((X,D*4) = %7. (13.65)

«

Hence for the second uncertainty principle Eq. (13.37), we obtain

o%obe 2 ([ B + 34 B)E = (27) +72 (13.66)

or
2

0%0h, > (1 + 0542) 72 (second UP). (13.67)

In comparing with the exact answer, Eq. (13.62), we see that the second uncer-
tainty principle is considerably stronger than the first.

Example. Consider now the special case where § = v = 0. From Eq. (13.62) we
have

0% = —, 0% = — (13.68)
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and hence

X% 0hs = % (exact). (13.69)

Note that now the uncertainty product can be made as small as one desires by
controlling . What is happening is that for o — 0 the standard deviation of D?
is going to zero faster than the standard deviation of x is going to infinity.

It is of interest to calculate the intensity functions. For x it is given by Eq.
(13.49)

I(z) = |p(2) [ = (a/m) /2 e 0" (13.70)

where we have used I(z) for the intensity to differentiate the examples. Now for
D? we use v for the new variable corresponding to D2,

v =p? (13.71)
and the intensity, I(v) is obtained by way of Eq. (13.49)

v =p? (13.72)

1

(Vv) 2=/ — e/, (13.73)

1
Iv)= —|®
) ﬁ|<p Tay

where | §(p) |? is given by Eq. (13.50). The intensity, I(v), is narrower as compared

to I(x). One may calculate the standard deviation of I(v) directly:

2 = /000(1/ — (W) (v)dv = 0% (13.74)

and obtain %, as given by Eq. (13.68).



Chapter 14

The Khintchine Theorem and
Characteristic Function
Representability

In the standard consideration of the characteristic function, defined by the Fourier
transform of the probability density, there arises the issue that not every complex
function is a characteristic function since it must be derivable from a proper prob-
ability distribution. That is, the characteristic function is the Fourier transform
of a function that is manifestly positive. Khintchine derived necessary and suffi-
cient conditions for a complex function to be a characteristic function: M (#) is a
characteristic function if and only if it is expressible as

M(0) = /(p*(x)go(sc +0)dz (14.1)
for some function ¢(z), which must be normalized to 1,
/|<p(sc)\2da: =1 (14.2)

One then says that M(6) is representable or realizable.
Now, if we write Eq. (14.1) as

M(0) = /g@*(z)ei(’Dg@(x) dx (14.3)

we see that it is a special case of the result that we obtained in Chap. 12, Eq.
(12.7), where we showed that

M(0) = /ga* (z)ep(z) da (14.4)

L. Cohen, The Weyl Operator and its Generalization, Pseudo-Differential Operators 9, 129
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is a proper characteristic function if the operator A is Hermitian. The associated
probability distribution is, for the continuous case, given by

2

PN = ‘/ (A, z) dx (14.5)

where u(\, z) are the eigenfunctions of the operator A. Thus, the Khintchine
theorem is a special case where the operator is D. One is led to generalizing the
Khintchine theorem: M (#) is a characteristic function if and only if there exists
the representation

M(0) = /gp*(m)ei(mgp(a:) dx (14.6)
where A is a Hermitian operator.

Since Eq. (14.5) is manifestly positive, the sufficiency follows. Now suppose
we have the probability distribution P(X), then by the definition of M (6),

M(9) = /e“”\P(/\) d\ :/ei“«/P(/\)\/P()\) d\. (14.7)

Expand /P(\) as
VP = /u*()\,x) o(x) d. (14.8)

But since 1/ P()) is real we also have

VPN = /u(/\,x) ©*(z) dx. (14.9)

Substituting into Eq. (14.7), gives

/// (N 2)p(a)e " u(X, 2)¢* (z) d da’ d) (14.10)
/// (A 2)p(a") [74 uh, 2)] " (@) do da’ dX (14.11)
// €94 6(a/ — 2)] ¢*(2) da da’ (14.12)
_/ "(@)e () do (14.13)

which proves that Eq. (14.4) is a necessary condition. One can prove the analogous
results for the discrete case.



Chapter 15

Arbitrary operators: Two
Operators

In the previous chapters, we studied the association of the variables (x, p) with an
operator where the individual correspondences of x and p are associated with the
operators X and D. In this chapter, we consider the generalization to arbitrary
operators [21, 22, 79]. A theory analogous to the (X, D) case has not been devel-
oped for arbitrary operators but special cases have been studied and we discuss
some of these. To keep the distinction between the (X, D) and general case, we
use o(a, §) and G(A,B) for the symbol and corresponding operator, respectively.

15.1 Operator Association
Suppose the ordinary variables «, 8 are associated with the operators A and B by

A+ a, (15.1)
B B, (15.2)

then we want to associate the symbol (e, 8) with an operator G(4, B),
G(A,B) + o(a, B). (15.3)

In the most general case, the operators A and B are arbitrary Hermitian operators

with commutator, C,
[A,B]=C. (15.4)

As with the (z,p) case, we express the symbol in terms of its Fourier transform,

o0, 1) = //o(a,b’)e‘wo‘_”ﬁ da dp, (15.5)

L. Cohen, The Weyl Operator and its Generalization, Pseudo-Differential Operators 9, 131
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1 ~ iOa+iTf
ola,f) = m//0(9,7)6 dodr. (15.6)
One possibility for the operator G(A,B) is to replace e?2+78 by ¢@A+iTB in Eq.
(15.6)
G(A,B) = / / (0, 7)1 B qg dr. (15.7)

However, as for the (X, D) case there are an infinite number of other possibilities
and in this chapter we consider three choices,

) . e.wAJri.TB = M (07 7—)7
ezﬂoHrz‘rﬁ o eiWA oiTB — _/\/[2(07 7'), (158)
CI0A26TB A2 _ AL, 1),

and we write

G(A, B) = //a(e,T)M(e,T) 40 dr (15.9)

where M(6,7) is one of the possible orderings, examples being the three choices
given by Eq. (15.8). For the operation on a function we write

G(A, B)o(x) = / / 5(6,7) M6, 7)) df dr. (15.10)
The general case can be written as
G*(A,B) = //@(9, 7)6(0, 7)e AT B dg dr (15.11)

where ®(0,7) is the kernel defined in Chap. 5. One can put constraints on the
kernel, as was done for the (z,p) case. For example, if we want

f(A) < fa), (15.12)
9(B) < g(B), (15.13)

where f and g are one variable functions, the constraints on the kernel are the
same as for the (X, D) case, namely ®(6,0) = ®(0,7) = 1. However, as mentioned,
a complete theory for Eq. (15.11) has not been developed.

15.2 Joint Distribution

As with the standard case, one can develop the concept of joint distributions in
the sense that we seek a P(a, 3) so that for an arbitrary state, ¢(z), we have

/(p*(x) G(A,B) ¢(z)dx ://a(a,ﬁ) P(a, B)dadp. (15.14)
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We recall that the characteristic function is defined by
M(0,7) = (efPotithy — / / e0+iT8 P, B) dadf (15.15)
and that the distribution is given by
71904 T
=2 / M(0,T) dodr. (15.16)

As in the (X, D) case, the characteristic function is an average, the average of
M(0,7), and we calculate it by way of

M@, 7)=(M(0,7)) = / P () M(0,7) p(x) dx. (15.17)

The distribution is therefore

—i@a—ir,@
=13 // 9 dr. (15.18)

Once a particular choice is explicitly obtained, an infinite number of others can
be obtained from

Pa(o, B) = ﬁ / / B0, 7)M (6, 7) e~ 9=178 4g dr. (15.19)

Eq. (15.19) is the generalization of Eq. (5.2) for arbitrary operators.

15.3 Commuting Operators

If the operators commute,
[A,B] =0 (15.20)

then the association is unambiguously given by

ei@a-‘riTﬂ o ei@A eiTB — eiTBeigA (1521)
and the corresponding operator for a symbol is given by
G(A,B) = / / G(0,7) e B ah dr = / G0, 7) B efagdr.  (15.22)

Commuting operators have common eigenfunctions and we may write

Au(r, z) = XA u(\ ) (15.23)
Bu(A, z) = b(A) u(, z) (15.24)
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where A and b(\) are the eigenvalues of A and B respectively and u()\, z) are the
common eigenfunctions. We expand the state function as

o(z) = / u(h 2)F (V) dA (15.25)
with
F\) = /u*(/\,x) o(x) dx (15.26)
in which case we have
= //8(0,7) e B p(2) df dr (15.27)
= / / 5(0,7) e TN (X z)F(N\) df dr dX (15.28)
== / / / Je~ WamiTBEION TN (X ) F(N) dO dr dA
(15.29)
giving
G(A,B)p(z) = /U()\,b()\))u()\,x)F()\) dA. (15.30)
The expectation value of G(A,B) is
(G(A,B)) = / *(x) G(A,B) p(x) dz (15.31)
/ / (V)o0bO)u(h, ) PO dhdN de (15.32)

which simplifies to

(G(A,B)) = / o\ b(A)) [EO) | dA. (15.33)

To satisfy Eq. (15.14), we must find P(«, 8) so that

/ (0 BOV) [FO)? dA = // 8) da dg. (15.34)

Clearly, we must take

P(a,B) = 6(8 — b(a)) | F(a)]?. (15.35)

This distribution is manifestly positive and shows that for commuting operators,
the procedure gives a proper distribution. Moreover, it brings in the important
physical quantities, namely the eigenvalues of the operators.
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Characteristic function approach. We now obtain the same result from the point

of view of the characteristic function. Using Eq. (15.21), we have

M@ﬂszwwﬂAWBﬂmm

= / w (N, z)F* (el ™M (X, 2)F(X\) dA dN dz

which evaluates to
M(0,7) = / e I | P (\)|? d.

The distribution is therefore

P(a,B) = #// (M(A,B))e =8 dg dr
10X sz \) 2 —ifa—itB
= 23 // IFO) e d\do dr

/6 — )3\ — B) [F(V) A

(@) = B) |F(a)l”
which is the same as Eq. (15.35).

15.4 The €475 Correspondence
In this section we study the correspondence e??A+i7B

G(A,B) = / (0, 7)e B a4 dr
and for the operation on a function we write

G(A,B)p(z) = / / (0, 7)e AT T B p(z) df dr.

For a state ¢(x), the characteristic function is

M(eﬂ') — <ei9A+i‘rB> :/ (p*((E) 6i9A+iTB (,O(I.E) dx

and the distribution is therefore

P(a.f) = 3 / // eI (1) AT (1) df dr d

This ensures that

/so (2)G(A, B)y dx—// ,B) dovdp.

, where we take

(15.36)

(15.37)

(15.38)

(15.39)
(15.40)

(15.41)

(15.42)

(15.43)

(15.44)

(15.45)

(15.46)

(15.47)
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15.4.1 Disentanglement of ¢?4+i75

Carrying out the operation e’?4+7B(x) is generally very difficult. Equivalently,
the problem of the disentanglement of ¢4+i7B is also difficult. Many general
expansions have been given, among them the most important are the Zassenhaus

formula

eA+B _ eAeBe—%[A,B]e%[B,[A,B]]-f—é[A,[A,B]] (15.48)

« o~ 2 (1A, B, AL AJ+3[[[4, B],A], B]+3[[[4,B],BL.B]) .. (15.49)

and Baker-Cambell-Hausdorf formula

eAeB — 6A+B+%[A)B]+T12{[A’[A)B]]_[B)[A:B”}_le;[B7[A7[A)B”] (1550)

These formulas are sometimes helpful when the series terminates. We also mention

the Lie-Trotter product formula
eAB = lim (eANeB/N)N, (15.51)

N —oo

Special cases. There are cases where the disentanglement can be done explicitly.
We list two important ones. The first is when

[A,[A, B]] = [B.[4,B] = 0 (15.52)
in which case
ei0A+iITB _ eieAeiTBe%GT[A,B] _ eiTBeigAe—%gT[A,B]. (15.53)
Hence
G(A,B) = / / 5(0,7)e 20TABlITB 10A g 7 (15.54)
= / / 5(0,7)ez 0 TABlAITE g (7 (15.55)
and the operation on a function is then
G(A,B)p(x) = //8(9,7)e%QT[A’B]e”Aengo(x) df dr. (15.56)
The second is
ei6A+i7—B — eme«y/g eie,uA eiTB eiOA if [A,B] — ’Y-‘rfA (1557)
where
= e [1—(L+ir€)e . (15.58)

The corresponding operator association is therefore

G(A,B) = / / G(0,7) eH0/E 1A (it B G094 gg (7. (15.59)



15.4. The ¢*9A+7B Correspondence 137

ZOA—HTBQO (I)

We now give a procedure for the evaluation of e (z) that works in principle
and often works in practice. It is similar to the procedure described in Sec. 2.10 for
the operators X and D. Consider the operator 6 A+ 7B; since 6 and 7 are real the
operator is Hermitian and hence the eigenfunctions are complete and orthogonal.
For the eigenvalue problem we write,

{0A+71B}u(M\z) = Au(\ ) (15.60)

15.4.2 General procedure for evaluating e
i A+iTB

where A and u(A, ) are the eigenvalues and eigenfunctions respectively. We address
the continuous case first. Any function, ¢(x), can be expanded as

o(z) = /u()wx)F()\) A (15.61)
with
F(\) = /u*()\,x)cp(:c) dz. (15.62)
Now
COATITB () / eMu(A, 2) F(N) dA (15.63)
and substituting for F'(\) we have
eOATITE p(2) = /n(x’,x) o(z") da’ (15.64)
where
n(z',x) = /ei)‘u*()\,x’)u()\,m) d. (15.65)

Note that the eigenfunctions depend on 6 and 7. This method has the disadvantage
that the eigenvalue problem must be solved.
For the discrete case we write

{0A+ 7B} un(z) = Apun(z) (15.66)
and expand ¢(z) as
p(r) = D cnn() (15.67)
n=0
with
Cn = /u;(x)cp(sc) dx. (15.68)
Therefore
eATITB (1) = Z e ey () (15.69)
n=0

e k(@) o(a!) up () da (15.70)
s

n=
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and we can again write
eOATITB (1) = /77(1'/, z) () dx’ (15.71)

where now

(@' x) =Y ePrul (@ )un(x). (15.72)
n=0

15.4.3 Linear Combination of X and D

We take for A and B a linear combination of the operators X and D:
A=c11 X + 19D, B =1 X + co2D (15.73)
which may be written in matrix form,
()-(a@)(p)-(5)  wn
The commutator works out to be
[A, B] = i(c11c02 — c12¢21) = idet(c) (15.75)

where det(c) is the determinant of c.
Now, using Eq. (15.53), we have
ei9A+i7'B — 6i(0611+7'021)X+’L(9012+T022)D (1576)

_ ei(@cu+T021)(9012+TCQ2)/2 ei(9011+T021)X ei(aclg-l-‘rczg)D. (1577)

The association is hence given by

G(A,B) = //3(9’T)ei(ecu+Tcg1)(0012+7622)/2 6i(0c11+‘rcz1)X ei(6c12+7022)D d6 dr

(15.78)
and the operation on a state function by
G(A,B)p(z) = //3(9,T)ei(ecnwcﬂ)(9C12+TCQ2)/2 pi(0en+res)e
X o(x 4 Oc1a + Tegz) db dr. (15.79)
For the characteristic function we have
M(@,T):/go*(x) OAHITE (0 g (15.80)

:/(p*(.’ﬂ) ei(-rcm+0011)X+i(9612+7022)D<p(x) dr (1581)
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which simplifies to
M@,T)= /cp* (z— 3(0c12+Tea2)) gil0entrea)e gy 1(Oc12 4+ Te22)) dz (15.82)

and gives the distribution

P(a,B) = ﬁ///gp*(x — 3(0c12 + Te22)) p(x + 3 (Ocrz + Teaz2))

% etl0ciitrea)z ,—iba —itB gg 1 1o, (15.83)
This distribution yields the following marginals,
/P(a 8) da=|—— Je~iPamena®/2)/eaa gy 2 (15.84)
’ V2mey
1 . 2 2
Plo, B)d —i(az—cnz®/2)/c12 g 15.85
/ ﬁlme/ﬂ@e ’ 159

Example. Rotation in Phase-Space. If we consider rotation in phase-space, then

c= ( cos¢  —sing ) (15.86)

sing cos¢
which gives
MO,7) = /(p*(x — %(—0 sin ¢ + 7 cos ¢))p(x + %(—9 sing +7cos¢)) (15.87)
« 6i(0cos ¢+ sin d))zdx (1588)

for the characteristic function and the distribution is then

a, B = 2/// (—Osing + 7cos¢)) p(x + 5(—0sing + 7 cos ¢))
/I8
% ez(@cosdﬂr‘rsm ¢)wefi9a 7i7,8d9d7_d1.. (]_589)

The marginals are,

2
1 . : 2
P(OZ,B) da= ’ Lp(x)e—l(ﬂw—Sm ¢z~ /2)/ cos ¢d$ (1590)
V27 cos ¢
) 2
/P dﬁ ‘\/m/ 1 ax—cos ¢x /2)/Sm¢dﬂi (1591)

Example. Linear Motion. In quantum mechanics, D is the momentum operator
when the Planck constant is taken to be one. For a free particle, the position
operator changes according to

X(t)=X+Dt (15.92)
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where X is the position operator at time zero and where we have taken the mass
to be 1. Hence it is of interest to consider

A=X+Dt,, B=X+Dt (15.93)

where A and B are the position operators at two different times, ¢; and t5. The ¢

matrix is now
(1
c= ( 1 b ) (15.94)

det(c) =ty — ;. (1595)

with determinant

The characteristic function is
M(,7) = /w*(x — (0t + 712)) 0T p(x + 30t + THa))dw (15.96)

which gives the distribution

aﬁ 42/// x—79t1+7t2)) (£C+ (9t1+7’t2))
x ¢!0tm)e=ife =itB g qrdy. (15.97)

This distribution satisfies the marginals,

2

1 .
/P(a’ﬁ) do= ’ No /‘P(ﬂf)e‘““‘mz/”/wdw (15.98)
1 . 2 2
P dB= —ilaz—a/2) [ty 15.99
[ Plasas=| e [ ot : (15.99)
Example. X and X + D. We let
A=X, B=X+D. (15.100)

Although this is a special case of the previous example it is illustrative to do it
from scratch by two different methods. The commutator is

(X, X+D]=[X,D]=1 (15.101)
and using Eq. (15.53) we have

pI0X+iT(X+D) _ Li(0+7)(X+7/2) jirD (15.102)

and further ‘ ' )
€“9X+”(X+D)QD(CL') = H(0+7)(z+7/2) QO(-T + 7—). (15103)
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Therefore
G(X,B) = / / 50, 7)e O+ @+/2) GimD g iy (15.104)
and for the operation on a function we have
G (X,B) ¢(x) = / / 5(0,7)e! 0T @/ b1 4 7) df dr (15.105)
= / / 50,7 — ) O+ EH/2 (1) df dr. (15.106)

Expressing this in terms of the symbol one obtains

G (X,B)g(z) = %//a <I;T,5) e~ ale=+0)/2) () drdg. (15.107)

We now obtain the same result by the method of Sec. 15.4.1 leading to Eq.
(15.64). The eigenvalue problem is

{0z +7(X 4+ D)} u(A,x) = Au(\, ) (15.108)
or
{(Q—I—T)x —deci}u()\,x) = du(\ z). (15.109)
The eigenfunctions normalized to a delta function are easily obtained
u(\, z) = \/%ei[*“(@”)f/ﬂ/f (15.110)
and the calculation of n(z’, z) in Eq. (15.65) yields
n(a' x) = 6(a' — 7 — x)e!O+/24), (15.111)
Therefore
OXHIT(XAD) () = /Tl(fvl,x)@(fﬂl) dz’ (15.112)
= /5(1‘/ — 7 — )OI /2k2] o4 da! (15.113)
= ¢/ OFT(T/242) o (7 4 1) (15.114)
giving
G(X,B) = / / 5(0,7)e! 0+ @+7/2) itD 4 g7 (15.115)

which is the same as Eq. (15.104).
For the characteristic function we have

M(0.1) = [ ¢ (@~ ) ol + 4r)da (15.116)
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which leads to the distribution
1

T o

P(a, B) /w*(a —1n)emi =)o+ 1r)dr (15.117)

which can be written as
P(a,8) =W(a, 8 — a) (15.118)

where W(a, ) is the Wigner distribution of o and S.
Example. X and D?. Consider the case where
A=X, B=D> (15.119)
This does not fit into our special cases discussed in Sec. 15.4.1 since
[X,D? = 2Di (15.120)

but we can do it using the general theorem given in Sec. 15.4.1. We solve the
eigenvalue problem

{60X +7D? Y u(\,p) = Xa(\p) (15.121)
in the Fourier domain
d
{ 0o+ ™ Ya(\,p) = XU\ p). (15.122)
P
The eigenfunctions are
1 .
A\, p) = ———e iOP=TP"/3)/0 (15.123)
276

and using Eq. (15.65) we have
n(p,p'; 6,7) =8(p) —p+ ) T@ P/, (15.124)

According to Eq. (15.64), we then have

. 2\ ~
e XTI G(p) = /W(p,p’; 0,7)3(p') dpf (15.125)
_ / 5 —p+ 0)eTE P30 50y gy (15.126)
— (iT(P*—0p+67/3) P(p— 0) (15.127)
— TP =00 /3) GiOX 5 (15.128)

and therefore

G(X,B)3(p) = / / (0, 7)e™P* =007 /3) 5(p — 0) df dr (15.129)
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and
G(X.B) = / / 5(0, 7)€l ™0 ~OPHO%/3) (10X g g (15.130)
Evaluating the characteristic function, Eq. (15.45), one obtains
M(0,7) = /@* (p)el™ @ =P D G — ) dp (15.131)
— [& 0+ 5 00250 10)dp (15.12)

and the distribution works out to be
1 o~k ~ —i0
P(a,p) = ﬂ//gp (p+30)5(p— 3 0)5(p*+ 6°/12 — B)e " dpds. (15.133)

Furthermore, for the expectation value of a symbol, we have

{o(a, B) :// o(a, B)P(a, B)dadp (15.134)
- %/// a(a,p’ + $50°)8 (0 + 5 0)3(p — 5 O)e™ " dpdf dav.
(15.135)

Example. X and Scale. The scale operator, C, is

C=3(xD+Dz)= 2% <xdi + jxx) (15.136)
in the spatial domain, and has the property
eCp(x) = e p(eTx). (15.137)
The commutation is readily evaluated,
[X,C] =iX (15.138)

and this fits the case given by Eq. (15.57) with £ = i. We therefore have

eiaX-‘riTc — eieuX eiTC eiQX (15139)
with ) _
o= ﬁ. (15.140)
T
Now consider
ei‘rC €i9X(p(£L') — 67/261‘0@%@(67@ _ eiOeTxe‘r/Q(p(efx) — €i967$€i7—cg0($) (15141)



144 Chapter 15. Arbitrary operators: Two Operators

and therefore we have 4 ' . .
eZTC ezHX _ 6196 xezTC. (15_142)

Substituting into Eq. (15.139), we have

OX+itC _ if(pteT)X itC (15.143)

The operator corresponding to the symbol is
G(X,C) = / / 50, 7) 0WeDX GinC g g (15.144)
and further for the operation on a function,
GIX,C) p(z) = / / 50, 7) e0WHDX (720007 1) df dr. (15.145)
Using the fact
(n+e)=(e" —1))7 = 267/2 sinh(7/2) (15.146)
Eq. (15.145) simplifies to
G(X,C)p(x) = //3(9,T)ei[zgxeT/ZSinh(T/Q)}/T e (e x) df dr. (15.147)
The characteristic function is
M@,7)= /go*(x) eOXTITC () da (15.148)
which, after using the above relations, gives
MO, 7) = /90*(677'/235)621‘99:sinh(a/2)/‘r¢(e‘r/2x) d (15.149)

and for the distribution, one obtains

1 ot o
P(I,C) — m \/@*(877—/2[‘6/)621095 smh(‘r/2)/’r80(60/21:/)6710172706[9 dr dz’
(15.150)
1 Te~iTe T TX
- ek -r/2_ ' /2 ' dr.
27r/2sinh7/2('0 (e 2sinh7/2) ‘P<€ 2sinh7'/2> T
(15.151)

Example. X and 1/D. We now consider the operators X and 1/D where 1/D can
be thought of as the inverse frequency. We define

A=X B=R=p,/D (15.152)
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where pg is a scaling factor. The commutator of X and R works out to be

[X,R] = ——R2. (15.153)
Po
To evaluate e?X 7R we use the method described in Sec. 15.4.1, where we have
to solve the eigenvalue problem

(0X + TR)A(N, p) = Na(\, p). (15.154)
Explicitly
[i@d n Tpo] A\ p) = A\, p) (15.155)
dp P
and the solution is 1
A\, p) = ——— e~ Ap—porIn|p)/0 15.156
(A, p) N ( )

Substituting into Eq. (15.65), one obtains
n(p,p') = ™o ®P0G(0 4 pf — p) (15.157)

which gives

X HTRS(p) = B(p — 0) exp [ZpgT In ﬂ] . (15.158)

Hence

G(X,R)@(p)z//a(e,ﬂ exp [ipgflnppe] Bp— 0)dodr.  (15.159)

The characteristic function is

M(Qﬂ-) = /@*(p)ei(anLirR (,/O\(p) dp (15.160)
which evaluates to
1g
M(0,7) = /@*(p + 30) exp [z'pZT hai:Jr 30} P(p — 16) dp. (15.161)
-2

The distribution is given by

L[, poT, P+307] . Ci0e—in
P(mﬂ"):m/@ (p+ 30) exp {Zglnpig P(p — 30)e™"*="" df dr dp
2

(15.162)
which simplifies to [19, 70, 73, §]

1 poy \° i (o ye?? N\ (po ye ¥/
P _ ipoyz/r~* [ Y0 £Y du.
(1) 8mr3 / <sinhy/2> ¢ 7 \or sinhy /2 7\ 2r sinhy /2 Y

(15.163)
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15.5 The ¢’4¢'™? Correspondence
For the operator association, we take
G(A,B) = / / 5(0,7)e% B dh dr
and for the operation on a function, we write
G(A,B)p(x) = //3(9, 7)e4 B () d dr.

Often the operation of e??4 ¢i™B

(15.164)

(15.165)

©(z) can be carried out explicitly as in some of

the examples we consider. However, a general result can be obtained in terms of

the eigenfunctions of A and B. Set

Av(a,z) = av(a,x),

B u(b,z) = b u(b,z),
and suppose that the eigenfunctions are connected by
u(b,x) = /T(a,b)v(a,x) da

where T'(a, b) is called the transformation matrix and is given by

T(a,b) = /v*(a,x)u(b, x) dx.

Also,
v(a,x) = /T*(a,b)u(b, x) db.

The state function can be expanded in either representation

o) = /v(a,x)Fa(a) da

or

o(z) = / w(b, ) Fy(b) db

with

(15.166)
(15.167)

(15.168)

(15.169)

(15.170)

(15.171)

(15.172)

(15.173)

(15.174)
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Therefore
04 7B () = ei(m/eirbu(b7 2)Fy(b) db
= eieA//einT(a, b)v(a, z)Fy(b) da db
yielding that
e emBy(z) = //ewae”bT(a, b)v(a, z)Fy(b) da db.
Hence, for the characteristic function we have
MO, 1) = /cp* (z)e? B () da
= ///(p*(x)ewae”bT(a, b)v(a, z)Fy(b) da db dx
which simplifies to
M(0,7) = / / F* (@) 6™ T (a, b) Fy (b) da db.

The distribution is then

P(a,b) = FX(a)T(a,b)Fy(b).

Example. (X, D) case. We take

The eigenvalue problems

give

and for the transformation matrix, Eq. (15.169), we have

1
V2T

iab

e

T(a,b) = /v*(a,x)u(b,x) dzx =

147

(15.175)

(15.176)

(15.177)

(15.178)

(15.179)

(15.180)

(15.181)

(15.182)

(15.183)
(15.184)

(15.185)
(15.186)

(15.187)



148 Chapter 15. Arbitrary operators: Two Operators

Hence, for a state function ¢(z), the transforms are

a) = / 5z — a) plx) dz = (a) (15.188)
and

Fy( b o(z) dr = P(b 15.189
) = = [ e v = 3(0) (15.189)

and therefore the distribution is given by Eq. (15.181)
P(a,b) = F(a) T (a,b)Fy(b) (15.190)

1 .

= — 2o(b 15.191
——la) ™50 (15.191)

which, as expected, is the Margenau-Hill distribution with a = x and b =p

Example: Scale and X. We take

A=C= %(XD—&-DX), B=X. (15.192)
The association is
G(C,X) = / / 5(0,7)eC X ap dr (15.193)
and using Eq. (15.137) we obtain
G(C, X) p(x) = / / 5(0,7)e7C 7 () df dr (15.194)
= / / 5(0,7)e™/? e p(ex) d dr (15.195)

which simplifies to

G(C, X)p 271'// o(eTw, &) e /2 p(eTx)dE dr. (15.196)

15.6 The ¢4/2¢7B¢i74/2 Correspondence

For this correspondence, we just take the example of position and scale [1, 19, 53]
A=X, B=C=1i(XD+ DX). (15.197)

Hence

G(X,C)p(x) = / / 5(0,7)eimC/ 20X C/2 (1) df dr. (15.198)



15.6. The e'™4/2¢19B¢iTA/2 Correspondence
Using Eq. (15.137) we obtain that

piTC/2,i0X iTC/2 o(z) = eioe’/% oT/2 o)
and the operation on a function is

G(X,C)p(x) = //3(9, T) eife™*w o7/ p(e"x)do dr.

For the characteristic function we have

M(8,7) = /ga(x) iTC/2 gi0X (iTC/2 (0 iy

_ /w(x) pibe™ 2z /2 o(e™z) da
which simplifies to
MO, 1) = /go*(e*T/za:) e (e ?x) da.

The distribution evaluates to

1

T o

P(z,c)

/(p*(e_T/QCL') e—iTC ()0(67—/21_) dr.
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(15.199)

(15.200)

(15.201)

(15.202)

(15.203)

(15.204)



Bibliography

1]
2]

3]

[4]

R. A. Altes, Wideband, proportional-bandwidth Wigner—Ville analysis, IEEE
Trans. Acoust., Speech, Signal Processing, 38, 1005-1012, 1990.

M. G. Amin, Time—varying spectrum estimation of a general class of nonsta-
tionary processes, Proceedings of the IEEE, 74, 1800-1802, 1986.

J. C. Andrieux, M. R. Feix, G. Mourgues, P. Bertrand, B. Izrar, and
V. T. Nguyen, Optimum smoothing of the Wigner—Ville distribution, IEEE
Trans. Acoust., Speech, Signal Processing, 35, 764-769, 1987.

P. Boggiatto, G. De Donno, and A. Oliaro, Time-Frequency Representations
of Wigner Type and Pseudo-differential Operators, Trans. Amer. Math. Soc.
362, 4955-498, 2010.

R. G. Baraniuk and D. L. Jones, A signal-dependent time—frequency rep-
resentation: optimal kernel design, IEEE Trans. on Signal Processing, 41,
1589-1602, 1993.

R. G. Baraniuk and L. Cohen, On Joint Distributions for Arbitrary Variables,
IEEE Signal Processing Letters, IEEE Signal Processing Letters, 2, 10-12 |
1995.

R. G. Baraniuk and D. L. Jones, Unitary equivalence: a new twist on signal
processing, IEEE Trans. on Signal Processing, 43, 2269-2282, 1995.

P. Bertrand and J. Bertrand, Time—Frequency Representations of Broad Band
Signals, in: The Physics of Phase Space, edited by Y. S. Kim and W. W.
Zachary, Springer Verlag, 250252, 1987.

F. Bopp, La Mechanique Quantique Est-Elle Une Mechanique Statistique
Classique Particuliere?, Ann. L’Inst. H. Poincare, 15, 81-112, 1956.

M. Born and P. Jordan, Zur Quantenmechanik, Zeit. f. Phys., 34, 858-888,
1925.

H. I. Choi and W. J. Williams, Improved time—frequency representation of
multicomponent signals using exponential kernels, IEEE Trans. on Acoust.,
Speech, Signal Processing, 37, 862-871, 1989.

L. Cohen, The Weyl Operator and its Generalization, Pseudo-Differential Operators 9, 151
DOI 10.1007/978-3-0348-0294-9, © Springer Basel 2013



152

[12]

Bibliography

T.A.C.M Claasen and W.F.G. Mecklenbrauker, The Wigner distribution-A
tool for time-frequency signal analysis - Part III: Relations with other time-
frequency signal transformations, Philips Journal of Research, 35, 372-389,
1980.

L. Cohen, Generalized phase—space distribution functions, Jour. Math. Phys.,
7, 781-786, 1966.

L. Cohen, Expansion Theorem for Functions of Operators, Jour. Math. Phys.
7, 244, 1966.

Hamiltonian Operator via Feynman Path Integral, Jour. Math. Phys. 11,
3296-3297, 1970; Correspondence Rules and Path Integrals, Jour. Math. Phys.
17, 597-598, 1976.

L. Cohen, Quantization Problem and Variational Principle in the Phase Space
Formulation of Quantum Mechanics, J. Math. Phys., 17, 1863, 1976.

L. Cohen, Local Kinetic Energy in Quantum Mechanics, J. Chem Phys. 70,
788, 1979.

L. Cohen, Time-Frequency Distributions - A Review, Proc. of the IEEE, 77,
941-981, 1989.

L. Cohen, The scale representation, IEEE Trans. on Signal Processing, 41,
3275-3293, 1993.

L. Cohen, Time-Frequency Analysis, Prentice-Hall, Englewood Cliffs, 1995.

L. Cohen, A General Approach for Obtaining Joint Representation in Signal
Analysis. Part I. Characteristic Function Operator Method, IEEE Transac-
tions on Signal Processing, 44, 1080-1090, 1996; Part II. General Class, Mean
and Local Values, and Bandwidths, IEEE Transactions on Signal Processing,
44, 1091-1098, 1996.

L. Cohen, Wigner quasi-probability distributions for arbitrary operators, J.
Mod. Optics, 51, 2761-2769, 2004.

L. Cohen, The Weyl Transform and its Generalization, Rend. Sem. Mat.
Univ. Pol. Torino - Vol. 66, 4, 1-12, 2008.

G. Cristobal, C. Gonzalo and J. Bescos, Image Filtering and Analysis through
the Wigner Distribution, in: Advances in Electronics and Electron Physics ,
P. E. Hawkes, ed, Academic Press, 1990.

K. Davidson, Instantaneous moments of signals, Ph.D. dissertation, Univer-
sity of Pittsburgh, 2001.

N. O. D. Bruijn, A theory of generalized functions, with applications to
Wigner distribution and Weyl correspondence, Nieuw Arch. Wisk. (4). 3.
no. 21, 205-280. 1973.



Bibliography 153

[27]
[28]
[29]

[30]

[44]

J. S. Dowker, Path integrals and ordering rules, J. Math. Phys. 17, 1873-1874,
1976.

P. D. Finch and R. Groblicki, Bivariate probability densities with given mar-
gins, Found. of Phys., 14, 549-552, 1984.

L. Galleani and L. Cohen, The Wigner distribution for classical systems,
Physics Letters A, 302, 149-155, 2002.

L. Galleani, L. Cohen, Time Frequency Wigner Distribution Approach To
Differential Equations, in: Nonlinear Signal and Image Processing: Theory,
Methods, and Applications, K. Barner and G. Arce (Eds.), CRC Press, 2003.

L. Hormander, The Weyl calculus of pseudodifferential operators, Comm.
Pure Appl. Math., voLL 32, 359-443, 1979.

D. Gabor, Theory of communication, IEE J. Comm. Engr., 93, 429-457, 1946.

H. J. Groenewold, On the Principles of elementary quantum mechanics, Phys-
ica, 12, 405, 1946.

K. Husimi, Some Formal Properties of the Density Matrix, Proc. Phys. Math.
Soc. Japan, 22, 264-314, 1940.

L. D. Jacobson and H. Wechsler, Joint spatial/spatial-frequency representa-
tions, Signal Processing, 14, 3768, 1988.

M. Jammer, The Philosophy of Quantum Mechanics, John Wiley & Sons,
1974.

A. J. E. M. Janssen, On the locus and spread of pseudo—density functions in
the time—frequency plane, Philips Journal of Research, 37, 79-110, 1982.

A. J. E. M. Janssen, Bilinear phase—plane distribution functions and positiv-
ity, Jour. Math. Phys., 26, 1986-1994, 1985.

J. Jeong and W. Williams, Kernel design for reduced interference distribu-
tions, IEEE Trans. Sig. Proc., 40, 402-412, 1992.

E. H. Kerner and W. G. Sutcliffe, Unique Hamiltonian Operators via Feynman
Path Integrals, J. Math. Phys. 11, 391-393, 1970.

A. Khinchin, Bull. Univ. Moscow, 1, 1937.
M. Kim and M. O. Scully, private communication, 2009.

J. G. Kirkwood, Quantum statistics of almost classical ensembles, Phys. Rev.,
44, 31-37, 1933.

V. Kuryshkin, Some problems of quantum mechanics possessing a non-—
negative phase—space distribution functions, International Journal of The-
oretical Physics, 7, 451-466, 1973.



154

[45]

[46]

Bibliography

V. Kuryshkin V., Lybas I. and Zaparovanny Yu., Sur le problem de la regle
de correspondence en theorie quantique, Ann. Fond. L. de Broglie 3, 45-61,
1978.

E. Lukacs, Characteristic Functions, Charles Griffin and Company, London,
1970

B. Leaf, Weyl Transformation and the Classical Limit of Quantum Mechanics,
J. Math. Phys. 9, 65-72, 1968.

H. W. Lee, Theory and application of the quantum phase-space distribution-
functions, Physics Reports, 259, 147-211, 1995.

P. Loughlin, J. Pitton and L. Atlas, Bilinear time-frequency representations:
new insights and properties, IEEE Trans. Sig. Process., 41, 750-767, 1993.

P. Loughlin and K. Davidson, Instantaneous kurtosis, IEEE Signal Process.
Lets., 7, 156-159, 2000.

H. Margenau and R. N. Hill, Correlation between measurements in quantum
theory, Prog. Theoret. Phys., 26, 722-738, 1961.

H. Margenau and L. Cohen, Probabilities in quantum mechanics, in: Quantum
Theory and Reality, edited by M. Bunge, Springer—Verlag, 1967.

N. M. Marinovich, The Wigner distribution and the ambiguity function: Gen-
eralizations, enhancement, compression and some applications, Ph. D. Dis-
sertation, The City University of New York, NY, 1986.

I. W. Mayes and J. S. Dowker, Hamiltonian orderings and functional Integrals,
J. Math. Phys. 14, 434-439, 1973.

N. H. McCoy, On the Function in Quantum Mechanics Which Corresponds
to a Given Function in Classical Mechanics, Proc. Natl. Acad. Sci. U.S.A.|
18, 674-676, 1932.

C. L. Mehta, Phase-Space Formulation of the Dynamics of Canonical Vari-
ables, J. Math. Phys., 5, 677-686, 1964.

M. M. Mizrahi, The Weyl correspondence and path integrals, J. Math. Phys.
16, 2201-2206, 1975.

J. M. Morris and D-S. Wu, On Alias—Free Formulations of Discrete-Time
Cohen’s Class of Distributions, IEEE Trans. on Signal Processing, Vol. 44,
1355 - 1364 , 1996.

G. Mourgues, M. R. Feix, J. C. Andrieux and P. Bertrand, Not necessary but
sufficient conditions for the positivity of generalized Wigner functions, Jour.
Math. Phys., 26, 2554-2555, 1985.

J. E. Moyal, Quantum mechanics as a statistical theory, Proc. Camb. Phil.
Soc., 45, 99-124, 1949.



Bibliography 155

[61]
[62]
[63]

[64]

[74]
[75]
[76]
[77]

(78]

J. G. Muga, J. P. Palao and R. Sala Average local values and local variances
in quantum mechanics, Phys. Lett. A 238, 90-94, 1998.

J. G. Muga, D. Seidel, and G. C. Hegerfeldt, Quantum kinetic energy densi-
ties: an operational approach, J. of Chem. Phys., 122 , 154016-1, 2005.

M. Mugur—Schachter, A study of Wigner’s theorem on joint probabilities,
Found. of Phys., 9, 389404, 1979.

R. F. O’Connell, The Wigner distribution function — 50th birthday, Found.
of Phys., 13, 83-92, 1983.

S. Oh and R. J. Marks II, Some properties of the generalized time—frequency
representation with cone shaped kernel, IEEE Trans. Sig. Proc., 40, 1735—
1745, 1992.

A. Perez, Quantum Theory: Concepts and Methods, Kluwar, 1995.

J. Pitton, The Statistics of Time-Frequency Analysis, J. Franklin Institute,
337, 379-388, 2000.

M. Poletti, The Homomorphic Analytic Signal, IEEE Trans. Signal Process-
ing, 45, 1943-1953, 1997.

J. C. T. Pool, Mathematical aspects of the Weyl correspondence, J. Math.
Phys. 7, 66-76, 1966.

T. E. Posch, Wavelet Transform and Time-Frequency Distributions, Proc.
SPIE, 1152, 477-482, 1988.

T. Reed and H. Wechsler, Tracking on nonstationarities for texture fields,
Signal Processing, 14, 95-102, 1988.

A. W. Rihaczek, Signal energy distribution in time and frequency, IEEE
Trans. Info. Theory, 14, 369-374, 1968.

O. Rioul and P. Flandrin, Time-scale energy distributions: a general class
extending wavelet transforms, IEEE Trans. on Signal Processing, 40, 1746—
1757, 1992.

G. J. Ruggeri, On phase space description of quantum mechanics, Prog. The-
oret. Phys. 46, 1703-1712, 1971.

R. Sala, J. P. Palao and J. G. Muga, Phase space formalisms of quantum
mechanics with singular kernel, Phys. Lett. A 231, 304-310, 1997.

R. Sala, J. G. Muga, Quantum methods for classical dynamics in Louiville
space, Physics Letters, A231, 180-184, 1994.

Sayeed, A.M. and D.L. Jones, Optimal Kernels for Non-Stationary Spectral
Estimation, IEEE Trans. on Signal Processing, 43, 478-491, 1995.

W.P. Schleich, Quantum Optics in Phase Space, Wiley, 2001.



156
[79]

[80]

[81]
[82]
[83]
[84]

[85]

[92]
[93]

[94]

[95]

Bibliography

M. O. Scully and M. S. Zubairy, Quantum Optics, Cambridge University
Press, Cambridge, England: 1997.

M. O. Scully and L. Cohen, Quasi-Probability Distributions for Arbitrary
Operators, in: The Physics of Phase Space, edited by Y.S. Kim and W.W.
Zachary, Springer Verlag, New York, 1987.

R. G. Shenoy and T. W. Parks, The Weyl Correspondence and time—
frequency analysis, IEEE Trans. on Signal Processing, 42, 318-331, 1994.

J. R. Shewell, On the formation of quantum-mechanical operatorsAm. J.
Phys. 27, 16-21,1959.

M. D. Srinivas and E. Wolf, Some nonclassical features of phase—space repre-
sentations of quantum mechanics, Phys. Rev. D, 11, 1477-1485, 1975.

R. Sutherland, Joint distribution indicated by the wave equations of quantum
mechanics, J. Math. Phys. 23, 2389-2392, 1982.

F. J. Testa, Quantum Operator Ordering and the Feynman Formulation, J.
Math. Phys. 12, 1471, 1971.

J. Tekel, private communication, 2012.

A. Torre, Linear Ray and Wave Optics in Phase Space, Elsevier B. V., The
Netherlands, 2005

J. Ville, Theorie et applications de la notion de signal analytique, Cables et
Transmissions, 2A, 61-74, 1948.

H. Weyl, The Theory of Groups and Quantum Mechanics, E. P. Dutton and
Co., 1928.

B. White, Transition Kernels for Bilinear Time-Frequency Signal Represen-
tations, IEEE Trans. Signal Processing, 39, 542-544, 1991.

M. W. Wong, Weyl Transforms, Springer-Verlag, New York, 1998.

Yu. I. Zaparovanny, The Correspondence Principle between Classical and
quantum quantities, Sov. Phys., 762-766, 1975.

E. P. Wigner, On the quantum correction for thermodynamic equilibrium,
Physical Review, 40, 749-759, 1932.

Y. Zhao, L. E. Atlas, and R. J. Marks II, The use of cone-shaped kernels
for generalized time—frequency representations of nonstationary signals, IEEE
Trans. Acoust., Speech, Signal Processing, 38, 1084-1091, 1990.

R. M. Wilcox, Exponential Operators and Parameter Differentiation in Quan-
tum Physics, J. Math. Phys., 8, 962-982, 1967.



Index

adjoint, 6, 86

of 6i9X+iTD’ 11

of translation operator, 9
amplitude of a signal, 100
anti-commutator, 4, 46, 55
anti-normal ordering, 82
anti-standard ordering, 72
arbitrary operators

eiTA/ZeiOBeiTA/2

148
ei0A+iTB

correspondence,

correspondence, 135
Baker-Cambell-Hausdorf formula,
10, 136
commuting operators, 133
disentanglement of e??4+75B 136
linear combination of X and D,
138
rotation in phase-space, 139
arbitrary operators: single operator,
111-119
arbitrary operators: two operators,
131-150
association rules, 3

Baker-Cambell-Hausdorf formula, 10
Born interpretation, 114
Born-Jordan ordering, 2, 58, 73, 78

c-function, 3

characteristic function approach, 63,
135

characteristic function operator, 10

Choi-Williams ordering, 74

classical function, 3

commutator, 1, 4, 7, 10, 11, 23, 45,
46, 55, 95, 121, 126, 131,
138, 140, 145

commuting operators, 133

complex signals, 98

correspondence rules, 1, 3

delta function, 17
delta function association, 56, 57
differential equations

ordinary, 105

partial, 106

eigenvalue problem in phase-space,
107
expectation value, 114

Fourier association, 56, 57
Fourier transform pairs, 4
functions of operators, 7, 16

Gabor, 99

Gaussian window, 80

generalized association, 47-59
algebra, 52
delta function association, 56, 57
form of, 58
Fourier association, 56, 57
Hermitian adjoint, 53
linearity, 52
monomial from the kernel, 51
monomial rule, 50
operation on a function, 49
operational form, 48
operator to symbol, 50
product of operators, 54

L. Cohen, The Weyl Operator and its Generalization, Pseudo-Differential Operators 9, 157

DOI 10.1007/978-3-0348-0294-9, © Springer Basel 2013



158

Taylor series association, 56
transformation between associa-
tions, 55
translation invariance, 53
unit correspondence, 52
generalized characteristic function
operator, 12
generalized distribution, 2, 61-67, 70
relation between distributions,
64
transformation of, 88

Hermitian adjoint, 53
Hermitian operator, 86
Hilbert transform, 99

instantaneous frequency, 98, 100
inverse frequency, 118

kernel for
anti standard ordering, 72
anti-normal ordering, 82
Born-Jordan ordering, 73
Choi-Williams ordering, 74
normal ordering, 82
spectrogram, 78
standard ordering, 70
symmetrization ordering, 73
Weyl ordering, 75
ZAM ordering, 76
Khintchine theorem, 129-130

linear combination of X and D, 114

manipulating D" X"™ and X™D", 8
marginal conditions, 64

McCoy, 9, 28, 30

monomial from the kernel, 51
monomial rule, 50

Moyal bracket, 43

normal ordering, 82
notation, 3

one parameter families, 81

Index

operator algebra
S Ae—¢H 19
ei9X+iTD, 10
adjoint, 6
adjoint of e
characteristic function operator,
10
delta function, 17
differentiation, 8
exponential operator, 8
function of operators, 16
functions of operators, 7
generalized characteristic func-
tion operator, 12
Hermitian operator, 6
inverse, 6
manipulating operators, 8
phase-space operator formulas,
13
product of two operators, 7
rearrangement of operators, 22
repeated commutator, 13
representation of functions, 14
simplifying functions of opera-
tors, 20
translation operator, 9
unitary operator, 7
operator to symbol, 50, 70
ordering rule, 3

i0 X +iTD
7 “+oT ,11

path integral approach, 91-94
configuration space, 91
phase-space, 93

phase of a signal, 100

phase-space, 3, 13, 42, 61, 62, 91, 93,

103, 139

phase-space operator formulas, 13

positive distributions, 66

probability distribution correspond-

ing to an operator, 111

probability interpretation, 20

product of operators, 54

quantum mechanics, 98



Index 159

Born interpretation, 114
quasi-distributions, 3

Weyl association, see Weyl operator
Weyl correspondence, see Weyl oper-

ator
rearrangement of operators, 22 Weyl operator, 25-46
rearrangement operator, 70 adjoint, 36
repeated commutator, 13 algebra, 37

representation of functions, 14
rules of association, 1, 3

scale operator, 117, 143, 148

Schwarz inequality, 123

signal, 3

singular kernels, 67

special cases, 69-84
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